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Multilevel Monte Carlo for Lévy-driven SDEs: central
limit theorems for adaptive Euler schemes

By Steffen Dereich and Sangmeng Li
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Summary. In this article we consider multilevel Monte Carlo for the numerical
computation of expectations for stochastic differential equations driven by Lévy
processes. The underlying numerical schemes are based on jump-adapted Euler
schemes. We prove stable convergence of an idealised scheme. Further, we deduce
limit theorems for certain classes of functionals depending on the whole trajectory
of the process. In particular, we allow dependence on marginals, integral averages
and the supremum of the process. The idealised scheme is related to two practically
implementable schemes and corresponding central limit theorems are given. In all
cases, we obtain errors of order N~'/2(log N)!/2 in the computational time N which
is the same order as obtained in the classical set-up analysed by Giles [12]. Finally, we
use the central limit theorems to optimise the parameters of the multilevel scheme.
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1 Introduction

The numerical computation of expectations E[F'(X)] for solutions (X;)cjo,r] of stochastic
differential equations (SDE) is a classical problem in stochastic analysis and numerous
numerical schemes were developed and analysed within the last twenty years, see for in-
stance the textbooks by Kloeden and Platen [21] and Glasserman [13]. Recently, a new
very efficient class of Monte Carlo algorithms was introduced by Giles [12], see also Hein-
rich [14] for an earlier variant of the computational concept. Central to these multilevel
Monte Carlo algorithms is the use of whole hierarchies of approximations in numerical
simulations. For SDEs multilevel algorithms often achieve errors of order N~1/2+°(1) in
the computational time N (see [10], [12]) despite the infinite dimensional nature of the
stochastic differential equation. Further the algorithms are in many cases optimal in a
worst case sense [7]. So far the main focus of research was concerned with asymptotic error
estimates, whereas central limit theorems have only found minor attention yet. Beyond



the central limit theorem developed by Ben Alaya and Kebaier [4] for the Euler scheme for
diffusions no further results are available yet. In general, central limit theorems illustrate
how the choice of parameters effects the efficiency of the scheme and they are a central
tool for tuning the parameters.

In this article, we focus on central limit theorems for Lévy-driven stochastic differential
equations. We prove stable convergence of the error process of an idealised jump-adapted
Euler schemes. Based on this result we derive central limit theorems for multilevel schemes
for the approximate computation of expectations of functionals depending on marginals,
integral averages and the supremum of the SDE. We then introduce implementable jump-
adapted Euler schemes that inherit the properties of the idealised scheme so that the main
results prevail. Finally, we use our new results to optimise over the parameters of the
scheme and thereby complement the research conducted in [12]. For ease of presentation
we restrict attention to the one dimensional setting although a generalisation to finite
dimensional stochastic differential equations is canonical.

In the following, (€2, F,P) denotes a probability space that is sufficiently rich to ensure
existence of all random variables used in the exposition. We let Y = (Y;):cjo,1] be a square
integrable Lévy-process and note that there exist b € R (drift), o € [0,00) (diffusion
coefficient) and a measure v on R\{0} with [ 2?v(dz) < oo (Lévy measure) such that

E[e""] = exp{t(ibz — 10?2+ /(em — 1 —izx) V(d$)>}

for ¢t € [0,7] and z € R. We call the unique triplet (b, 0% v) Lévy triplet, although this
notion slightly deviates from its original use. We refer the reader to the textbooks by
Applebaum [2], Bertoin [5] and Sato [30] for a concise treatment of Lévy processes. The
process X = (X;):cp,r) denotes the solution to the stochastic integral equation

t
th0+/ a(X,.)dY,,  te[o,T], (1)
0

where a : R — R is a continuously differentiable Lipschitz function and xy € R. Both
processes Y and X attain values in the space of cadlag functions on [0, 7] which we will
denote by D(R) and endow with the Skorokhod topology. We will analyse multilevel
algorithms for the computation of expectations E[F(X)], where F': D(R) — R is a mea-
surable functional such that F(z) depends on the marginals, integrals and/or supremum
of the path z € D(R). Before we state the results we introduce the underlying numerical
schemes.

1.1 Jump-adapted Euler scheme

In the context of Lévy-driven stochastic differential equations there are various Euler-type
schemes analysed in the literature. We consider jump-adapted Euler schemes. For finite
Lévy measures these were introduced by Platen [26] and analysed by various authors, see,
e.g., [24, 6]. For infinite Lévy measures an error analysis is conducted in [10] and [8] for
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two multilevel Monte Carlo schemes. Further, weak approximation is analysed in [22] and
[25]. In general, the simulation of increments of the Lévy-process is delicate. One can
use truncated shot noise representations as in [29]. These perform well for Blumenthal-
Getoor indices smaller than one, but are less efficient when the BG-index gets larger than
one [10], even when combined with a Gaussian compensation in the spirit of [3], see [9]. A
faster simulation technique is to do an inversion of the characteristic function of the Lévy
process and to establish direct simulation routines in a precomputation. Certainly, this
approach is more involved and its realisation imposes severe restrictions on the dimension
of the Lévy process, see [11].

In this article, we analyse one prototype of adaptive approximations that is intimately
related to implementable adaptive schemes and we thus believe that our results have a
universal appeal. The approximations depend on two positive parameters

e h, the threshold for the size of the jumps being considered large and causing imme-
diate updates, and

e ¢ with T € €N, the length of he regular update intervals.

For the definition of the approximations we use the simple Poisson point process II on
the Borel sets of (0,7] x (R\{0}) associated to Y, that is

II= Z 5(3,AY3)7

s€(0,T:AYs#£0

where we use the notation Az, = z; — 2~ for x € D(R) and ¢ € (0,7]. It has inten-
sity £(o,m) ® v, where £ denotes Lebesgue measure on (0,7]. Further, let IT be the
compensated variant of II that is the random signed measure on (0,7 x (R\{0}) given
by

1:[ =1II— 6(07T] K V.

The process (Y;)eo,r) admits the representation

Y, = bt + oW, + lim xdll(s, x), (2)
340 J(0,4xB(0,5)

where (W}).ejo,71 is an appropriate (of II independent) Brownian motion and the limit is
to be understood uniformly in L.2. We enumerate the random set

(eZzn[0,T]) U{t € (0,T): |AY;] > h} = {1, T1,...}

in increasing order and define the approximation X™¢ = (X! “Vieo,r) by X[ = x4 and,
forn=1,2,... and t € (T,,_1, T,

Xth’s = X%;E_l + a(X:?;lE_l) (}/;5 - YTn—l)' (3)



1.2 Multilevel Monte-Carlo

In general multilevel scheme make use of whole hierarchies of approximate solutions and
we choose decreasing sequences (ex)reny and (hg)keny With

(ML1) g, = M~*T, where M € {2,3,...} is fixed,
(ML2) limy_o0 v(B(0, hi)¢) er = 6 for a 6 € [0, 00) and limy_,o hy/(/Ex = 0.

We remark that whenever 0 in (ML2) is strictly positive, then one automatically has that
hi = o(/2x), see Lemma 5.10.

For every k € N, we denote by X* := X"k the corresponding adaptive Euler approx-
imation with update rule (3). Once this hierarchy of approximations has been fixed, a
multilevel scheme S is parametrised by a N-valued vector (ny,...,nr) of arbitrary finite
length L: for a measurable function F': D(R) — R we approximate E[F(X)] by

E[F(XY] +E[F(X?) — F(XY)] + ... + E[F(X*") — (XY

and denote by S (F) the random output that is obtained when estimating the individual
expectations E[F(X1Y)], E[F(X?) — F(XY)], ..., E[F(XL) — F(XX~1)] independently by
classical Monte-Carlo with ny, ..., ny, iterations and summing up the individual estimates.
More explicitly, a multilevel scheme S associates to each measurable F' a random variable

L

S(F) = nil Z F(XY) + Z L Z (F(XEH) — F(XF10)), (4)

ng <
where the pairs of random variables (X*%/ X*k=14¢) resp. the random variables X ¢, ap-
pearing in the sums are all independent with identical distribution as (X*, X*~1) resp. X*.
Note that the entries of the pairs are not independent!

1.3 Implementable schemes

We give two implementable schemes. The first one relies on precomputation for direct
simulation of Lévy increments. The second one ignores jumps of size smaller than a thresh-
hold which leads to schemes of optimal order only in the case where -roughly speaking-
the Blumenthal-Getoor index is smaller than one.

Schemes with direct simulation of small jumps

For h > 0 we let Y" = (Y}"),c/07) denote the Lévy process given by

Y =bt + oW, +/ x dIl(s, z). (5)
(0,6} x B(0,h)°



Using the shot noise representation we can simulate Y” on arbitrary (random) time sets.
The remainder M" = (M/");cjo7), that is

M} = lim rdll(s,2) =Y —Y"
040 J(0,]x (B(0,n)\B(0,6))

can be simulated on a fixed time grid £’Z N[0, 7] with €’ € eN denoting an additional pa-
rameter of the scheme.! A corresponding approximation is given by X" = (Xth “ e 1)
via XS“E’E' =9 and, forn=1,2,... and t € (T,,_1,T}],

X9 = Xpo +a(Xp2) (V) = Y7 )+ Loa(t) a(X2T7) (M) = ML), (6)

-1 t—e

We call X< the continuous approzimation with parameters h, e,¢’. Further, we define
the piecewise constant approzimation X" = (Xth’s’8 )iclo,r) via demanding that for n =
1,2,... and t € [T,,_1,T}),

vhee _ Yhee

X = Xpes (7)
and X;’E’E/ = XQ}E’E’E/.

In corresponding multilevel schemes we choose (e )ren and (hy )ken as before. Further, we
choose monotonically decreasing parameters (£}, )keny With €}, € £,N and

(ML3a) ¢, fB(O,hk) z? v(dz)log?(1 + 1/¢}) = o(ep).
(ML3b) h?log®(1 + 1/¢},) = o(ey).

Remark 1.1. If
1
/x2 log? (1 + E) v(de) < oo, (8)

there exist appropriate parameters (hg, g, €}, )ren satisfying (ML1), (ML2), (ML3a) and
(ML3b). More precisely, in the case where v is infinite, appropriate parameters are ob-
tained by choosing €}, = ¢ and (hy) with limy_, € v(B(0, hy)¢) = 6 > 0, see Lemma 5.10.

In analogy to before we denote by (X* : k € N) and (X* : k € N) the corresponding
approximate continuous and piecewise constant solutions. We state Proposition 4.4 of [11]
which implies that in most cases the central limit theorems to be provided later are also
valid for the continuous approximations.

Lemma 1.2. If assumptions (ML1), (ML3a) and (ML3b) are satisfied, then

lim E;IE[ sup |XF— Xﬂﬂ = 0.

k—o0 te[0,T]

IEfficient simulation of (Mth)tea'zm[o,T] can be based on approximate Fourier inversion of the charac-
teristic function of M", see [11] for more details.
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Truncated shot noise scheme

The truncated shot noise scheme is parametrised by two positive parameters h, £ as above.
The continuous approzimations X = (Xf’a)te[o;p] are defined via Xg’e = 1z and, for
n=1,2,... and t € (T,,_1,T,),

X = Xpo +a(Xgs ) (Y = Y2 ). (9)

n 1

and the piecewise constant approzimations X"e ()_(Zl “)icpo,r) is defined as before by

demanding that, for n =1,2,... and t € [T,,_1,T,),

Xt = Xhe (10)

-1

and )_(%’E = )A(;E In the context of truncated shot noise schemes one has to impose an
additional assumption:

(ML4) [0, 27 v(dz) = o(ep).

Remark 1.3. If [ |z|v(dz) < oo, then (ML1), (ML2) and (ML4) are satisfied for appro-
priate parameters.

The following result is a minor modification of [10, Prop. 1].

Lemma 1.4. If assumptions (ML1) and (ML4) are satisfied, then

lim e, E[ sup | X} — thﬂ = 0.

k—o0 te[0,7]

1.4 Main results

In the following we will always assume that ¥ = (Y})c0,77 is a square integrable Lévy
process with Lévy triplet (b, 0%, v) satisfying 0® > 0 and that X = (X)o7 solves the
SDE

dX; = a(X;-)dY;

with Xg = =z, where @ : R — R is a continuously differentiable Lipschitz function.
Further, (X* : k € N) denotes the family of approximations to X as introduced in
Section 1.2; in particular, the validity of (ML1) and (ML2) is assumed.

Convergence of the error process

We consider the normalised sequence of error processes associated to the multilevel scheme
that is the sequence (g /*(X*+! — X*) : k € N). Let us introduce the process appearing
as limit. We equip the points of the associated point process Il with independent marks
and denote for a point (s,z) € II

e by &, a standard normal random variable,



e by U, an independent uniform random variable on [0, 1], and

o by & and MY independent Exp(f) and Exp((M — 1))-distributed random
variables, respectively.

Further, we denote by B = (B;)scp,r) an independent standard Brownian motion.
The idealised error process U = (U)o, is defined as the solution of the integral equation
t t
U, — / ¢ (Xo YU, Y, + 02T / (ad')(X,) dB,
0 0

+ > 0. (ad)(X,o) AY,,

s€(0,t]:AYs#£0

(11)

where T2 = 6796_—2““9(1 —+),if 0 >0, and Y? = £(1—4;), if # = 0, and the positive marks

(0s) are defined by

?=0* 3 Mmoo, [mm(gf,us) ~ min(E, M-V 1y, — mﬁl)}

1<m<M

Note that the above infinite sum has to be understood as an appropriate martingale limit.
More explicitly, denoting by L = (Ly)icpo,r) the Lévy process

LtZUQTBt+1}r51 > 0LAY,

s€(0,t]):|]AYs|>d

we can rewrite (11) as

t t
U, = / (X, U, dY, + / (ad')(X,_)dL,.
0 0

Strong uniqueness and existence of the solution follow from Jacod and Memin [16, Thm. 4.5].

Theorem 1.5. Under the above assumptions we have weak convergence
(Y, e, (X — X™) = (Y,U), in D(R?). (12)
Central limit theorem for linear functionals
We consider functionals F': D(R) — R of the form
F(z) = f(Ax)
with f: R? - R and A : D(R) — R? being linear and measurable. We set

Dy :={z € R?: f is differentiable in z}.



Theorem 1.6. Suppose that f is Lipschitz continuous and that A is Lipschitz continuous
with respect to supremum norm and continuous with respect to the Skorokhod topology in
Py-almost every path. Further suppose that AX € Dy, almost surely, and that o > % 18
such that the limait

lim e, “E[F(X") — F(X)] =&

n—oo

exists. We denote for 6 € (0,1) by §5 the multilevel Monte Carlo scheme with parameters

<n§§)7 ngé)a Ty nfg&)); where

log 6t
L) = [Oz log M

fork=1,2,...,L(5). Then we have,
07N (S5(F) = B[F(X)]) = N (5, %) as § =0,

—‘ and ny(6) = [672 L(6) ex1] (13)

where N (k, p*) is the normal distribution with mean k and variance
p* = Var(Vf(AX) - AU).

Example 1.7. (a) For any finite signed measure y the integral Az = fOT xsdu(s) sat-
isfies the assumptions of the theorem. Indeed, for every path x € D(R) with

u({s € [0,7] : Az, £0}) =0 (14)

one has for " — z in the Skorokhod space that

T T
Az" = / xldp(s) — / zodu(s) = Ax
0 0

by dominated convergence and (14) is true for Py-almost all paths since p has at
most countably many atoms. Hence, the linear maps Ar = z; and Ax = fOT reds
are allowed choices in Theorem 1.6 since U is almost surely continuous in t.

(b) All combinations of admissible linear maps Ay, ..., A, satisfy again the assumptions
of the theorem.

In view of implementable schemes we state a further version of the theorem.

Theorem 1.8. Suppose that either (X* : k € N) and (X* : k € N) denote the continu-
ous and piecewise constant approrimations of the scheme with direct simulation and that
(ML1), (ML2) and (ML3) are fulfilled or that they are the approximations of the truncated
shot noise scheme and that (ML1), (ML2) and (ML4) are fulfilled. Then Theorem 1.6
remains true when replacing the family (X* : k € N) by (Xk : k € N). Further, if A is

given by
T
Ax = <xT,/ Ty ds),
0

the statement of the central limit theorem remains true, when replacing the family (X
keN) by (X*:k eN).

k.



Central limit theorem for supremum-dependent functionals

In this section we consider functionals F': D(R) — R of the form

Fz) = f( sup )

te[0,T]
with f : R — R measurable.

Theorem 1.9. Suppose that f : R — R is Lipschitz continuous and that the coefficient a
does not attain zero. Further suppose that SuPsepor) Xt € Dy, almost surely, and that
a > % 1s such that the limit

lim e, “E[F(X") - F(X)] =&

n—oo

exists. We denote for 6 € (0,1) by §5 the multilevel Monte Carlo scheme with parameters

(ngé), ngs), e ngs()é)), where

log 6!
L =
Q) [OzlogM

1 and ni(0) = [672 L(8) e_1],

fork=1,2,...,L(5). Then we have,
571 (S5(F) — E[F(X)]) = N(k,p?) as § — 0,

where N'(k, p?) is the normal distribution with mean k and variance

= Var(f/( sup Xt> Us),

te[0,T]
and S denotes the random time at which X attains its supremum.

Theorem 1.10. Theorem 1.9 remains true for the continuous approximations for the
scheme with direct simulation of increments or the truncated shot noise scheme under the
same assumptions as imposed in Theorem 1.8.

Optimal parameters

We will use the central limit theorems to adjust the parameters of the multilevel scheme.
Here we use the following result.

Theorem 1.11. Let F' be as in Theorem 1.6 or 1.9 and assume that the assumptions of
the respective theorem are fulfilled. Further assume in the first case that A is of integral

type meaning hat there exist finite signed measures py, ..., g on [0,T] such that A =
(Aq,..., Ay) with

T
Aj:r:/ rsdp;(s), forzeDR)andj=1,...,d
0

9



and generally suppose that o' (Xs_)AYs # —1 for all s € [0,T], almost surely. Then there
exists a constant k depending on F' and the underlying SDE, but not on M and 6 such
that the variance p? appearing as variance is of the form

p=rT,

where as before Y2 = 6_95—21%(1 — L), if0>0, and Y2 =1(1- ), if 6 = 0.

Remark 1.12. The assumption that o/(X,_)AY; # —1 for all s € [0, 7], almost surely,
is automatically fulfilled if v has no atoms. For every s € (0,7] with o'(X,-)AY, = —1
the error process jumps to zero causing technical difficulties in our proofs. In general, the
result remains true without this assumption, but for simplicity we only provide a proof
under this technical assumption.

Remark 1.13. In this remark we elude how Theorem 1.11 can be used to optimise the
parameters. We assume that ¢ of (ML2) and the bias k are zero. Multilevel schemes are
based on iterated sampling of F(X*) — F(X*~1), where (X*~1, X*) are coupled approxi-
mate solutions. Typically one simulation causes cost of order

Ck = (1 + 0(1>) Reost 6];_11(M + 6)7

where Kot 1S a constant that does not depend on M, and 5 € R is an appropriate constant
typically with values between zero and one: one coupled path simulation needs

e to simulate 5,;_11TM increments of the Lévy process,
e to do 5,;_11TM Euler steps to gain the fine approximation,
e to concatenate ¢, ' T(M — 1) Lévy increments, and
e to do 5,;_11T Euler steps to gain the coarse approximation.

If every operation causes the same computational cost, one ends up with 5 = 0. If the
concatenation procedure is significantly less expensive, the parameter 3 rises. Using that

67 (S5(F) = E[F(X)]) = N (0,52, (1 — 1/M)) as 6 L 0,

we conclude that for § := 6(8) := §/(Keer/1 — 1/M)
571 (S5(F) — E[F(X)]) = N(0,1) as 6 | 0.
The cost of the simulation of S5(F) is of order

’%COStI{er (M - 1)(M + 6)

— 3 {log 31)? 6 2(log 5 1)

(1+ 0(1))Keost L(0)*(M + B)0~* = (1 + o(1))

A plot illustrating the dependence on the choice of M is provided in Figure 1.
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Dependence on M
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Figure 1: Impact of M on the computational cost for § =0 (green) and 8 = 1 (red).

The article is outlined as follows. In Section 2 we analyse the error process and prove
Theorem 1.5. In Section 3, we prepare the proofs of the central limit theorems for integral
averages for the piecewise constant approximations and for supremum dependent func-
tionals. In Section 4, we provide the proofs of all remaining theorems, in particular, of all
central limit theorems. The article ends with an appendix, where we summarise known
and auxiliary results. In particular, we provide a brief introduction to stable convergence
and perturbation estimates mainly developed in articles by Jacod and Protter.

2 The error process (Theorem 1.5)

In this section we prove Theorem 1.5. We will assume assumptions (ML1) and (ML2). At
first we introduce the necessary notation and outline our strategy of proof. All intermedi-
ate results will be stated as propositions and their proofs are deferred to later subsections.
We denote for n € N and ¢ € [0, 7]

tn(t) =sup[0,t]N1L,,

where I, = {s € (0,7] : AY #£ 0} U (¢,Z N [0,T]) is the random set of update times
and recall that X™ solves
AX7 = (X7 ) Y, (15)

with XJ = zp. We analyse the (normalised) error process of two consecutive X™-levels
that is the process U™ = (U/""*"),cjo1] given by

Utn,n+1 — 5;1/2 (Xn+1 . Xn)
The error process satisfies the SDE
AU = e 2 (a(X]H) — a(X7))dYs + £, (a( X)) — a(X] ;) dY,
— &, (a( X —a(XTE, ))dYs.

n tnt1(t—)

11



In order to rewrite the SDE we introduce some more notation. We let

aw=ale) - if gy £y

Va(u,v) = { v

a'(u), ifu=v
for u,v € R and consider the processes
(DF) = (Va(X] 0, X)), (DP") = (Va(X7, X)), (A7) = a(X] ).
In terms of the new notation we have

AUyt = DU AY, e DL AL (Y = V) Ay

16
e DR AT (Y Vi) dYa (16)

nt1(t—)

Clearly, the processes (Dy) and (D;""*') converge in ucp to (D;) := (a'(X;))sejor] and
the processes (A}) to (A¢) := (a(Xy))iep1-

For technical reasons, we introduce a further approximation. For every € > 0 we denote
by Umntle = (Uf’"“’e)te[gﬂ the solution of the SDE

AU/ = Dy UM QY+, 2 D Ay o(W, 0 — Wiao) Y7 (17)

with U1 = 0, where Y* is as in (5). Further, let U® = (Uf)icjo.] denote the solution
of

t t
Us = / D, Uz dY,+o* 7Y / D, A, dB,
0 0

(18)
+ ) 0.& DA AY,
sE(0,L:AYEA£D
We will show that the processes U¢, Ub%¢ U3¢ ... are good approximations for the
processes U, UY2, U%3, ... in the sense of Remark 5.7. As a consequence of Lemma 5.6 we

then get
Proposition 2.1. If for every e >0
(Y, U™ the) = (Y, U*?), in D(R?),

then one has

(Y, U™™1) = (Y,U), in D(R?).

The proof of the proposition is carried out in Section 2.1. It then remains to prove the
following proposition which is the task of Section 2.2.

Proposition 2.2. For every e > 0

(Y, Um™12) = (V,UF), in D(R?)

12



2.1 The approximations U"" !¢ are good

In this subsection we prove Proposition 2.1. By Lemma 5.6 it suffices to show that the
approximations are good in the sense of Remark 5.7. In this section, we will work with an
additional auxiliary process: for n € N and ¢ > 0 we denote by U< .= (U}" ’"H’E)te[O,T]
the solution of

AU =P Ut Y, e 2 DR AT o(Wil — W, 0) dYE

) (19)
e DI AT (Wee = W o) Y
with Uyt = 0.

Lemma 2.3. For every d,e > 0, we have

1. lim&Lo lim SUpP,, 00 E[Supte[o,T] |U1;n,,n+1 - Utn,n—o—l,5|2:| = 0,
2. lim,, 00 IP’(suptE 0| U1 gprthe - Utn’"H’E‘ > 6) =0,

3. lime P(Supte[oﬂ |Ut - Utg| > (5) = 0.
It is straight-forward to verify that Lemma 2.3 implies that the approximations are good.

Proof. 1.) Recalling (16) and (19) and noting that D™"*! is uniformly bounded we
conclude with Lemma 5.14 that the first statement is true if

limlimsupe,, 1E sup )/ DY A} (Yoo =Y, (5—) dY,
el noco t€[0,T)

(20)
0 / DI AT (W, = W, o) dY?
0

2] —0.

Let M¢ denote the martingale Y — Y¢. The above term can be estimated against the sum
of

E;IIE Sup / Dy A7 (Yoo =Y, (so) — oW + W, (5-))

t€[0,T

] (21)
and

2
sup / DA™ (W, — W, o) dME ] (22)

te[o T)

We start with estimating the former expression. For ¢ € [0, 7] one has

Y=Y = o(Wy — W, 1)) + M Mh'n(t) + <b / x I/(dl’)) (t — tn(2)).
B(0,hn)¢

13



By Lemma 5.10 one has

_1E[\Yt Y, — Wi+ oW, ol

2
Ln:| < 2/ 2?v(dz) + Q(b —/ xu(dx)) En
B(0,hn) B(0,hn)°
=90, =0

as n — oo. Further, by Lemma 5.11 and the uniform boundedness of D", there is a
constant x; not depending on n such that

< ket / E[(A" ) (Ye =Y, oy — oW, + oW, (o)) ds (23)
0
T
< g, [ E(ALPlds
0

where we have used conditional independence of A} and Y,_ —Y, sy —oW,_+oW, ()
given ¢, in the last transformation. By Lemma 5.12 and the Lipschitz continuity of a the
latter integral is uniformly bounded over all n € N so that (21) tends to zero as n — oo.
Next, consider (22). Note that M® is a Lévy martingale with triplet (0,0,7|p(e)). By
Lemma 5.11 and the uniform boundedness of D" there exists a constant x not depending
on ¢ and n such that

Sup / DM A" (Wl — W, (o)) dME 2]

t€[0,T

T
< mgsgl/ 7 V(dx)/ E[|AZ_P[We — W, (s—|°] ds (24)
B(0,e) 0

T
< /@2/ Z‘QI/(dLE)/ E[|A” |*]ds
B(0,¢) 0

where we used in the last step that conditionally on ¢, the random variables A7 and
W, — an(s y are independent and E[(Wy_ — W, (s-))?|tn] = s — tn(s) < &,. As noted
above fo [|A™_|?] ds is uniformly bounded and hence (22) tends uniformly to zero over
allneNase 0.

2.) We will use Lemma 5.15 to prove that

t€[0,T]

eglE sup’/ Dy AL (Yoo =Y, (o) — oW + W, (s))
T

grntle _pgnntlhe 50, in ucp, as n — oo. (25)
We rewrite the SDE (17) as

AU =D, UMY QY + e, 2 Dy A o (Wi — W, ) dYF
— 6;1/2 th At, U(Wtf - an+1(t*)) dY;EE

Recalling (19) it suffices by part one of Lemma 5.15 to show that

14



1. D™t — D in ucp,
en'l” fo (DY Ay — Dy Ay )(Wee = W, (s0y) dYS — 0, in ucp,

3. the families (sup,c(o 7y [ Dy " n € N) and

_1 Sup / DY An We_ — VVLn(S,)>dY;E

t€[0,T]

:nEN).

are tight.

The tightness of (sup;cjo 7 |Df " n e N) follows by uniform boundedness. Further,
the tightness of the second family follows by observing that in analogy to the proof of 1.)
one has

2
[ sup | / DI AL (W, = W) Ve |
tE[OT]
T
< ryey / E[JA" P{W.e — W, P]ds < rs / E[|A" % ds
0 0

for an appropriate constant x5 not depending on n. Furthermore, convergence D™"*! —
D follows from ucp convergence of X” — X and Lipschitz continuity of a. To show the
remaining property we let 6 > 0 and 7, ; denote the stopping time

T,s =inf{s € [0,T] : |D"A" — D,A,| > 6}

Then by Lemma 5.11 there exists a constant x4 not depending on n and § with

t 2
E[ sup g;l( / (D" A" — D, A, )W, — W, ) dY;) ]
te| 0

O,T/\Tn’(g]
T
< k4 6? 5n1/ E[(Ws- — W, (5-))%]ds < k4 6° T
0

Since for any ¢ > 0, P(7,,s = oco) — 1 by ucp convergence D"A" — DA — 0, we
immediately get the remaining property by choosing § > 0 arbitrarily small and applying
the Markov inequality.

3.) The proof of the third statement can be achieved by a simplified version of the proof
of the first statement. It is therefore omitted. m

2.2 Weak convergence of U<

In this subsection we prove Proposition 2.2 for fixed € > 0. We first outline the proof. We
will make use of results of [17] summarised in the appendix, see Section 5.1. We consider
processes 2™ = (Z,"" )icjo,r) and Z° = (Z )iepo,r) given by

t
Z:ﬁ = 5;1/2/0 (WLn+1(s—) - an(s—)> dY:sE (26>

15



and

Z=YB+ Y Zgay, (27)

s€(0,t]:|AYs|>e

where (o) and (&) are the marks of the point process II as introduced in Section 1.1.
In view of Theorem 5.5 the statement of Proposition 2.2 follows, if we show that

(Y, / D, dv, / D, A, de,e) N (Y, / D, dv,, / D, A, de), in D(R?).
0 0 0 0

Further, by Theorem 5.4, this statement follows once we showed that (Z™° : n € N) is
uniformly tight and

(Y,D,DA, Zz**) = (Y,D,DA, Z%), in D(R"). (28)

We first prove that (Y, D, DA, Z™¢) : n € N) is tight which shows that, in particu-
lar, (Z™° : n € N) is uniformly tight, see Lemma 2.4. Note that (Y,D,DA) is o(Y)-
measurable. To identify the limit and finish the proof of (28) it suffices to prove stable

convergence
e stably

A Z°

with respect to the o-field o(Y'), see Section 5.1 in the appendix for a brief introduction
of stable convergence. The latter statement is equivalent to

(Y, 27%) = (¥, Z°), in D(R) x D(R),

by Theorem 5.2. We prove the stronger statement that this is even true in the finer
topology D(R?): the sequence ((Y, Z™¢) : n € N) is tight by Lemma 2.4 and we will prove
convergence of finite dimensional marginals in Lemma 2.6. The proof of the latter lemma
is based on a perturbation result provided by Lemma 2.5.

Lemma 2.4. For € > 0 the family ((Y,D,DA, Z™¢) : n € N) taking values in D(R?) is
tight. In particular, (Z™ : n € N) is uniformly tight.

Proof. One has by Lemma 5.11

t
E| sup (2] < ey’ / E[(W,,... () = W)l dt < 15y
0

te[0,T]

for an appropriate constant x; so that by the Markov inequality

lim sup]P( sup Yy V| 275V Dy V | DAY > K) ~0.

K—00neN  \gegfo,T

It remains to verify Aldous’ criterion for tightness [18][Thm. VI.4.5] which can be checked
componentwise. It is certainly fulfilled for Y, A and DA and it remains to show that

16



for every K > 0 there exists for every § > 0 a constant c¢s > 0 such that for arbitrary
stopping times 57,5, . ..

limsup]P’( sup | Z"° — Z5°| ZK) < ¢
n—+00 t€[Sn,(Sn+0)AT] "

and lims o cs = 0.

First suppose that S7, Ss, . .. denote stopping times taking values in the respective sets ¢, Z.
Then as above

T
Bl swp (207 - 2P| < ey / E[1s, (50 +0) () (Woneae) = Wa))?] dt
£€[Sn,(Sn-+6)AT] 0

T
< kg, /0 E (s, (5,450 (tn () (Weirt=) — Winm))?] dt

T
< m B / W, 5,00 (1 (0) ] < (24 8) = i,
0
(29)

where we have used that E[(W,, @) — W.,¢—))?|Fu.)] < & and lis, (s,+6)(t) 1S Fo, (o)
measurable. It remains to estimate for general stopping times Sy, .55, ...

E| suwp (27— 257,
t€[Sn,Sn]

where S,, = inf[S,,, 00) Ne,Z. As in (29) we conclude with S,, — S, < ¢ that

T
E| swp (2] = Z57P] < e B / s, 5, () (Wi 0y — Wiy dt
t€[Sn,5n] 0

< mlE[ sup W, — W, |*| = 0.
k=1,...e;"
sitel(k—1)en b kent)
By the Markov inequality this estimate together with (29) imply Aldous’ criterion. O

To control perturbations we will use the following lemma.

Lemma 2.5. For j = 1,2 let (aij))te[oﬂ and (ﬁt(j))te[M optional processes being square
integrable with respect to P & Lo and let

t
ng _ _—1/2 77(7) R 740, v (7)
T =e, /0 (WLn+1<s—> Wm(sﬂ)dYs
where
W =Wt+/ a¥) ds, 7,9 :Mt+/ BY ds and MtZUWt—F/ z dl(s, z).
0 0 (th}XB(O’E)C

17



Fort € D = ,cnenZ N [0,T] the sequences (Y7 )pen and (Y}?)nen are equivalent in
probability, i.e., for every 6 > 0

lim P(|T7" — T7% > 6) =0.

n—oo

Proof. We prove the statement in three steps.

1st step: First we show a weaker perturbation estimate. Using the bilinearity of the
stochastic integral we get that

Tl 1/2/ /Wrl (@D — o®) dud,
tn(s—)

+e,'? / (Wiis(s=) = Win(am) ) (B) — BP) ds

Ln+1(S— (30>
+¢,1/2 / / ol — @y dy 0V ds
tn(s—)
tnt1(s—)
1 / / o du (B — B) ds
tn(s—)

We analyse the terms individually. By It6’s isometry, the fact that s — e, < ¢,(s—) <
tni1(s—) < s and Fubini’s theorem one has that for k = o2 + fB(O o) 2?2 v(dx)

tnt1(s— ) 2
—1/2/ / o) —aff))dudMs> ]
tn(s—)
tnt1(s—) 2
e, E[/ </ (ol —af))du) ds}
(s—)
tnt1(s— )
/ / al) — a@)2dy, ds} (31)
tn(s—)
]E / / (ol — o2))2 duds]
0 J(s—en)VO

t
< nanE[/ (alV) — a@)? ds].
0

By the Cauchy-Schwarz inequality and Fubini it follows that the second term satisfies

_1/2’/ Wi (so) = Was)) (B — Bﬁ”)dSH
1/2 t 1/2
anl/QE[ /O (Wiir(so) — th(s—))2d3} E[ /O (B —59))2@15]
¢ 1/2
<tB[ [ (80— 5 as] ",
0

18



where we have used in the last step that /"™ — (?_ is independent of the Brownian motion

and smaller or equal to €,. The third term is estimated similarly as the first term:

tnt1(s —)
/ / o) — @) du Y dsH
tn(s—)
tnt1(s—) 2 1/2 T 1/2
< 5;/21[:2[/ (/ (all) — ozl(f))du> ds] E[/ (B2 ds]
(s-) 0
tnt1(s— ) 1/2 T 1/2
< IE / / all) — q2))2 duds} E[/ (ﬁél))st}
tn(s—) 0
1/2 T 1/2
< 5711/2E[/ (alV) — a)? ds} E[/ (B1)? ds}
0 0

In complete analogy, the fourth term satisfies

tnt1(s— )
sl [ [ w0
(s—)

1/2 T 1/2
<aps[f (a@)?ds} B[ [ (6 - 6y as]
0 0

By the Markov inequality, the first, third and fourth term of (30) tend to zero in proba-
bility as n — oo.

71/2

2nd step: Next, we analyse the case where ) = 0 and g := 1) is simple in the

following sense. There exist [ € N, increasingly ordered times 0 = to,ty,...,t; =t €
D = J,en€nZ N[0, T] such that 3 is almost surely constant on each of the time intervals
[to,t1), ..., [ti_1,t). Forn € Nand j=1,...,1 we let

tj
Mjﬂ = 6_1/2/t (th+1(s—) — an(s_)) ds.
-1

J

We suppose that n € N is sufficiently large to ensure that {¢;,...,¢} C €,Z. The
Brownian motion W is independent of I so that for u, s € [0, ]

E[(W.1—) = Wits2) Wi wm) = Winu)) 1]
= L([tn(57); tns1(5=)] O [tn(u—), tnga (u—)])

< en Ifjs—uj<en}-

Consequently, we obtain with Fubini that

E[Mj,] = _IE / / W5y = an(s—>)(th+1<u—>—qu—))dsdu]

< 2¢e,(t;
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Since M;,, is independent of 7, , and has mean zero we conclude that (Z?Zl B, Mjn)k=o,...1
is a square integrable martingale so that

t l
E[(@ZW/O (Weias=) = Wi(s=)) Bs d8>2H = ;E[ﬁfleﬁn}
l
E[ﬁl‘i_l] E[Mﬁn] S 28” Z Btzj_l(tj - tj—l)

I
H‘MN

J Jj=1

QEnE[/tﬁfds]
0

3rd step: We combine the first and second step. Let a® and 8 be as in the statement
of the theorem and let § > 0 be arbitrary. The simple functions as defined in step two are
dense in the space of previsible processes with finite L?-norm with respect to P ® Co,m)-
By part one, we can choose a(!) = 0 and a simple process 1) such that

B(TP — T > 6/2) < 6/2

for n sufficiently large. Next, let T™" denote the process that is obtained in analogy
to T™! and T™? when choosing & = S = 0. By the second step, (T:"l : n € N) and
(T7? : n e N) are asymptotically equivalent in probability implying that

BT =170 > 5/2) < 6/2
for sufficiently large n € N. Altogether, we arrive at
P73 = 170 > 6) <6

for sufficiently large n € N. Since § > 0 is arbitrary, (Y7* : n € N) and (Y7 : n € N) are
equivalent in probability. The general statement follows by transitivity of equivalence in
probability O]

Lemma 2.6. For any finite subset T C D =, .n €n No, one has convergence

neN
(Ye, Z{ )ier = (Yi, Z7 et

Proof. 1st step: In the first step we derive a simpler sufficient criterion which implies
the statement. Fix [ € N, increasing times 0 = t; < t; < ... < t; < T and consider
T = {t1,...,t;}. The statement follows if for A € o(Y; : t € T) and continuous compactly
supported f: R — R

Ellaf(Zy°, ..., Z0°)] = EB[Aaf(Z5,, ..., Z;)].
By the Stone-Weierstrass theorem the linear hull of functions of the form

R - R,z — filzy) oo filx)
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with continuous compactly supported functions fi,..., f; : R — R is dense in the space of
compactly supported continuous functions on R! equipped with supremum norm. Hence
it suffices to verify that

EMafi(Z57) - il Zy" = 237 )] = EMafi(Z) - flZ5, = Z5, ). (32)

for arbitrary continuous compactly supported functions fi,..., f; : R — R.

For fixed set T the family of sets A € o(Y; : t € T) for which (32) is valid is a Dynkin
system provided that the statement is true for A = Q. Consequently, it suffices to
prove (32) on the N-stable generator

EZ{AIH...ﬂAlZA()EAQ,...,AZE.AI},

where Ay = o(Yy,),..., A =o(Y;, —Y,,_,). We note that for A=A, N...NA €& the
random variables
ﬂAlfl(Zﬁ’E), ceey ]lAlfl(ZtTlL’E — ZZ’_:)

are independent if T C ¢,Ny which is fulfilled for sufficiently large n since T is finite and
a subset of D. Likewise this holds for (Z,"%) replaced by (Z¢). Consequently, it suffices
to prove that for k=1,...,1

E[la, fu( 20" — 207 )] — E[la, fu(Z5, — Z; )]

tp—1

Due to the time homogeneity of the problem we can and will restrict attention to the
case k = 1 and set ¢ = ¢;. Note that o(W) N U200 sc04.jay, 5 Far.) is M-stable,
contains 2 and generates a o-field that contains o(Y}).

We conclude that the statement of the lemma is true, if for all t € D, &’ > 0, all A € o(W)
and A" € U(Zse(o,t]:‘ INAE day,) and all continuous compactly supported f: R — R, one
has -

T B Ly f(Z7)] = E[Laoar /(7)) (33)

2nd step: In this step we prove that for A € o(W) and A’ € o(I)
Tim [ELin f(Z°)] — P(A) E[Lu £(Z7)]) = 0
where (YF) and (Z7°) are given by

Yi=0oW,+ / zdll(u,x)
(0,s]x B(0,e)¢

and

Z;l’e = E;I/Q /0 (anﬂ(u_) — WLn(u_)) dYu‘E
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It suffices to consider the case P(A) > 0. We use results of enlargements of filtrations,
see [19, Thm. 2, p. 47] or [1, Example 2]: there exists a previsible process (c)scjo,r] being
square integrable with respect to P ® £jo 7 such that given A the process (Wf)se[o,ﬂ

S
WSA =W, —/ o, du
0
is a Wiener process. By Lemma 2.5, the processes (Z;"°) and

tn1(u=) = in(u-)

Z:,,E,A — 6_1/2/ (WA WA )dYua,A
0
with V&4 = (eWA + f(07s]xB(07a)u x dIl(u, x))seo,r) are equivalent in probability. Hence,

E[Lanar f(Z¢)] = EllLana f(Z75)]| = 0.

The set A is independent of II. Further, conditionally on A the process W4 is a Brownian
motion that is independent of II which implies that

E[Lana f(Z5")] = P(A) E[Ly f(Z;")).

3rd step: Let I' denote the finite Poisson point process on B(0,&')¢ with

I'= Z 6Ays:/ 0, dII(u, x).

0] (0.4]x B(0,6)°
|AYs|>e’

In the third step we prove that for every A’ € o(I") and every continuous and bounded
function f: R — R one has

lim B[y f(Z)] = B[y f(Z5))].

n—oo

By dominated convergence it suffices to show that, almost surely,

lim B[f(Z"")|T] = E[f(Z;)IT]. (34)

n—oo

The regular conditional probability of II|(gyxp(0.) given I' can be made precise: the

distribution of II|(g g« p(o,eye given {I' = v := > 6, } with m € N and y1,...,ym €
B(0,&")¢ is the same as the distribution of

m
§ , 551@7%
k=1

with independent on (0, ¢] uniformly distributed random variables Si,...,S,,. Since fur-
thermore, II| (g qxB(0,e)e is independent of I1|(o 4« B(0.e)\ {0} and the Brownian motion W we
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conclude that the distribution of Z;"* conditioned on {I' = v} equals the distribution of
the random variable

t
—n,e,y _ _—1/2 n,
Y /O (W) = Wiy d¥2

with Y77 = oW + 350 Y Ly, 2} s, <) and
1) (s) = sup[(e,ZN[0,8]) U{s € (0,] : h, < |AY,] < I U{S1,...,Sn}].

Here the random variables Si,..., Sy, are independent of II|(o qxp(o,.) and W. Likewise
the random variable ZF given {I' = 7} has the same distribution as the unconditional
random variable

e, - 95
ZPT=TB+ Y 2 &y My

=1

with o1,...,0, and &, ..., &, being independent (also of B) with the same distribution
as the marks of the point process II. Consequently, statement (34) follows if for every ~
as above

lim E[f(Z""")] = E[f(Z;7)].

n—oo

We keep v fixed and analyse Z;""" for n € N sufficiently large, i.e., with t € £,Z. We
partition (0, ¢] into t/e,, n-windows. We call the kth n-window to be occupied by S; if S;
is the only time in the window ((k — 1)e,, ke,]. Further, we call a window to be empty,
if none of the times S, ..., Sy, is in the window. For each window k = 1,...,t/e, that is
empty, we set .
En
Z;L’,Y = 5;1/20'/ (WLW (u—) — WL;‘;(U,)) qu,
(

1
k—1)en e

and for a window ((k — 1)e,, ke,,] being occupied by j
ZeT = PWar s,-) — Was,—) Y5 Ly 2e)

The remaining Z;"" can be defined arbitrarily since we will make use of the fact that the
event 7, that all windows are either empty or occupied satisfies P(7,) — 1.

We first analyse the contribution of the occupied windows. Given that 7, occurs and
that Sy,..., Sy are in windows ky, ..., kn, the random variables 2,7, ..., 2" are inde-
pendent. We consider their conditional distributions: conditionally, each S; is uniformly
distributed on the respective window and the last displacement in B(0, ")\ B(0, h,,), resp.
B(0, h,)\B(0, h,41) has occurred an independent exponentially distributed amount of
time ago; with parameter A, = v(B(0,¢)\B(0,h,)), resp. A,41 — A,. Therefore, the
conditional distribution of (S; — ¢,(S;), Sj — tn+1(S;)) is the same as the one of

M
<min(u€", (‘/’)‘"), Z ﬂ((i,l)gmian] (L{E") min(Z/IE" — %, 5>\”, 5)‘"“_)\"))

=1
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where ", EM and £*+1 are independent random variables with 2" being uniformly
distributed on [0,¢,] and £, EAn+172» being exponentially distributed with parameters
An and A, 11 — A,. Consequently, conditionally, one has that

J
i=1

where ¢ denotes an independent standard normal. By assumption, A, /e, — 0 as n — oo
so that the latter distribution converges to the one of %gjyj. Hence, conditionally on 7,
one has

n, - 0j
> Z = =695 Ly 12)

kENN[0,t/en] Jj=1
kth n-window occupied

Next, we analyse the contribution of all empty windows. Given 7,, there are t/e, —
m empty windows and the corresponding random variables Z;"" are independent and
identically distributed. We have

E[Z"7](0,&,] empty, T,] =0

since W is independent of the event we condition on. Further, by It6’s isometry and the
scaling properties of Brownian motion one has

n

En
Var (27" ‘ (0,,) empty, Tp) = 5;102151[/ (Wn+1(u) - WL;L(U))Z du‘((),en] empty, 7;}
0

- 6710'2]E[(W57—11LZ Uen) — ngle(usn))Q | (0,&,) empty, 7y,]

+1
=, 0 Ele, o) (U™) — e, (U)] ] (0, £,,) empty, Tr,].
(35)
Here we denote again by U*" an independent uniform random variable on [0,¢,] and
we used that conditionally the processes ¢} and ¢, are independent of the Brownian
motion W. As above we note that the distributions of €, ') | (U*") and e, '¢} (U) are
identically distributed as

Uer
et (5A"+1 A ﬁ) and £,' (EM AU™).
By assumption (ML2) these converge in L' to EM? A YYM and % A U, respectively.
Hence, computing the respective expectations gives with (35)
M—-1le?—(1-46
e, Var(Z1"7 | (0,e,) empty, T,) — o i € 9(2 ) = T2

The uniform L2-integrability of L£(e, Y 2ZM71(0,e,] empty, Ty,) follows by noticing that
by the Burkholder-Davis-Gundy inequality there exists a universal constant x such that

en 2
IE((ZTWY)4 ‘ (07 6n] empty, 7:1) < 557720-4 E |:(/ (WLZJrl(u) - WL%(U))2 du) ’(07 gn] empty, 7;}
0

§4/€04E[ sup Wzﬂ :4/£0453LE[sup Wf]

u€[0,en] u€(0,1]
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Hence, conditionally on 7, one has

> Z27 = N(0,721).

EENN(0,t/e)
kth n-window empty

Given 7, the contribution of the empty and occupied windows are independent, so that
since P(7,) — 1, generally

t/en
S oz =z
k=1
It remains to show that
t/en
lim (Z” = ZZ ’”) = 0, in probability.

This follows immediately by noticing that, given 7, one has

t/en

ken
Zme — Z Z/?77 = 05;1/2 / Ln+1(u—) - WL"(U_)) dWe,
k=1

keNm[o t/en) UEn
kth n-window occupied

where the sum on the right hand side is over m independent and identically distributed
summands each having second moment smaller than £2.

4th step: In the last step we combine the results of the previous steps. By step one, it
suffices to verify equation (33). Provided that the statement is true for A = ), the system
of sets A for which (33) is satisfied is a Dynkin system. Consequently, it suffices to verify
validity for sets AN A’ with A € o(W;) and A’ € o(I"). By step two one has

Tim [E[Li f(Z) — P(A) E[Ly f(Z79)]) = 0
and by step three B
lim E[1y f(Z2™°)] = E[1a f(Z)]

n—oo
so that
Tim E[ Ly f(27) = B(A) E[Ly /()]

The proof is complete by noticing that o(W;) is independent of o(I", Z7) so that
P(A)E[la f(Z5)] = E[lana f(Z])].

3 Scaled errors of derived quantities

In this section we collect results that will enable us to deduce the main central limit
theorems with the help of Theorem 1.5.
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3.1 The integrated processes

The following lemma is central to the proof of Theorems 1.9 and 1.10.

Lemma 3.1. If Assumptions (ML1) and (ML2) hold, then one has

.

Proof. With b, :=b — fB(O pye T(dx) we have for ¢ € [0, 7]

T
lim g;lﬂ-zH/ (X1 — X
n—oo 0

Xp = X1 = a(X,0) (' = Y1) = a(Xo0) 0ult = () + o (Wi = W, 9)).  (36)

We estimate

T
’/ ot — Lot dt’ ] §bi€iTE[/ (X5 )l dt|.
0

The latter expectation is uniformly bounded over all n, see Lemma 5.12. Further b? =
o(e; ') by Lemma 5.10. Consequently, the first term is of order o(e,). By Fubini

E[(/T a(X,, )0 (W, — an(ﬂ)dtﬂ

=0 / / L(t) W (t)) (XLH(U)) (Wu — WL”(U))] dt du.

Further, for 0 <t <u <T,

A~

Ela(X., ) We=Wo0)a(Xon ) (Wa=Wo ) lens Xone)] = Lo mn (w)10(Xon )2 (EAU) =1 (£))

and since the statement is symmetric in the variables ¢,u also for 0 < u < t < T.
Consequently,

E[( " K)o W= W) dt)] < 22207 [ Ela(X, o)) dt
; in(t)) T Wt tn(t) > 26,0 ; al A, (1) .

We recall that the latter expectation is uniformly bounded so that theis term is also of
order o(g,,). O

3.2 The supremum

The results of this subsection are central to the proof of Theorem 1.8. We first give some
qualitative results for solutions X = (X;);ejo,77 of the stochastic differential equation

dXt = CL(Xt,) dY;

with arbitrary starting value. We additionally assume that a does not attain zero.
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Lemma 3.2. One has for every t € [0,T] that, almost surely,

sup X, > Xy V X;.

s€[0,t]

Proof. We only prove that

sup X, > X,
s€0,t]

and remark that the remaining statement follows by similar simpler considerations.

1st step: In the first step we show that

1 stabl
_(Xt—e-‘ras - Xt—e)sE[O,l] = (U G(Xt) Bs)se[o,l]-

NG
We show the statement in two steps: first note that

1 1
E(Xt—a-i-es - Xt—a)sG[O,l] and ﬁ(a(Xt—e) (Y;f—e—l—es - YVt—a))sG[O,l}

are equivalent in ucp. Further, Z° = (e7™V2(Yp_ojes — Y;—c))seo,1) is independent of
a(X;_.) and a(X;_.) tends to a(X;), almost surely. Hence, it remains to show that Z¢
converges for € | 0 in distribution to ¢ B. Note that Z¢ is a Lévy-process with triplet
(by/g, 0%, v.), where v.(A) = ev(y/A) for Borel sets A C R\{0}. It suffices to show that
Lévy-processes Z¢ with triplet (0,0, .) converge to the zero process.

We uniquely represent Z°¢ as

Ze = 754 Z bt

with independent Lévy processes Zf " and 25”’, the first one with triplet (0,0, v| B(o,r)),
the second one being a compound Poisson process with intensity v|p(ge, and with b, :=
fB(O rye zdv.(z). Clearly, for 6 >0

P(sup |Z] > 6) < gy oayey + P((sup 1277 > 0/2) +P(Z7 £0).  (37)
te[0,1] t€[0,1]

For r > 0 one has

Il

TVBO,TCS/ xdygxze/ dv(z
B0 < [ @ =e [

7 1
<+e —v(dz §—/x21/dx.
e Vo = (@)

Hence, |b...| < §/2, for sufficiently large r, and P(Z" # 0) < v(B(0,7)°) < & [ 2?v(dz).

Further,
/ 2% dv.(r) = / 2?dv(z) =0
B(0,r) B(0,/er)
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so that Doob’s L%inequality yields

limIP<sup |Z5"| > 6/2) =0.

&0 N\eegfo,1)

Plugging these estimates into (37) gives

= 1
hmsupIP’( sup |Z;| > 5) < —2/x2 v(dx)
el0 t€[0,1] r

and the statement of step one follows by noticing that » > 0 can be chosen arbitrarily
large.

2nd step: Clearly, for ¢ € (0, t],

P(sup X, = X;) < P<5_1/2 SUp (Xi—eyes — Xpe) = 5_1/2(Xt — Xt_€)>.
s€[0,t] s€[0,1]

The set of all cadlag functions x : [0,1] — R with supycjy s = 71 is closed in the
Skorokhod space so that

]P’( sup X, = Xt) < lim supIP’(&tfl/2 sup (Xy—cyes — X¢—e) = 5*1/2(Xt — Xt_5)>

s€[0,t] elo s€[0,1]

< ]P’(a(Xt) sup 0B, = a(Xt)Bl> = 0.
s€[0,1]

O

Lemma 3.3. Suppose that a(x) # 0 for all x € R. There is a unique random time S (up
to indistinguishability) such that, almost surely,

sup X, = Xg

s€[0,7T
and one has AXg = 0. Further, for every e > 0, almost surely,

sup X, < Xg.
s€[0,S]):|s—S|>e
Proof. 1st step: First we prove that the supremum sup;c(y 7 X; is almost surely attained
at some random time S with AXg = 0. By compactness of the time domain, we can find
an almost surely convergent [0, T]-valued sequence (S, )nen of random variables, say with
limit S, with
lim Xg, = sup X;.
n—00 t€[0,7]
Let h > 0. We represent Y as sum

N

Y, =Y+ g n(H)AYy,
k=1
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where 171, ..., T are the increasingly ordered times of the discontinuities of Y being larger
than h. Further, Y" is a Lévy process that is independent of Y" := Y — Y". Given Y",
for every k =1,..., N, the process (X;)ic[r,_, 1) solves the SDE

dX, = a(X;_)dy;"

and we have, almost surely, that

Tk

Xr,_ = X, _, +/ a(X,)dy!.

Tk-1
Consequently, we can apply Lemma 3.2 and conclude that, almost surely, for each k& =

1,...,N+1,

sup Xo> X, VXp o
s€[Tk—1,Tk)

with Ty = 0 and Ty 1 = T. Hence, almost surely,

sup Xy > sup Xp V. Xp_.
s€[0,T] k=1,.,N+1

Consequently, S is almost surely not equal to 0 or T or a time with displacement larger
than h. Since h > 0 was arbitrary, we get that, almost surely, AXg = 0, so that

Xg = lim Xg, = sup X, almost surely.
n—00 t€[0,T

2nd step: We prove that for every ¢ € [0, T the distribution of sup,c( ; X, has no atom.
Suppose that it has an atom in z € R. We consider the stopping time

T{Z} = inf{t S [O,T] Xy = Z}

with the convention T7,; = oo in the case when z is not hit. For € > 0, conditionally on

the event {T}.; < T — e} the process (X;)sc(,q With

XS - XT{Z}-‘,-S

starts in z and solves dX, = a(f(s) dY, with Y denoting the T(y-shifted Lévy process Y.
Hence, by Lemma 3.2, one has almost surely on {7,y < T — e} that

z :X(] < sup XS < sup X;.
s€[0,¢] s€[0,7

Since € > 0 is arbitrary and X does not attain its supremum in 7T, it follows that
P(SuPse[O,T} X;=2)=0.

3rd step: We prove that the supremum over two disjoint time windows [u,v) and [w, )
with 0 <u <v <w < z <T, satisfies

sup X # sup Xj,

s€lu,v) s€[w,z)
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almost surely. By the Markov property, the random variables sup,¢(, ) Xs and sup,¢p, ) Xs
are independent given X, and we get

]P( sup X, = sup Xs) = /IP’( sup X, = y’Xw = x) dP(Xw7SUpS€[u,v) Xs)(x,y),

s€[u,v) s€[w,z) s€w,z)

were P(x, sup,c,.., X,) denotes the distribution of (X, supyep,.) Xs). We note that the
conditional process (X;)sejw,-) is again a solution of the SDE started in x and by step two

the inner conditional probability equals zero.

4th step: We finish the proof of the statement. For given £ > 0, we choose deterministic
times 0 =ty < t; < ... < t,, = T with t, — tx_1 < . By step three, there is, almost
surely, one window in which the supremum is attained, say in [ty_1,tar), and

sup X, < sup sup Xy < sup Xy = Xg.
s€[0,T):|S—s|>e ke{l,..mI\{M} s€ltp—1,t) sE[tar—1,tar)

]

Lemma 3.4. Suppose that a(x) # 0 for all z € R and denote by S the random time at
which X attains its mazimum. One has

5;1/2( sup X — sup Xf) — g’”H — 0, in probability.
t€[0,T] te[0,T]

Proof. With Lemma 3.3 we conclude that, for every € > 0, one has with high probability
that

< sup e, A(XP - X)) - UL
t:[t—S|<e

5;1/2< sup X/ — sup th) —ug™t!
t€[0,T te(0,7

- n,n+1 n,n+1
= sup |U{ - Uy
t:|t—S|<e

For £,0 > 0 consider

A.s ={(s,2) €10,T] x D(R) : sup Doy — x| > 6}

(tyu):s—e<t<u<s+e

Note that cl(A.5) C As. s and recall that (S, U™" ™) = (S,U). Hence,
lim sup IP’(’&;W sup X — e V2 sup X7 - UG
n—o0

> 5)
te[0,T] te[0,T]
< lim sup P((S, U”’"+1) € A.5) <P((S,U) € Ase5).

n—0o0

Note that U is almost surely continuous in S so that for ¢ | 0, P((S,U) € As.5) - 0. O

30



4 Proofs of the central limit theorems

In this section we prove all central limit theorems and Theorem 1.11. We will verify
the Lindeberg conditions for the summands of the multilevel estimate S(F), see (4). As
shown in Lemma 5.9 in the appendix, a central limit theorem holds for the idealised
approximations X!, X2 ... if

1) lim, o0 Var(e, *(F(X™) — F(X™)) = p? and
2) (en'?(F(X"1) — F(X™)) : k € N) is uniformly L-integrable.

The section is organised as follows. In Section 4.1 we verify uniform L2-integrability of the
error process in supremum norm which will allow us to verify property 2) in the central
limit theorems. In Section 4.2 we prove Theorems 1.6 and 1.9, essentially by verifying
property 1).

It remains to deduce Theorems 1.8 and 1.10 from the respective theorems for the idealised
scheme. By Lemmas 1.2, 1.4 and 3.1, switching from the idealised to the continuous or
piecewise constant approximation leads to asymptotically equivalent L?-errors. Hence,
the same error process can be used and, in particular, uniform L?-integrability prevails
due to Lemma 5.8. Consequently, the identical proofs yield the statements.

Finally, we prove Theorem 1.11 in Section 4.3.

4.1 Uniform L*-integrability
Proposition 4.1. The sequence (551/2 SUDye(0,7] | X/ — X7 )nen is uniformly L%-integrable.

To prove the proposition we will make use of the perturbation estimates given in the
appendix, see Section 5.4. Recall that U+ = g, /2(X"+1 — X™) satisfies the equation

t
nn+1 /Dnn+1 nn—i—ldy_'_ —I/Q/D;LA;L (}/S__Y'Ln(s_))d}/s
0

— 12 / DM AT (v, —, ) dYs.
0

nt1(s—)

We use approximations indexed by m € N: we denote by U™ 1™ = (U""1"™), .01 the
solution of the equation

U / DY YT ey o / DY A (Wee = W, (o)) AV
(38)

_ 5_1/2 / Dn+1./4nm( s— — an+1(5—))dy;n’
0

where Y™ = (V}")ejo,r) is given by

V' =0bt+ oW, + lim xdll(s, z),
310 J(0,6)x (B(0,m)\B(0,5))
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and A™" = (A?"™)iep,m is the simple adapted cadlag process given by

ao {A?, if [A7] < m,

0, else.

The proof of the proposition is achieved in two steps. We show that
L. limypp00 limsup,, , o, E[sup,eo 7 U™~y 2] = 0 and

nn—}—lm, ]

2. for every p > 2 and m € N, E[sup,¢(o 71 |U4; < 00.

nn+1|)

Then the uniform L*-integrability of (supcjo 7 |Us nen follows with Lemma 5.8.

Lemma 4.2. One has,

lim lim sup]E[ sup U~y ] =0.

mteo  poo t€[0,T]

Proof. The processes U™" 1™ are perturbations of U™"*! as analysed in Lemma 5.14.
More explicitly, the result follows if there exists a constant x > 0 such that

2] < K, (39)

/ Dn Anm sf - Ln(S ))dym

te[o T]
for all n,m € N, and

lim limsupe,* sup /D” AL (Yoo =Y, (5-y)dY,

m—=0  poo te[0,T]

(40)
—0/ DY AL (Wee — W, (5—))dY

}:o.

Using Lemma 5.11, the uniform boundedness of D™, conditional independence of A."™
and W,_ — W, (s—) given ,, there exists a constant x; > 0 such that

9 T
2] < [ e B EW = WP ds
0

T T
gm/“ENQMﬂdssm/"EwﬁJﬂm
0 0

for all n,m € N. The latter integral is uniformly bounded by Lemma 5.12 and the
Lipschitz continuity of a.

sup
0<r<t

‘/D.Mﬁ W, — W)

We proceed with the analysis of (40). The expectation in (40) is bounded by twice the
sum of

Egzn =e'E SElp]/ Dy AL (Yoo =Y, - dY—a/ Dy AY (W =W, (- ))dym
tc(0,T
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and

zggzn = sup /D” AT (W =W, o)) AV /D AT (W =W, my)

te[o T)

} .

The term 222” is the same as the one appearing in (20) when replacing Y¢ by Y™. One
can literally translate the proof of (20) to obtain that

lim limsup 2! = 0.

m—=0 poco ’
arises when replacing Y (20) in Lemma 2.3 and it remains to work on the second one. By
uniform boundedness of D™ and Lemma 5.11, there exists a constant k, not depending
on n,m € N with

T
52 < pyer? / E[(A7 — AW, — W, (o)?) ds
. 0
< / E[(A" — A™™?] ds
0

< %, /0 E[(A" — a(X._))) ds + 26, /0 E[(a(X,_) — A™™)?] ds

where we have used again that given ¢, the random variables A? — A" and W,_ —
W, (s—) are independent. The first integral in the previous line tends to zero by Lipschitz
continuity of a and L*-convergence of sup;co 7 [ X7 — Xy| — 0, (see Proposition 4.1 of
[11]). Further the second integral satisfies

lim Sup/O E[(a(X,-) — AY™)?*] ds < /0 E[Lpn,00) (| Xs—|) a(X,-)?] ds

n—oo

which tends to zero as m — oo since sup;¢jo 7y | X¢| is square integrable. ]
Lemma 4.3. For every m € N and p > 2, one has

n,n+1, m’p:|

supIE[ sup |U; < 00.

neN te€[0,T]
Proof. Since V" has bounded jumps, it has finite pth moment. D™"*! is uniformly
bounded and by part one of Lemma 5.15 it suffices to prove that

is uniformly bounded over all n € N for fixed m € N. Using Lemma 5.11 and the uniform
boundedness of D™ and A™™ over al n € N we conclude existence of a constant k3 such
that for every n € N

E|

/ Dn Ag—m< s— tn(s— ))dym

t€(o, T]

T
P
sup /D AT (W = W, (50)) AT :|S/€3/ E[|Wse — W, (s0)|]ds < kaTe/2.
0

t€[0,T]

]
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4.2 Proof of the central limit theorems for X! X2 ...

In this section we prove Theorems 1.6 and 1.9. By Proposition 4.1 and the Lipschitz
continuity of F' with respect to supremum norm, we conclude that (e, Y (F(XmH —
F(X™)) :n € N) is uniformly L2-integrable in both settings. In view of the discussion at
the beginning of Section 4 it suffices to show that

lim Var(e;V2(F(X"*!) — F(X")) = Var(Vf(AX) - AU)

n—oo

in the first setting and
lim Var(e;V2(F(X") — F(X™)) = Var(f'(X5s) - Us)

n—o0

in the second setting. By dominated convergence it even suffices to show weak convergence
of the distributions appearing in the variances. Theorem 1.6 follows from the following
lemma.

Lemma 4.4. Under the assumptions of Theorem 1.6, one has
e VHF(X™MY — F(X™) = VF(AX) - AU.

Proof. For n € N, let Z,, := AX"™ and set Z = AX. Since Z € Dy, almost surely, we
conclude that

lim e, V2(f(Zy) = f(Z) = Vf(Z)(Z, — Z)) = 0, in probability, (41)

Indeed, one has f(Z,) — f(Z) =V f(Z)(Z, — Z) = R,(Z, — Z) for appropriate random
variable R,, that converge in probability to zero since Z,, — Z — 0, in probability, and f
is differentiable in Z. Further, for fixed £ > 0 we choose § > 0 large and estimate

P(le,;?Ro(Z, — Z)| > €) < P(|R,| > ¢/8) + P(le;,"*(Z, — Z)| > 6).

The first summand converges to zero as n — oo and the second term can be made
uniformly arbitrarily small over n by choosing ¢ sufficiently large due to tightness of the
sequence (&p, Y *(Zy — Z))nen. The equation (41) remains true when replacing Z, by Z,1
and we conclude that

lim e;Y2(f(Zns1) — V(Z)(Zny1 — Z,)) = 0, in probability.

n—oo

By Theorem 1.5 and the fact that A is continuous in Py-almost every point we conclude
that

(Y, Ae; V2(X™ T — X™)) = (Y, AU) and, hence, ;" *(Zps1 — Zn) 22 AU,
by Lemma 5.2. Consequently, since V f(Z) is o(Y)-measurable we get
(VI(Z), &0 2 (Znis = Za)) = (V£(Z), AU)

and the proof is finished by noticing that the scalar product is continuous. ]
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Analogously, Theorem 1.9 is a consequence of the following lemma.

Lemma 4.5. Under the assumptions of Theorem 1.9, one has

6;1/2(]”( sup Xg“) - f( sup Xf)) = f'(Xs) - Us,

SE[O,T] SE[O,T}
where S denotes the time where X attains its mazimum.

Proof. By Lemma 3.3 there exists s unique time S at which X attains its maximum and
by Lemma 3.4 one has

s€[0,7) 5€[0,7]

By Theorem 1.5 and Lemma 5.2, one has
(Y, 5,0 ) = (v, 8,U)

and the function [0,7] x D(R) — R, (s,u) — ug is continuous in Pgy-almost all (s, u)
since U is almost surely continuous in S by Lemma 3.3. Consequently,

(Y, U™ = (Y,Us) and, hence, 5;1/2< sup X" — sup X;‘) LY Us.
5€[0,7] s€[0,7]

The rest follows as in the proof of Lemma 4.4. ]

4.3 Proof of Theorem 1.11

Proof of Theorem 1.11. 1st step: Denote by £ = (&), the stochastic exponential of

( Ot a'(Xs-) dYy)eo,r)- In particular, £ does not hit zero with probability one, see for
instance [18, Thm. 1.4.61]. In the first step we show that E[UU;|Y] = T2 ¢ ,(Y'), where

)(Xu)

s ! 2 / 2 2
_ 4 (aa 21 (aa") (X, )* AY;;
¢s1(Y) =0 586}/0 du+o lgﬁ)l E&, E

(42)

&2 Coe (1+a/ (X, )AY,)2E2
|AY,[>6
and the limit is taken in ucp.
We define L = (Ly)sejo.r] by
1

L, = o* i

¢ JTBt—i—lgg)l Z T AL,
s€(0,t]:
|AY,|>6

+ d' (X )AY;

and note that the process is well defined since the denominator does not attain the value
zero by assumption. Using the product rule and independence of W and B it is straight

forward to verify that
(g / t % dL )
! 0 587 ° tG[O,T]
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solves the stochastic integral equation (11) and by strong uniqueness of the solution
equals U, almost surely. We write

t / !
_ere [ lad)(X.-)
Uy =0"T¢& /0 g dBi +lim & SE% (14 a/ (X, )AY,)E,- Bk

INAEN

S
v
=:Z

S

and note that given Y the processes Z and Z( are independent and have expectation
zero. Further, for 0 < s <t < T one has

s / 2
E[Z,Z,|Y] = 555t/ %du
0 Ei
and o) )2 AY2
E[7) 7 Y] = 21
(27 2,7 55%%:8 1+a w JAY,)2E2 0]
|AY,|>6

One easily computes that E[o2] = 022, Altogether, it follows the wanted statement.

2nd step: Let A = (Aq,...,Ay) : D(R) — R? be a linear map of integral type meaning
that there are finite signed measures p1, ..., uq on [0, 7] with

T
ij:/ xs dp;(s).
0

Then by conditional Fubini and step one,

Var[V f(AX) - AU] = Y E[0if (AX) AU 0; f(AX) A;U)
= 0, f(AX) 0, f(AX)E U U, dpt; @ pu;(u, v)|Y
> E[asax)a,sax) [, vt o]

S
&
\ |

i [af (AX) af(AX)/

¢u,v(Y) d,ui &® s (U, U)] .
(0,772

3rd step: The supremum dependent case follows by noticing that step one remains valid
when choosing s =t = S since S is o(Y')-measurable. O

5 Appendix

5.1 Stable and weak convergence

We briefly introduce the concept of stable convergence first appearing in Rényi [28].
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Definition 5.1. Let F° denote a sub-o-field of F. A sequence (Z,)nen of F-measurable
random variables taking values in a Polish space E converges stably with respect to F°
to an E-valued F-measurable random variable Z, if for every A € F° and continuous and
bounded function f: F — R

lim E[Ly f(Zy)] = E[Li f(Z)).

n—oo

We briefly write 2" iy
Stable convergence admits various equivalent definitions.

Theorem 5.2. Let (Z,) and Z be F°-measurable, resp. F-measurable, random variables
taking values in a Polish space E. The following statements are equivalent:

1. 7, LY 7 with respect to F°

2. for all bounded F°-measurable random variables U and all bounded and continuous
functions f : E— R one has

lim E[U f(Z,)] = E[U f(Z2)]. (43)

n—oo

If F° = o(Y) for a random wvariable Y taking values in a Polish space E', then stable
convergence is equivalent to weak convergence

(Y. Z,) = (Y, Z), in E x E. (44)

Proof. The first equivalence is an immediate consequence of the fact that the set of F-
measurable random variables U for which

lim E[U f(Z,)] = E[U f(2)]

n—oo

is true is linear and closed with respect to L'-norm. Further, (44) implies Z, Ly g

since the L'-closure of random variables g(Y') with g : E — R bounded and continuous

contains all indicators 14 with A € F°. Conversely, assuming Z, S@ Z, the sequence
of random variables ((Y,Z,) : n € N) is tight in the product topology and for any
g : E' — R bounded and continuous one has E[g(Y") f(Z,)] — E[g(Y)f(Z)] which implies
that (Y, Z,) = (Y, Z). The last statement is proved in complete analogy with the proof
of the corresponding statement for weak convergence. O]

As the latter theorem shows stable and weak convergence are intimately connected and
we will make use of results of Jacod and Protter [17] on weak convergence for stochastic
differential equations. For the statement we need the concept of uniform tightness.
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Definition 5.3. Let (F3).c0,17 be a filtration and (Z" : n € N) be a sequence of cadlag
(F:)-semi-martingales. For 0 > 0 we represent each semi-martingale uniquely in the form

Zp =73+ AP + MM+ AZ Wazg ssy, for t € [0,T),

s<t

where A™° = (A?"S)te[g,T] is a cadlag predictable process of finite variation and M =

(M} ’6)te[o,T] is a cadlag local martingale, both processes starting in zero. We say that
(Z™ : n € N) is uniformly tight, if the sequence,

T
(Mn’5>Mn’6>T+/ \dA?’é\ + Z ’AZW, ﬂ{|AZ?’i|>5}
0 0<s<T

is tight. The definition does not depend on the particular choice of §. Multivariate
processes are called uniformly tight if each component is uniformly tight.

We cite [17, Thm. 2.3] which is a consequence of [23].

Theorem 5.4. Let Z,Z', Z?,... be cadlag one-dimensional semi-martingales and H be
a cadlag one-dimensional adapted process. If

(i) (Z"™ :n € N) is uniformly tight and
(ii) (H,Z") :n € N) = (H, Z) in D(R?),
then . .
(H, Z",/ H, dZ" :n e N) - (H Z,/ Hs_dZS), in D(R®).
0 0
We state a consequence of [23, Thm. 8.2].
Theorem 5.5. Let H,Z, 7', Z? ... be as in the previous theorem. Further let Y be an
adapted cadlag semi-martingale. We define U™ := (U}")icpo,r and U = (Up)iepo,r) by,
t t
Utn = Zf +/ U:—HS—dYtsa Ut = Zt +/ Us—Hs—d}/sa fOTt € [OvT]
0 0

If
<Z”,/O. HS_dYS> = <Z/0 HS_dY;), in D(R?),

<Z”,/O‘ Hs,dYS,U"> N (Z, /0 Hs,dYS,U), in D(R?).

then

The definition of uniform tightness and the two theorems above have natural extension to
the multivariate setting and we refer the reader to [23] for more details. Further results
about stable convergence of stochastic process can be found in [15] and [18].

A helpful lemma in the treatment of weak convergence is the following:
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Lemma 5.6. Let A, A', A% ... be processes with trajectories in D(RY).

1. Suppose that for every m € N, A™, AV™ A%2™ _ are processes with trajectories in
D(RY) such that

(a) Y6 > 0: limy, o0 limsup,,_, o P(sup,ejo 7y A" — AF| > 6) =0
(b) lim, o P(sup,epo 1y AT — Ai| > 6) = 0.

Provided that one has convergence A™™ = A™ for every m € N, it is also true that

A" = A

2. Suppose that BY, B%, ... are processes with trajectories in D(R?) such that for all
0>0
lim P( sup |By — A}| > 9) =0.

n=00  tef0,7)

Then one has weak convergence A™ = A if and only if B = A.

Proof. To prove weak convergence on D(R?) it suffices to consider bounded and continuous
test functions f : D(RY) — R that are additionally Lipschitz continuous with respect to
supremum norm. Using this it is elementary to verify statement 1) and statement 2) is
an immediate consequence of 1). O

Remark 5.7. In general we call approximations A™ AV A%™ . with properties (a)
and (b) of part one of the lemma good approzimations for A, A', A%,.... Further, ap-

proximations B, B, ... as in part two will be called asymptotically equivalent in ucp to
AL A%

5.2 Auxiliary estimates

We will make use of the following analogue of Lemma 5.6 for tightness.

Lemma 5.8. Let (A )nen and, for every m € N, (Aﬁf”))neN be sequences of L?-integrable
random variables. If
lim limsupE[|4, — A™?] =0

m—00  p oo

and, for every m € N, the sequence (A}{”’)%N is uniformly L2-integrable, then also the
sequence (A,)nen is uniformly L?-integrable. In particular, if a real sequence (By)nen s
uniformly IL%-integrable with

lim E[|B, — 4,]?] =0,

n—oo

then (Ap)nen is uniformly L?-integrable.
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Proof. For n > 0 and n, m € N, one has

E[| Al Iga,zn] < 2E[|A, — ATV P + 2B [ AT 1y a, 2]
<2E[|A, — ATVP] + 2E[JAT L i0m)5 0]

(m)|2
+2E (147 ﬂ{m;m)|<n/2,|Aan;m’\2n/2}]

772
+ P14, — AT] > n/2)

<2E[|Ay — APUP] + 2E[JAT 1 yom s ] + 5

<AE[|A, - APP] + 2B AP o s ]

where we used Chebychew’s inequality in the last step. Let now £ > 0. By assumption we
can choose m sufficiently large such that for all large n, say for n > ng, 4E[|A, — A 2] <

g/2. Further, by the uniform L% integrability of (A;m))neN we can choose 7 large to ensure
that for all n € N, QEUASTm)‘QH{lAﬁZ")lzn/?}} < /2 so that E[|A,[* 14, 5] < € forn > no.
Forn =1,...,n¢— 1 this estimate remains true for a sufficiently enlarged 7, since finitely
many L*-integrable random variables are always uniformly L?-integrable. O

Lemma 5.9. Let Ay, As, ... be real random variables and let (ex)ken as (ML1) and L(0)
and ng(0) as in (13). Suppose that

1. Var(ek 2AL) = ¢ and

2. (€k1{2Ak . k € N) is L2-uniformly integrable.
Denote by (Ay; : k,j € N) independent random variables with L(Ay ;) = L(Ag). The
random variables (S5 : § € (0,1)) given by

L(9) nk(9)

Sty 2

satisfy R R
671 (Ss — E[Ss]) = N(0,¢).

Proof. Without loss of generality we can and will assume that the random variables
A, As, ... have zero mean.

1st step: We first show that the variance of §5 converges. One has

L(5) L(9)

) ) 52 Var(4y)

Var(S5) = ; e () Var(Ag) = ; LL(é)gligk_l Eh1
=:ag,s

It is elementary to verify that Zéiél)(ak755*2 — L(0)™Y) — 0as 6 | 0. By the boundedness
of (Var(Ag)/ek—1)ken one has

L(5)
572 Var(S;) — L(15 Zvar (Ar) )
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and we get that limg)o Var(é‘lgg) = ( since the Césaro mean of a convergent sequence
converges to its limit.

2nd step: In view of the Lindeberg condition, see for instance [20, Thm. 5.12], it suffices
to verify that for arbitrarily fixed x > 0 one has

L(s) n

Aiw
ZZ { on (6) {‘Akaj/(6n§€6))‘>n}:| —0asd 0.
k=1 j=1
One has
L(6) ,
-2 Ek—1 A ]
¥(6) <9 Z (6) E[5k—1 () >msn§f)}
k=1 ""k > e

We note that for k =1,..., L(J)
Ek1 > ()1 = TM PO+ > 742,

where we used that o« > 1/2 in the previous step. Hence, for these k, one has 5n,(f)/1 [€k_1 >

61 /e 1 L(0) > VTL(5). Consequently,

LG)
) <672 i [ ™ ]
; ngf) €k—1 {\/6:7_1”“@“5)}

By uniform L*-integrability of (Ay//x—1)ren and the fact that L(§) — oo we get that

E[ Ak "

<a(d), for k=1,...,L(9),
k-1 VaT

>m/TL(5)J =

Ek—

with (as)se(0,1) being positive reals with limgs g as = 0. Hence, () < agd 2 EL@ oo L and

we remark that the analysis of step one yields equally well that 52 ZL@ Sk 5) converges

to a finite limit. O

5.3 Estimates for Lévy-driven SDEs

Lemma 5.10. Let (g,) and (h,) be positive decreasing sequences such that

sup v(B(0, h,)¢) €, < 0.
neN

One has

2
En (/ x V(dx)> — 0, asn — 0. (45)
B(0,hn)e
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Further, if the limit lim, . v(B(0,h,))¢e, =: 0 exists and is strictly positive, then
limy, o0 by /\/En = 0. If additionally [ x* log®(1 4 1/x) v(dx) < oo, then

1 h? 1
lim 2% v(dz) log? (1 + —) =0 and lim —“log® (1 + —> =0
n—00 B(0,hn) En n—oo £, En

Proof. One has for fixed h > 0 for all n € N that
2 2 2
En (/ xl/(dx)) <2, (/ xu(dm)) + 2¢, </ xu(dx))
B(0,hn)e B(0,h)¢ B(0,h)\B(0,h)

The first term on the right hand side tends to zero since ¢, tends to zero. Further, the
Cauchy-Schwarz inequality yields for the second term

2
En </ x u(dx)) < e, v(B(0,hy,)°) / 7?v(dr).
B(0,m)\B(0,hn) B(0,h)

By assumption (g,v(B(0, h,)¢)) is uniformly bounded and by choosing h arbitrarily small
we can make the integral as small as we wish. This proves (45).

(46)

We assume that lim,, . v(B(0, hy,))°e, =: 6 > 0. The second statement follows by noting

that
2

h
02 = ~ e,h2 v(B(0, hy)°)? < 5n</

2
x V(dx)) — 0.
€n B(0,hn)°

The first estimate in (46) follows from

1
/ 2?v(dz) < / 7% log” (1 + —) v(dz) (log(1 + 1/h,,)) 2
B(0,hy) B(0,hn) x

N J/
-~

—0

and recalling that h,/,/g, — 0. The second estimate in (46) follows in complete analogy
to the proof of (45). O

Lemma 5.11. Let p > 2 and suppose that E[|Yr|P] < oo. Then there exists a finite
constant k such that for every predictable process H one has

" < /@/OTEHHS]”] ds.

If p=2 one can choose k = 20*T + 8(0” + [ 2? v(dz)).

t
E[sup ‘/ H. dY,
0

te[0,7

Proof. The proof is standard, see for instance [27, Thm. V.66]. The explicit constant in
the p = 2 case can be directly deduced with Doob’s L2-inequality and the Cauchy-Schwarz
inequality. O]

Lemma 5.12. Irrespective of the choice of the parameters (e,) and (h,), one has

supE[ sup |Xt”]2] < 00.
neN te[0,T]

The proof of the lemma is standard and can be found for instance in [22, Lemma 8].
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5.4 Perturbation estimates for SDEs

In this section we collect perturbation estimates for solutions of stochastic differential
equations. For n,m € N, we denote by Z", Z", Z™™ and Z™™ cadlag semimartingales
and by Y a square integrable Lévy process all with respect to the same filtration. Further,
let H™, H™™ and H be caglad adapted processes. We represent Y as in (2) and consider
as approximations the processes Y™ = (Y™);c(o.1] given by

Y™ = bt + oW, +lim xdll(s,x),
M0 J (0,61 (Vin\ B(0,6))

where V1, V5, ... denote an increasing sequence of Borel sets with |J,,. Vin = R\{0}.

In the first part of the subsection we derive perturbation estimates for the processes
UM = (U )iepr and U™ = (U™ )iepo,r) given as solutions to

t
U = / U H Y 4 Z P
0
and .
e — / " Hm 3, + 20,
0
Lemma 5.13. Suppose that

sup |H;"™| and E[ sup ‘meﬂ (47)
te[0,7] t€[0,T

are uniformly bounded over all n,m € N. Then

sup IE[ sup thmﬂ < 0.
n,meN  Lte[0,T)

Proof. Suppose that the expressions in (47) are bounded by k1, denote by 7 a stopping
time and define z7-(t) = E[sup,cp 7 [U™[?] for ¢ € [0,T]. By Lemma 5.11, there exists
a finite constant ko such that,

t
ar(t) < 2“2/ B [Mgsary [U" P H™ 2] ds + 2E[ sup \ZS”"|2]
0 s€[0,t]

t
< 2&2/@?/ z7(s)ds + 2k.
0

We replace 7 by a localising sequence (7 )xen of stopping times for which each z7, is finite
and conclude with Gronwall’s inequality that 27, is uniformly bounded over all £ € N and
n,m € N. The result follows by monotone convergence. ]
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Lemma 5.14. Suppose that

sup |H;"™|
te[0,T

is uniformly bounded over all n,m and that Y™ =Y for allm € N or

sup ]E[ sup |me|2] < 00

n,meN  e[0,T)
If additionally
lim lim SupE[ sup |Z"™ — Z_t”’m|2] =0, (48)
M= p—oo t€[0,7)
then,

lim lim supE[ sup |[U"™ — Z;{f’m|2] — 0, asn — oo.

m—=00 n—oo t€[0,T)

Proof. We rewrite, for t € [0, T,

t t
U = U = / U = UL H™ AY — / USTHITAY = Y™) + 20 = 20
0 0
We fix n,m € N and consider z(t) = E[sup ey [Us™ —U™™|?] for t € [0, T]. Further, de-
note by #; a uniform bound for sup,, ,,,cy sup [ H;|™"™ and, if applicable, for sup,, ,,, E[sup,c(o 7y |2,
Using that (a1 +az + a3)? < 3(a? + a2 + a3) (a1, az,a3 € R) and Lemma 5.11, we get that
t 2
2(t) < 3/@2/@'?/ z(s) ds—i—3E[sup ]
0

s€(0,t]

/ UZTH™ AY = Y™),

0

+ 3E[ sup | 2™ — Z_f’mﬂ
s€[0,t]

with kg being uniformly bounded. In view of (48) the statement follows with Gronwall’s
inequality, once we showed that

2] — 0.

lim lim supE sup ‘/ USTHPA(Y —Y™)
M= n—oo t€[0,7)

If Y = Y™ this is trivially true. In the remaining case we can apply Lemma 5.13 due to

the uniform boundedness of E[sup,¢(o 7y [Z;""[*] and conclude with Doob’s L*-inequality

and the martingale property of Y — Y™ that

sup ‘/ USTHPTAY —Y™)

te[o T)

2 T
} < 4/ E[[" PIHP™ ] d(Y —Y™),
0

< 4Hf/$3T/ 2% v(dr)

with k3 denoting the constant appearing in Lemma 5.13. All constants do not depend on
n,m and the latter integral tends to 0 as m — oc. ]
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We denote by 71, 7, ... adapted cadlag processes with 7,,(t) <t for all ¢ € [0, 7] and focus
on perturbation estimates for the processes U™ = (U")tcjo,r) and U™ = (U")tejo,r) given as
solutions to

t

A R
0

and

¢
0
Lemma 5.15. 1. (Stochastic convergence) If

o) Tlt) =t, fort € 0.7],
b) Z" — Z" — 0 and H" — H — 0 in ucp, as n — oo, and
c) the sequences (sup,eio 7 |21 : n € N) and (supeo 7y [H['| : n € N) are tight,

then, B
U" —U" — 0 in ucp, as n — oo.

2. (Moment estimates) Let p > 2. If

a) Y has Lévy measure v satisfying [ |z’ v(dz) < co, and
b) the expressions

sup |H{'| and E[sup ]Zﬂp]
te[0,77] te[0,T]

are uniformly bounded over n € N,

then
supE[ sup |th”|p] < 0.

neN  Yeg0,T]

Proof. 1.): Statement 1.) follows when combing Theorem 2.5 b) and Theorem 2.3 d)
in [17].
2.): Since [ |z[Pv(dz) < oo the process (Y;) has bounded pth moment and the statement

can be proved similarly as Lemma 5.13 by using Lemma 5.11 and Gronwall’s inequality.
]
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