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Numerical analysis of augmented plane waves methods for
full-potential electronic structure calculations

Huajie Chen *and Reinhold Schneider

Abstract

This paper analyze the augmented plane wave methods which are widely used in
full-potential electronic structure calculations. These methods introduce a bases set
that describe different regions using different discretization schemes. We construct
a nonconforming method based on this idea and present a systematic a priori er-
ror estimate for both linear Schrédinger type equations and nonlinear Kohn-Sham
equations. Some numerical experiments are presented to support our theory.

1 Introduction

Electronic structure theory describes the energies and distributions of electrons, which is es-
sential in characterizing the microscopic structures of molecules and materials in condensed
phases. Among all the different formalisms, Kohn-Sham (KS) density functional theory (DFT)
[36] achieves so far the best compromise between accuracy and efficiency when dealing with
extended systems, in particular periodic bulk crystals.

For a system composed of M nuclei (located at Ry € R?® with charge Z, € Zy, k =
1,--+, M) and N electrons, KS-DFT gives rise to the following KS equations

Hopi = Nigi, A1 < Ao <--- <Ay, (1.1)

where ® = {¢1,--- ,¢n} and the Hamiltonian Hg is given by

1
H<I> - _§A+U6xt+vH(p<I>) +U:cc(p61>) (12)
L Z
with the external Coulomb potential veg:(r) = — Z ﬁ, the Hartree potential vy (ps) =
r— Ry
k=1

I./
/ |'0(I>( 2dr' , the exchange-correction potential v,.(pp) and the electron density pg(r) =
R3 |¥Y —T
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N
Z |pi(r)[%. A self-consistent field iteration (SCF) algorithm are commonly resorted to for
i=1

these nonlinear problems. In each iteration of the algorithm, a Hamiltonian Hj is constructed
from a trial electronic state ®, and a linear eigenvalue problem is then solved to obtain the
low-lying eigenfunctions.

In studies of the electronic structure of periodic solids, plane waves are natural bases corre-
sponding to Bloch functions labeled by the k-vector of the first Brillouin zone. The pseudopo-
tential approximations which replace the singular potential of nuclei and core electrons by a
smooth potential are necessary to implement the plane wave methods. Although the pseudopo-
tentials give satisfactory results in most cases but sometimes fails, and to our best knowledge, a
mathematical analysis of the pseudopotential approximation is still lacking. Moreover, the core
electrons have to be considered sometimes and are responsible for many properties. Therefore,
the full-potential /all-electron calculation is necessary, while plane waves are not efficient bases
for describing the cusp [23, 26] and the rapidly varying wave functions close to the nuclei.

In order to overcome the difficulties in full-potential calculations, one can augment the plane
waves bases set as done in the augmented plane wave (APW) method [36, 40], which is among
the most accurate methods for performing electronic structure calculations for crystals. The
APW method is originally proposed by Slater [44] in 1937, in spite of demanding computational
cost due to the energy dependency, it has been widely and successfully used, e.g., [19]. Several
improvements of the bases set were tried to get rid of the energy dependency, the first really
successful one was the linearization scheme introduced by Andersen [4] in 1975, leading to
the linearized augmented plane wave (LAPW) method [33]. The method is further developed
recently by including local atomic orbitals (APW+lo) to have enough variational flexibility in
the radial bases functions [35, 42, 43]. Several widely used quantum chemistry and solid-state
physics softwares are based on these methods such as Exciting, FLEUR, and WIEN2k.

In APW method, the unit cell Q is partitioned into two types of regions (the so-called
“muffin-tin” division [36], see Figure 1): (i) spheres %; centered around atomic sites R; with
a radius R;, (ii) the remaining interstitial region . The augmented bases then consist of
augmentation of plane waves as follows

\Q|_%eik'r in 2,

Q2T (1.3)

L
Z a%(le(ﬂ E)ﬁm (I‘) in Cgi?
Im

where 7 = |r — Ry|, Y}, (r) denotes the spherical harmonic functions', x;(r, €) is the solution of
the radial Schrodinger equation at energy parameter

1 d [ 4dx I(1+1)
__- = )+ +V — = 14
2r2 dr <T dr ) < 22 (r)—¢)xi=0, (1.4)

and the coefficients a%‘ms are chosen such that atomic functions for the /th component match
the plane waves at the spherical surface. The philosophy of APW method is a procedure for

!Using polar coordinates r — (r,6,¢), we express f/}m(r) = Yim(0,9), where Yi,,(0, ¢) is the spherical
harmonics on S2. This notation will be used throughout this paper.



solving the KS equations for the ground states of a many electron system by introducing a
bases set that is in some ways the “best of both worlds”. The smoothly varying parts of the
wavefunctions between the atoms are represented by plane waves, and the rapidly varying parts
near the nuclei are represented as radial atomic functions time spherical harmonics inside a
sphere around each nucleus.

Figure 1.1: The “muffin-tin” division of the unit cell € into spheres %; centered at atoms and
interstitial region 2.

The purpose of this paper is to construct a discretization method based on the idea of the
augmented methods and provide a numerical analysis for full-potential periodic electronic struc-
ture calculations. As far as we know, there is no numerical analysis concerning the augmented
methods in literature. We shall first consider linear Schrodinger type eigenvalue problems with
an effective potential, which appear in each step of the self consistent cycle. Afterwards we
extend the analysis to the nonlinear KS equations under certain reasonable coercive assump-
tions.

Standard plane waves and finite element methods for numerically solving (1.1) are based on
variational principles, which consist in constructing a finite dimensional subspace of the Sobolev
space H'(€2). Such conforming methods have been extensively studied for linear problems and
convergence results are classical (see, e.g. [5, 13]). In contrast, the APW bases xi are not
continuous on the spherical surface due to the truncation of L to get the coefficients a%‘m in
(1.3), so the finite dimensional approximation space is no longer contained in H'(Q). Therefore,
one gets a nonconforming method by APW bases. There are a lot of existing works on analysis
of the nonconforming finite element methods for solving linear second order elliptic problems,
see e.g. [16, 28, 32, 45]. The advantages of the nonconforming idea in augmented methods lie
in: (i) coupling different variational discretizations so as to take profit of the efficiency of each
of them; (ii) more flexible and economical adaptive procedures as the nonconformity results
assuredly in limiting the contamination only to the subdomain where refinement is needed. The
nonconforming ideas in augmented methods are also highly related to the mortar methods which
match incompatible grids with a suitable variational operator ensuring an optimal transmission
of information between adjacent subdomains (see, e.g., [7, 8, 9]).

The KS equations form a nonlinear integro-differential eigenvalue problem with multiple
eigenvalues to be considered, for which the numerical analysis is a difficult task. Let us remark
that in general, like for the Hartree Fock equations, the energy functional of KS equations is
neither convex nor concave. To our best knowledge, there are only a handful of very recent
works concerning this problem, see, Cances et al [12], Chen et al [14] and Suryanarayana et al
[46], and none of these numerical analysis can be applied to the augmented bases. We shall



establish the convergence of the eigenpair approximations and obtain a priori error estimate,
using the techniques that are related to the arguments in the work [12, 14, 30]. All the results
in this paper deal with a priori analysis, while the results about a posteriori error analysis are
even more difficult and shall be investigated in our future works.

An outline of this paper is as follows. In Section 2, we state the model problem and basic
regularity results. In Section 3, we focus on linear eigenvalue problems. A nonconforming
method analogous to APW methods, in particular LAPW, with a complete bases set is con-
structed and a priori error estimate is proved. Further, the (L)APW methods are investigated
under this framework and a numerical analyss is given. In Section 4, we derive the a priori error
estimates for ground state solutions of the nonlinear KS equations using the nonconforming
methods constructed before. In Section 5, we present several numerical experiments to support
our theoretical analysis. Finally, some concluding remarks are made in Section 6.

2 Preliminary

Throughout this paper, we shall use C' to denote a generic positive constant which may stand for
different values at its different occurrences and is independent of finite dimensional subspaces.
For convenience, the symbol < will be used. The notation A < B means that A < CB for
some constant C' that is independent of the discretization parameters.

We consider € € R? the simulation domain with periodic boundary conditions, by R the
periodic lattice, and by R* the dual lattice. For simplicity, we assume that 2 = [—%, %]3 (L >
0), in which case R is the cubic lattice LZ3, and R* = QT”Z?’. For k € R*, we denote by
ex(r) = |Q|~Y2e~%T the plane wave with wave vector k. The family {ey}xer~ forms an

orthogonormal bases of
Li Q) ={uec L} .(R® : wuis R—periodic}.
For all u € Li(Q), we have

u(r) = Z tgex(r) with dx = (u, ek)Li(Q) = |Q|_1/2/(2u(r)e_ik'rdr.
keR*

We introduce the Sobolev spaces of R-periodic functions
Hy%(Q) = {u(r) = Z txex(r) : Z (1 + |E|?)*|a)? < oo} ,
keR* kER*

where s € R and k = |k|. For K € N, we denote the finite dimensional space by

Vi = vk(r) = Z cxex(r)

keR* |k|<ZE K

For all s € R and each v € Hj((2), the best approximation of v in Vi for H™-norm (r < s)
is TIxkv = D yere k|<2r K txek(r). The more regular of v, the faster the convergence of this



truncated series to v: for real numbers r and s with r < s, we have

lo = kvl @ = min fjo—ovxlay@ S K ol @ Vv e @) (2.1)

As a model problem, we consider the following Schrodinger type linear eigenvalue problem,
which can be viewed as a linearization of (1.1): Find A € R and 0 # u € H;#(Q) such that
Jull2(0)—r and

a(u,v) = AMu,v) Vwve H#(Q), (2.2)

where the bilinear form a : H;E(Q) X H;E(Q) — R is defined by

1
a(u,v) = §/QVU'VU+/QVeffuv (2.3)

with the effective potential V,;s being a smooth potential expect the singular points at the
positions of nuclei.

For sake of simplicity, we shall restrict our discussions to a single nucleus located at origin,
the algorithms and analysis of which can be easily generalized to multi-nuclei system problems.
We denote afterwards that € is an sphere centered at the origin with radius R and spherical
surface I'.

It was shown in [21, 22, 23] that the exact electron densities are analytic away from the nuclei
and satisfy certain cusp conditions at the nuclei. Note that the plane wave approximations
cannot have as good convergence rate as (2.1) due to the cusp at the nuclear positions. In our
analysis, we rely on the high regularity results in weighted Sobolev space for Schrédinger type
eigenvalue problems developed by Flad, Schneider and Schulze [20], which provides asymptotic
regularity of eigenfunctions to equation (2.2). This type of analysis has been introduced to
investigate singularities for boundary value problems in conical domains with corners and edges,
we refer to [6, 18, 25] for more details. In our case the geometry is fairly simple, while the
Coulomb potential fits perfectly in this treatment.

Let p € Li(Q) be a continuous function such that p(r) = |r| in the neighborhood of 0 and
p € C2° (R3). We define the sth weighted Sobolev space with index v of periodic functions by

K7(Q) = {ue Li(Q) YT 70% € Li(Q) Vial <s}. (2.4)

Note that the difference between Sobolev space and the weighted Sobolev space is only the
appearance of the weight function p®~7. Next we consider the subspace of £*7(2) of certain
asymptotic type using polar coordinates. These subspaces consist of functions with asymptotic
expansions? as r — 0

a(r,0, ¢) ~ chjk(e,@r—pj In®r, (2.5)

2For a function u(r), we denote by u(r, 0, ¢) the polar coordinate representations, i.e., u(r) = u(r, 8, ¢). This
notation will be used throughout this paper.



where c;ji belong to finite dimensional subspaces L; C C*°(S?) and p; are taken from a strip
of complex plane with a finite number, i.e.,

3 3
Dj E{z:§—v+19<Rez< 5—7}.
The asymptotic expansion (2.5) is completely characterized by the asymptotic type P =

{(pjsm;,L;j)}jez,. Together, the weight data ~,7 and the asymptotic type P define the
weighted Sobolev spaces with asymptotic

K3(Q) =ue Q) : a(r,0,¢) —w(r) ) Z cin(,¢)r Pk r e (Y K7775(Q) p (2.6)
7 k=0 e>0

with —oo < 9 < 0 and w(r) the cut-off function, i.e. w = 1 near 0 and w = 0 outside some
neighborhood of 0. Space (2.6) is a Fréchet space equipped with the natural quasi-norms
| iz (@), we refer to [18] for further details.

Definition 2.1. A function u is called asymptotically well behaved if
ue K37(Q) for v <3/2 and P ={(—j,0,L;)}jez, (2.7)
The finite dimensional spaces L; C C°°(S?) are given by L; = span{Yj,,,l < j}.

We shall make the following assumption of the effective potential throughout this paper
that

Z 1 , .
Vers(r) :—m—kp*m—kvs(r) with vy € C37 (), (2.8)

where p is an asymptotically well behaved function and
CyrQ)={ve C2(R3) : v is R—periodic}.

The following lemma concerning the regularity of the eigenfunctions of (2.2) is heavily used in
our analysis, the proof of which can be referred to [20, Theorem 1,4 and Proposition 1].

Lemma 2.1. The eigenfunction u of (2.2) is asymptotically well behaved.
Lemma 2.2. For any s € Z, there exists § € Z™" such that
ue K3(€)  for v<3/2 and P={(—4,0,L;)}jez,
with the finite dimensional spaces Lj C C™(S?) given by Lj = span{Yjy, 1 < j} implies

u e H5([0,R] x §2).



3 .
Proof. For s € Z,, we take § > s+ 3 and express the function u € K37(%) as
i(r,0,¢) = w(r Zr a;(0, ) + Prya(r,0,9), (2.9)

. 5 o
where @511 € K¥7(€) for v < 3 + k. For sufficiently large k, ;41 € K*°(%), which according
to the definition (2.4) is equivalent to

Z/ 2\a|—25|0a¢,k+1‘2<oo‘
0

la] <3 [0,R]x 52

This implies ®;; € H*(%). According to Sobolev’s lemma, we have H*(%) C C*(%) for
s < 8 —2, and hence &, 1 € H*([0, R] x S?).

Note that the first part of (2.9) already belongs to C*°([0, R] x S?), we obtain u € H*([0, R] x
S?) and completes the proof. O

The following lemma will be used in our analysis, which states the relationship between two
Sobolev norms.

Lemma 2.3. If v € H'(C), then there exits a constant C' such that

vl 1) < Cllvllajo,r)xs2)-

Proof. Note that v € H'(C) implies
lim r2v— = 0. (2.10)
Since in spherical coordinates
A—la 29 —l——l 92 511198 —l——l 8—2
r2 or 87“ r2sin 6 00 00 r2sin? 0 02¢’

where the last two terms multiplied by 72 is the total angular momentum operator Agz on
spherical surface, i.e. the Laplace Beltrami operator. We have

ov
||v||21’ = —/vAv—i—/ +/v2
H (%) (97“ —R »
/ / <v +( 81) > / dr/ (vAg20)
S2 52

< 28 [ Wolipgom + /0 [

< Clvllao,r)xs2)s

where Green’s formula and (2.10) are used for the second equality. This completes the proof. O



3 Error estimates for linear Schrodinger type equations

In this section, we consider a nonconforming approximation for the linear problem (2.2) and
apply the analysis to augmented methods under the same framework. Define the nonconforming
space

HY(Q) = {ve LL(Q) : vlg € H(F), vlg € H(2), and b(vs,¥) =0, Yy € My} (3.1)

equipped with the broken Sobolev norm
[olls = ol 1) + [0l 112

where My, = span{Y,,, 0 <1 < L,|m| <1} and the bilinear form b : S&, () x L?(S?) is given
by

b(v, 1) = /F«p(qﬁ D

with v* the traces of v taken from inside and outside the sphere. The bases set of the following
nonconforming method and the augmented methods both belong to the space H. ?‘;(Q)

3.1 A nonconforming method

Denote by Pr(Z) the space of functions on & expanded by plane waves

Pr(2)={uec HY2): u(r) = Z ckex(r)|g

K< 22 K
and By, (%) the space of functions on € expanded by polynomials time spherical harmonics
BNL(%) =quc Hl((g) : ’EL(T‘,@, d)) = Z Cnlan(r)Yim(ea ¢) s
0<n<N,0<I<L,|m|<I

where {x;} Y, are bases of polynomial space with degree no greater than N. Since x;(r) Y} (6, ¢) ¢
HY (%) if I # 0 and x(0) # 0, we take xo(r) =1 — % and the rest y;s vanish at 0, i.e. x;(0) =0

for 1 <i < N. Therefore, we can reformulate the space Byr, (%) as
Byp(€) = qu e HY(E): a(r,0,¢) = coxo(r) + > CntmXn ()Y (0, 9) o,
1<n<N,0<I<L,|m|<l

where all such combinations belong to H'(%).
Let us denote

SN1(Q) = Pr(2) @ Byp(€) = {u € LL(Q) : ulg € Byr(%) and uly € P (2)}  (3.2)



and the nonconforming approximation space as
Vs(Q) = HA(Q) N SEL (). (3.3)

Note that V5(Q2) € H#(Q) The nonconforming approximation of (2.2) is: Find As € R and
0 # us € Vs such that [[ul|z2(q)= and

as(ug,v) = A\s(ug,v) Vv e Vg, (3.4)

where

1 1
a(;(u,v):§/€Vu'Vv+§/ Vu-Vv—i—/Veffuv.
K 9 Q

We come to construct a bases of the nonconforming space Vy in the way of augmented
methods. Let the bases functions {x,}2_, on [0, R] span the space of polynomials with degree
no greater than N satisfying (see Figure 3.1)

Xo(r)=1-— %, Xi(r)lr=p =0 for i=1,--- ,N—1, and xn(r)= % (3.5)
We have that the subspace By, C By, defined by
BNL =4quce H&(%) : 'I:L(T’, 0, ¢) = COXO(T) + Z cnlan(T)Yim(ea ¢)
1<n<N-1,0<I<L,|m|<l
is a finite dimensional discretization of H}(%).
A A
X0 / XN
/ 1 2
/
> / >
0 R 0 R 0 R
Figure 3.2: Schematic plot of the radial bases x;(r) i = 0,--- , N satisfying (3.5).
Define
Q| 2eikr in 2,
wk(r) = L K ~ )
S BN ()i (¥) 0 6.
im
where the coefficients
B = il (kR)Y;5, (1) /xv (R) (3.6)



are determined by the continuity constraint in (3.1) together with the scattering expansion [37]

e = ar il ji(kr) Y, (1) Vi (r). (3.7)

Ilm

Set V5 = By @span{wy(r) : |k| < K}. It is obvious from the definition of wy that Vs C Vj,
which together with the fact
dim(V;) = dim(Pg) + dim(Byr) — dim(Mp) = dim(Pg) + dim(Byr) = dim (V)

implies V5 = Vs. Having a set of bases that span Vj, we can derive the error of a best
approximation in this finite dimensional space.
Denote for simplicity by ¢ = min{K, N, L}, we have

Lemma 3.1. If u € H*(2) ® H*([0, R] x S%) for s € Ry, then there exists a constant C' such
that

inf fu—vslls < Co™ 2 (|[ull (@) + lull s 0.R1x52)- (3.8)

vsEVs
Proof. Split u into three parts v = w1 + uo + ug such that
u(0)-(1=r/R) in¥ a(R,0,¢)-r/R in€
. ) us(r) = .
0 in 7 u in 2

ui(r) =

and uz = u — u; — uz where (R, 0, ¢) is defined in the sense of trace. We approximate these
three parts separately.
First, u; is approximated exactly by

up(r) = v1s(r) = u(0)xo(r). (3.9)

To approximate ug, we shall first extend wus|4 smoothly into the sphere %. Since u can be
represented by

Z i (r

2w
around the sphere surface with g, (r / / u(r,0,0)Yim (0, ¢)sin(0)dfde, we can define

u(r) in 2,
u(r) = > . (3.10)
Z@lm(r)iflm(ea ¢) m C67
im
s+1 s+1 1
h m(r) = nUim (R (R— ith th flicients ¢, satisf’ —)e, =
where ¢; =7( Zc w —|— r)) wi e coefficients ¢, satisfying nzl - ke
1(k=0,1,---,s), and T E COO([O,R]) satisfying 7 = 0 in [0, %] and 7 = 1 in [2&, R]. We
observe that u € H*(2) leads to @ € H*(2) and moreover
]| s () < Bsllwll s 2y, (3.11)

10



where the constant s is only related to s, R and ||7||gs[o,r). Let

ig = Y écex and vy = » G with & = / ex(r)a(r)dr, (3.12)
K[<K K[<K @

we have from (3.11) that

luz —v2sllm(zy = Nt —iklm(z) < llo—tKlmg)

IA

CE~ Dl ey < CBE D ull (). (3.13)
Using Lemma 2.3, the definition of wy, and the trace theorem, we have

luz —vasllmwy < llue — vasllm((o,r1xs2)

Ixn(r) (2R, 0,¢) — V25(R, 0, ¢)|¢) | 110, R x.52)

< Cllug — vaslell gy
< C(l|lvasle — vaslzlar oy + luz — vasla |l g ry)
< CL™ 3 wgs s (9 + Iluz = vasllgrarz ()

which together with (3.13) leads to
luz = vaslls < C(LTE32 4+ KC32) Jus | 15 - (3.14)

For the third part, Define the projection Py : H} ([0, R]) — ¥y = span{x;,1 <i < N — 1}
satisfying
(V(v — Pyv),Vep) =0 VYo € HY(0,R))
and the projection Py, : L2(S?) — Y, = span{Y},,,0 <1 < L,—1 <m < m} by

L T 2
PLp(0,0) = 3 ounYin(6.0) with G, = [ sinddd [ do o(6.6)Yin(0,)
=0 0 0

Define the projection PNF : H([0, R] x S?) — Wy x Yy by PNl = Py o Pr. Since the
polynomials and spherical harmonic approximations have the following convergence rates

lo = Pyvllaro.r)y < ON~CV ol o,

le = Proll sz < CL™E V0] o s2),
we obtain that for uz € H*([0, R] x S?),

lus — PN Pug|l g o, mpeszy < CLT™ 4+ N™ED) Jug|| (o0, ryxs2) - (3.15)
Taking vss = PV u3, we have from Lemma 2.3 and (3.15) that
lus —vasllarwy < llus — v3s|la (o, r1xs2)
< C(L7EY 4 N7 lug) grs o.m1x 52)- (3.16)
Taking (3.9), (3.14), (3.16) and the fact v15 + vos + v3s € V5 into accounts, we derive (3.8)
directly, which completes the proof. O

11



Remark 3.1. We shall mention that the error estimate we obtain in Lemma 3.1 may not be
optimal, which is half order lower than the optimal expectation, i.e. one would expect s — 1
instead. Nevertheless, if the function u has sufficiently high reqularity, say, s could be arbitrarily
large, then we may be satisfied with this convergence rate.

Define the operator T : Li Q) — H# () such that V f € X,
a(Tf,v)=(f,v) Yve H;E(Q) (3.17)

Then (2.2) is equivalent to the operator form Tu = A~!u. We also define the operator Ty :
Li(Q) — Vs such that V f € Li(Q),

as(Tsf,v) = (f,v) VoveVs, (3.18)

and (3.4) is equivalent to Tsus = )\glu(;. One can prove that T and T}y are self-adjoint operators
and satisfy the following lemma.

Lemma 3.2. If Tf € H*(2) & H*([0,R] x §?) for f € L%(Q), then

ITf = Tsflls < Com 3 /DUNT fllers () + ITF Nl s 0. 71x.52))- (3.19)

Proof. Denote u =T f and us = Tsf. Processing in a standard way (see, e.g. [10, 11, 39]), we
get,

lu—uslls <C| inf |Ju— vslls + sup as(u = us, vs) (3.20)
’1)56‘/5 U(;EV(; ”'U”(S
and
as(u— ug,vs) =b(vs, 0 —r) Vs € SNy, Vpr € My
, ou , :
with ¢ = o which together imply

b _
lu —uslls < C < ng/ |lu — vs|ls + sup inf M) . (3.21)
v 5

vs €V YreMy H,UH(S

The first term of the right hand side involved in (3.21) is the best approximation error which
has been given in Lemma 3.1, the second term is nothing else than the consistency error, which
indicate the variational crime committed by the nonconforming discretization.

For the consistency error, we have that V ¢, € M,

bvs, o —pr) = /F(UEF—UE)(@—%)

. + o
< w;g}f\/& |l — ¢L”H_%(F)HU5 —Ys ”H%(F)

IN

(s—1), Ou
oL 1)”%”Hs—?’/Q(F)(”U(S”Hl(%) + [[vsll 1 (2))

IN

CL™ D |u s (9 llvs s, (3.22)

12



where the trace inequality is used.
Taking (3.8), (3.21) and (3.22) into accounts, we obtain (3.19), which completes the proof.
U

Denote by ¥(T') the spectrum and p(7T") the resolvent set respectively of the solution operator
T. For any z € C in p(T), we define the resolvent operator R,(T) = (z — T)~!. Let A be an
eigenvalue of 7' and v be a circle in the complex plane centered at A~' which does not enclose

any other point of ¥(T"). We define the operators & and &5 by
1 1
£=EN = —/RZ(T)dz, &= &) = —,/RZ(T(;)dz.
~ 2mi ),

2

If K, N, L are sufficiently large, then & and &5 are the spectral projector of T' and T}y respectively
relative to A7,

To evaluate the distance between eigenspaces, we need a suitable notation. For X and Y
closed subspaces of H;;(Q), we denote (see, e.g. [38])

S(X,Y) = Sup lnf H.’E—y||6
reX, ”xHLQ(Q):l yey, HyHL2(Q)=

and denote the gap between X and Y as
5(X,Y) = max{5(X,Y),5(Y, X)}.

The following theorem is the main result of this section, which states the convergence rates of
the nonconforming eigenvalue approximations.

Theorem 3.1. Let A be an eigenvalue of (2.2) with dim(R(E)) = m, where R denotes the

range. If o is sufficiently large, then there exist m eigenvalues \is,--- , Ay 5 such that
sup |\ — \js| +B(R(E), R(E)) < Co~=3/2). (3.23)
1<j<m

Proof. Note that for f € Li((l), Tf € H*Q) and [|Tf| p2@) < Cllfllr2@). By Sobolev’
imbedding theorem H?(Q) — C%_E(Q) for any e > 0, we have Tf € H°([0,R] x S?) for
0 <o <3 and [|Tf]lgeo.rxs2) < CITf | r2()-

Using similar arguments as that in the proof of Lemma, 3.1, we can derive the following L?
error estimate

in% lv—vsllr2) < CUKE®? + L) vllgzi9) + (N7 + L7)||v]| g (0,7 52))

vsE

< Colvllg2gy Vv € H*(Q),
which together with the Aubin-Nitsche technique leads to

5 5
1T =Tl 22, (0),22,0) = sup sup (T =T°)f,9)|
feL%g(Q)vaHLQ(Q):l geLi&(Q)7Hg||L2(Q):1
< sup ITf = T°fll 20 sup inf | Tg —vs]lr2(0)
feLi(Q)7HfHL2(Q):1 gELi(Q)ng”LQ(Q):l vaeYs
< Co? sup ITf —T°fll 2o sup 179l 2 (-
FELL(Q),1£1l L2 0y=1 9€LZ (), ll9ll L2 0y =1
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Hence we have

: 6 : -0 _
Jim T = Tl (2, 2),L2,0) < € Jim 077 =0. (3.24)

0— 00

Using (3.24) and the result in [38, Theorem 1], we have the convergence of the eigenvalues and
B(R(E), R(£5)) S IT = T°ll 2 (mie) v
and it is only necessary for us to estimate the righthand side term. Since

1€ = &sllz(rie)ve) < sup |Tv — T]|5
vER(E),||vll L2 (=1

< Cp 732 sup (vl s 2y + Il Es (0, R)x 52))
VER(E), 0] 2 =1

< Co 32 vseRy, (3.25)

where Lemma 3.2, the regularity result Lemma 2.1, 2.2, and the fact Tv = A\~!v for v € R(E)
are used. This completes the proof of error estimates for eigenspace.
For eigenvalue estimates, we obtain the following identity by a simple calculation that

A—Xs =as(u—ug,u —us) — As(u — us, u — ug) + 2Ds (3.26)
with the consistency error
Ds = as(ug,u) — A\s(ug, u) = ag(ug, u — vs) — As(us,u —vs) ¥V vs € V. (3.27)
Using again Lemma 2.1, 2.2 and 3.2, we have
|Ds| < C’vilg/é |u—vs]ls < Co~ 732 Vs eRy.
For any eigenpair (As, u; ) of (3.4), we can find an eigenfunction u € R(&") and [[u|z2(q) = 1,

such that [|ujs — uls < Co~(*=3/2). This together with (3.26) and (3.27) leads to |A — \; 5| <
Co~6=3/2) which completes the proof. O

3.2 APW methods

The APW method can be viewed as a modified method of the nonconforming scheme under
the assumption that the effective potential is spherical symmetric inside the atomic sphere %,
say Voyp(r) = V(r) for r < R. Tt takes By, = 0 and use x;(r, \s) instead of xo, where x;(r, \s)
is the regular solution of

1 d [ 5dx I(1+1)
—— 4 4+ +V — =0 3.28
r2dr (T dr > ( r2 (r) = s | xi (3.28)
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with A\s the eigenvalue of the underlying discrete problem. The approximation space is V5 =
> 3 ]
VL = span{w,’® } <k with

\Q|_%e_ik'r in 7,
As — L
wl(r) = ~ . (3.29)
Z ak xi(r, As)Yim(r) in €,
Im
where the coefficients a%‘m are determined by the expansion (3.7) as
Ay, = Aitju(kR)Yi5, (K) /X1 (R, Ag) (3.30)

so that the constraint in (3.1) is satisfied.

The task of finding the APW eigenvalues becomes somewhat troublesome due to the asymp-
tote problem (see [40]): The energy dependent APW bases functions must be evaluated for a
large number of energy parameters, and sometimes one might hit an energy parameter for which
xi(r, A) equals zero at the spherical surface. Inserted in the evaluation of the APW matching
coefficients (3.30) will yield infinite a%‘m, which decouples the bases set at the spherical surface.
Therefore, we shall always assume that A is not the eigenvalue for which x;(R,A) = 0, which
can be achieved by varying the radii of atomic spheres.

Since the bases functions depend on the eigenvalue Ay which is of course not known be-
fore diagonalization, a different energy dependent sets of APW bases must be found for each
eigenvalue. This leads to a nonlinear eigenvalue problem

H(\s)us = Asus, (3.31)

which is computationally very demanding. Using the root-tracing method [36], one has to
choose an energy parameter, solve the radial Schrodinger equation to obtain the APW bases
and set up the matrix elements. The determinant has to be computed, which should vanish
according to the secular equation (3.31) but did not with a incorrect eigenvalue parameter.
One has to vary the trial energy parameter to numerically find the zeros of this determinant
(see e.g. Example 2 in Section 5). This is the main drawback of APW scheme which at best
work for simple systems with few eigenvalues only.

In the following, we shall give a convergence analysis of the APW approximations. By the
APW methods, we search the eigenvalue approximations in a finite domain that contain the
bands of interest for each given K, L. Therefore, we have limiting point in this domain when K
and L go to infinity. Let Ao, be a accumulation point, i.e., there exists a sequence of eigenpairs

{(As .k, us,k) brez, such that

lim |Asx — Aso| = 0. (3.32)
k—o00
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Since the assumption (2.8) implies
As = as(ug, ug)
S 3/2
> sl gy + sl gy — H‘ ‘”LQ(Q ||U5||L2(Q [us]| 76 o)

1
_||p||L2(Q)||HHL2(Q)HU5H%2(Q) — Jvsll oo ) s 1720

AV

clluslls — Cllusl| 2o

for some constant ¢ and C, we have that {u;} is a bounded sequence in Hgé. Banach-Alaoglu
Theorem yields that there exists a weakly convergent subsequence, which we still denote by
{us k}rez, , such that

Us ) — Uoso fOr some U € H#(Q) (3.33)

Using Sobolev’s imbedding theorem, we have that us ) converge to us in LI(2) for 1 < ¢ < 6.
This can lead to

lim [ Vigp(r)(uZ, — uik)dr =0.

k—o00 [}

Therefore, we derive from (3.32) that |lusklls = ||uco||s, which together with (3.33) yields
Usk — Uso iD H;;(Q)

Theorem 3.2. If Vis¢(r) is a spherical symmetric potential in €, then the limiting pair
(Aoos Uoo) 5 an eigenpair of (2.2), that is

a(Uso, V) = Aoo(Uoo,v) VU E H#(Q) (3.34)
Moreover, for the sequence of eigenparis {(As,us)} that converge to (Moo, Uoo), there holds
Moo — As| + [|toe — uslls < C(K~6=3/2 L =632y v seR, (3.35)
for sufficiently large K and L.

Proof. Since V.s¢(r) = V(r) and x;(r, \s) satisfies the radial Schrodinger equation, we have
that for ¢(r,0,¢) = chmua )Yim (0, 0)

(—§A + Verp)e = Asp.

Denote by ag(w,v) = %/ Vw - Vv + /@/)Veffwv and ag(w,v) = %/@Vw - Vo + /gveffwv.
For any v € C3°(€2), we have
as(us,v) — As(us,v) = as(ug,vs) — As(us, vs) + as(ug, v — vs) — As(us, v — vs)
= ag(us,v —vs5) + ag(us,v — vs) — As(ug, v — vs)

ou
= a|(g(v—v(s|<f) + ag(us,v —vs5) — As(us, v — v5) g
T n

S (v = vslallm (@) + lvsle = vslallgrzy)llulls ¥ vs € Vicr.
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Using standard Fourier expansion coefficients, we can find vs € Vi, such that ||v—uvs]| wi(2) — 0
when K — oo, which together with the fact Llim lvs
—00

¢ — V5|7 g2y = 0 leads to

lim as(us,v) — As(us,v) =0 Ve CFQ). (3.36)

K,L—

Since C°(€2) is dense in H# (€2), we have that (3.36) holds for all v € H;#(Q)
Note that

|a(uooﬂ]) _)\oo(uoo>v)| = |a6(uooav) _)\oo(uom'U)‘

< ag(uoo — g, v)| + [Aco (oo = us, ) 4 [(As = Aoo)(us, v)| + |as(us, v) — As(us, )]

A

< luco — uslls + (Ao = As| + lag(us,v) — As(us,v)] Vv e Hy(Q).

Using (3.36) and the convergence of us to U in Hgé(Q) and As to As, we can conclude (3.34).
To estimate the convergence rate of eigenfunctions, it is only necessary for us to estimate
1T = Tl 2(re),vs)-

L 4200

I(l+1
Denote by A; = _ﬁﬁ(r o ) + ( 3 ) + V(r), x; = xu(r,\) and Xl)\(S = xi(r, \s) for

simplicity. If ()\5,)(2\6) satisfies (A; — /\5)Xl)‘5 = 0 and (), x;') satisfies (4; — A\)x; = 0 with the
same Dirichlet boundary condition, then we have

{ (A= NG —x%) = (A= As)x}® in [0,R],

A
X; = X;° lojo,r) = 0.

Since A is not the eigenvalue of A; with Dirichlet boundary condition (assumption on the
asymptote problem), we can derive

I = X o,y S 1A = Asl- (3.37)

Let @(r) be the extension of u given as in (3.10) and & = [, ex(r)a(r)dr, we can define the
interpolation

A A A5, S As
Igu = E CxWwy, and Ipu= E Cxwy’
k| <K k|<K

Since Tu = A~ 1w for u € R(E), we obtain from (3.20) that

|1Tu — Tsulls < llu— L¢ulls + N, (3.38)
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where the interpolation error is estimated by using Lemma 2.3 and (3.37) as

Ipu—wulls = 1w —ullgg) + 11w — ullgo,mxs2) + Hkw — 2wl o rjxs2)

i(R,6,¢) — I u(R,0,0)

< HRu = ullgg) + 1 X0 ' 9) ;

Z ( X1 M(R)
Yim (0, 0)) |l 1 0, R x.52) + ||Zalm Nr )—Xl (1) Y1 (0, )| 111 [0, Ry x 52)
Ilm

L

S HI})\?U—UHHl +HU_IKU“€HH1(F +ZHX1 —Xl N (jo,R))
1=0

< I u—ullgo) + Hxuls — vulgl gy + llu = Ticull gsaggy + 1A = Xl

S LTETD L g3 4~ (3.39)

and the consistent error can be obtained as in the proof Lemma 3.2

(Z(’U, - Ug,’l)é)

N = sup < L0 DJuf o g)- (3.40)

v5€Vs vlls

Taking (3.38), (3.39) and (3.40) into account gives rise to
IT = Ts|l 2 (ree),vy) < COK 732 4 L7673/2) 4 |x — )y (3.41)

Using (3.26), we have |A — A\s| < || T — TéH?g(R(g) v;) + Ds, which together with (3.41) and the
convergence of eigenpairs leads to our desire result (3.35). This completes the proof. O

Remark 3.2. When the radius R is well chosen, the assumption of spherical symmetric poten-
tial is reasonable for a lot of systems, e.g. close-packed crystal [36]. That is why APW methods
has been successfully used in many computations.

3.3 LAPW and APW-+lo methods

Under the nonconforming framework, the LAPW methods take By, = 0 and use the combina-
tion of radial functions x;(r, E}) and its energy derivative x;(r, E;) with a fixed parameter E;
instead of xg, where the energy derivative is defined by

Xi(r, Ey) = 5=xi(r,€)le=p

0E;

with x; kept normalized to the same value in the sphere (the properties of x;(r, E;) can be
referred to [4, 36, 40]). The approximation space is V5 = Vi1, = span{wk }jxj<x with

Q| 2e kT in 2,

wr(r) =4 & (3.42)
> ladsxilr, Ey) + Bl Xa(r, Ey)Yim(r) in €.
Im
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The coefficients oz%jn and /Bllfn are determined by (3.7) requiring that the bases function matches
both the value and slope in the weak sense. The LAPW methods provide a sufficiently flexible
bases to properly describe eigenfunctions with eigenvalues near the energy parameter E; which
is kept fixed. This scheme allows us to obtain all eigenvalues with a single diagonalization in
contrast to APW methods.

Using the result of Theorem 3.2, it is only necessary for us to estimate the error introduced
by linearization, say, the error made by using the radial function and its energy derivative from
an energy parameter F; other than at the eigenvalue ;\5 found by APW method. This is done
by assuming that the APW radial function y;(r, 5\5) and the LAPW combination

xi(r, By) = coxa(r, Ey) + Bixa(r, Er) (3.43)

have the same logarithmic derivative with respect to r
Xi(r ) _ Xj(r, By

xi(r, 5\5) xi(r, Ey)

at the spherical boundary, see [4, 33, 36]. Let 0 = |5\5 — Ey|. It has been analyzed in [4, 33|

that under the assumption (3.44), the difference between y;(r, E;) and the correct APW radial
function y;(r, As) is of order o2

(3.44)

, 1.e.

1%(r, Er) — xa(r, Ml e o)) ~ 07

Using similar arguments as that in the proof of Theorem 3.2, we obtain a priori error
estimate of LAPW methods as

A= As| < C(K—6=3/2 4 [=(6=3/2) 4 54) (3.45)
lu — uglls < C(K~73/2) 4 [=(73/2) 4 52) (3.46)

for any s € R..

Although the error of the eigenvalue approximations rely on the choice of the parameter
Ej, the high order of this term results in that LAPW methods form a good bases set over a
relatively large energy region. In most materials, it is quite adequate to choose E; near the
center of the bands of interest. However, in a few instances, there is no single choice of E; that
is adequate for all the bands that must be considered, then the energy region of interest may
be divided into a few windows and separate computations should be carried out for each.

Remark 3.3. The a priori error estimates (3.45) and (3.46) rely heavily on the assumption
(3.44), which is doubted in [29]. We can not prove this statement, nevertheless, the numerical
experiments in Section 5 support the exponential convergence rates.

In order to have enough variational flexibility in the radial bases functions, (L)APW+lo
methods add new local bases to LAPW methods. The approximation space Vj is spanned by
{wi}k|<k given by (3.42) and local orbitals {¢;}1<i<n as

0 in 9,
; — L 3.47
)= S e (1 20) B (1220 Yin (6,6) i . (347
lm
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where the coefficients «;,, and 5, do not depend on k but are determined by the requirement
that ; is zero at the sphere boundary and normalized. Note that different energy parameter
€; can be chosen so that different states can be described simultaneously. Note that BNL =
span{y; }1<i<n take place of the polynomial space in our nonconforming framework.

As shown by the numerical experiments in [35], APW+lo converges practically to identical
results as the LAPW method, but allows significantly smaller bases sets (up to 50%) and thus
reduce the computational cost drastically.

4 Error estimates for Kohn-Sham equations

We have given a priori error estimates for linear Schrodinger type eigenvalue problems in
the previous section. In this section, we shall investigate the nonlinear KS equations (1.1),
considering the convergence and a priori error estimates of the approximations obtained by the
nonconforming method constructed in Section 3.1.

We shall introduce some notations first. For k € RN*Y we denote its Frobenius norm by
|x|. We consider the functional space

H=(Hy(Q) ={(¢1,62, ¢n): ¢ € Hy(Q) (i =1,2,--- ,N)},

which is a Hilbert space associated with the induced norm || - ||1,o. In our discussion, we shall
use the following spaces:

SN = (M e RVN M7 = My, AN ={M e RV MT = M},

and
N
Q={®ecH:(®T®) ="V} where (®TW)= (/ (;sizpj) e RVXN,
Q i,j=1

For any ® € H, we may decompose H as a direct sum of three subspaces (see, e.g., [17, 34]):
H=38pD Ap & To, (4.1)

where Sp = SNV, Ap = PANV*N and Ty = {\If eH: \I/T<I>:0€RNXN}.
For our nonconforming framework, we need H? = (H gﬁ(Q))N with the induced norm || - [|5,

and Q% = {® € H° : (®T®) = IV*N). For any & € H?, the space H’ can be decomposed
similarly as (4.1) into three subspaces

HO =85 @A D TR. (4.2)
We also need the discrete space Vs = (Vs(Q))Y € H® with Vs defined by (3.3).

Remark 4.1. Following [17, 41], we can use Grassmann manifold to interpret the equivalence
classes of orthonormal bases spanning the same N -dimensional subspace with respect to the
unitary invariance. Under this framework, 7:1‘,5 s the tangent space of the Grassmann manifold
at P.
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4.1 Abstract Kohn-Sham model and nonconforming discretization

The ground state solutions of the KS equation for a molecular system can be obtained by
minimizing the KS energy functional

N
B{o) =33 [ IVo@fde + [ Veulohpulolds + 5D(pmpo) + [ Elpoleis  (43)

with respect to wavefunctions ® = {¢;}Y., € H under the orthogonality constraints (®7®) =
INXN " The function £(p) denotes the exchange-correlation energy per unit volume in an
electron gas with density p and £'(t) = v..(t), and D(pg, pe) denotes electron-electron coulomb

energy
:/Qf(g*r // ‘dazdy

The existence of a minimizer of the energy functional can be found in [1, 31]. The Euler-
Lagrange equation associated with the minimization problem is

N
(Hoi,v) = (Z)\ijgbj,v) Vve HyQ), i=1,2,--,N,
=1 (4.4)
/ ¢id; = by,
Q
N
with Hg given by (1.2) and the Lagrange multiplier A = ()‘ij)z]‘?szl — </ ¢jH¢¢i> _ Note
Q ij=1

that (1.1) is obtained by diagonalization of the Lagrange multiplier since the energy functional
and the Hamiltonian is invariant under any unitary transform of the KS orbitals, i.e., for any
¢ €Q,

E(®)=E(@U) VU = (uy));— € OV, (4.5)

where ON*N is the set of orthogonal matrices.
To obtain the a priori error estimates of the finite dimensional approximations, we shall
represent KS equation in the following setting. Define

Y = RVN x4

with the associated norm [|(A, ®)|ly = |A| + ||®||1,q for each (A, ®) € Y. We may rewrite (4.4)
as a nonlinear problem:

F((A,®) =0e Y™, (4.6)

where F':' Y — Y™ is given by

N
< ((A (I) Z He¢pi — ZAwgbja% ZX@] /¢z¢j Z] (4-7)

=1 3,j=1
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with I' = (1,72, -+ ,7v) € H and g = (Xij)%‘ﬂ e RVXN,
The Fréchet derivative of F' at (A, ®): Y — Y™ is defined by

N
oy (0 (0T = any (1) + 3 (o) + 3 / (Wit + oit7)  (48)
1,7=1 1,7=1
for any (p, V), (x,I') € Y, where
1 N
ane)(¥,I) = §E "(@)(¥,T) - Z()\iﬂ/)j7%)
i,7=1
N 1 ’
= > 5 (Vi Vi) + (Veartis i) + (€' (pa)tbis i) + D(pw, ivi)
i=1
Z/\ij,% + (26:8" (pa) qum +22D by, divi)) (4.9)

Jj=1 Jj=1

for U = (¢1,¢9, - ,¥n) € H and p = (Nij)%’ﬂ e RVXN,
We shall then address the nonconforming form of (4.6). Let

}%:RNXNXHé

with the associated norm ||(p, ¥)|ly; = |p| + [|¥||s and F5 : Y5 — Y, be an discrete operator
defined by

N

N
(Fy((As, @), (s, To)) = 33 ( / ViV + / Vo) + 3 ((veat + vir(po)
=1 =1

N
+Ua:c p<I> Cbz”% Z ZM]%,% Z Xij / QSZQZ)] zy v (A(g,q)(g), (X67F6) €Ys.
i=1 j=1

3,j=1

We also denote the derivative of Fs at (As, ®5) € Y5 by Fy (As.@5) ° Y; = Y as

N
(F§ (ns.0p) (165 96)), (26, T8)) = s, 05)(WarTs) + Y (ijsbia Vi)
i,j=1
+ Z Xz]5/ d}z 5¢]5+¢1 571)] 5) v (|]J5a\116)a(ﬂ5a]-—‘5) € Y;% (410)

3,j=1

where CL((;A(s ;) is given as (4.9) by replacing (V);, V~;) with / Vi,V —|—/ Vi V.
’ € 9

For numerical discretization of (4.6), let

Y, = RVN 5 v
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and F, : Y, = Y, be an nonconforming approximation of I’ defined by
<Fn((Ana (I)n))> (X(’m Fn)> = (Fé((Ana (I)n))a (X(na Fn>> v (Ana (I)n)a (Z(na Fn) € Yn.
Then discretization of (4.6) by the nonconforming method can be written as
Fu((An, @,)) = 0 € Y7 (4.11)

We also denote the derivative of F, at (A,,®,) € Y, by F] (Ansrn) ° Y, — Y. induced by
(4.10).
Note that there are infinite number of solutions of (4.11) due to (4.5), we shall define

Q*={veQ:|v-2

o=, min WU - @los}

for any ® € Q to get rid of the redundancy. In our analysis, the following lemma will be used,
whose proof can be referred to [12, 34].

Lemma 4.1. If ® € Q, then ¥ € Q® can be represented by
U=+ dS(W)+ W,

where W € T2 and S(W) € SN*N.

4.2 A priori error estimates of the nonconforming approximations

Given (A, ®) € SV*N x Q, we define
Xe=8VNx (ST CcY
with the induced norm ||(p, V)| x, = |p| + [|[¥||s for each (p, ¥) € X and
Xoppn=8VN 5 (Vsn (S, @ TR)).

We assume here and hereafter that yg = (Ag, ®¢) is a ground state solution of (4.4), where
Ao = ()‘O,ij)%':l and ®g = (¢o,1,%0,2, - ,o,~). We shall derive the existence of a unique local
discrete solution y,, € Xg¢,, of (4.11) in the neighborhood of yy and further obtain the a priori
error estimate.

The analysis of finite dimensional approximations will be carried out under the following
two assumptions:

A1 There exists a constant o € (0,1] such that [E”(¢)| + [t&" ()] S 1+t¥"1 V> 0.
A2 There exists a positive constant v depending on (Ag, ) such that

@pg00) (T W) 2 A F VU e TS, (4.12)

Remark 4.2. We see that for a symmetric bilinear form a(u,v) = (Au,v) Assumption A2 is
true for a(-,-) if the operator A has N lowest eigenvalues A1, -+ ,A\n and there is a gap between
the lowest Nth eigenvalue and the (N + 1)th eigenvalue [12, 41].
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Remark 4.3. Under the framework of Grassmann manifold [17, 41], Assumption A2 can be
viewed as imposing the elliptic condition on a((SAo %)(', -) on the tangent space.

The following lemma will be used in our analysis, which can be proved under the assumption
A1 by using the same arguments as that in [12, Lemma 4.6] and [14, Lemma 2.1].

Lemma 4.2. Let y1 = (A1, ®1) and yo = (Mg, P2) € Y5 satisfy |ly1]ly, + “yzHyé < C. If the
assumption Al is satisfied, then there exists a constant C'r depending on C' such that

1E5(y1) — Fs(y2)llvy < Crllyr —y2llvs YV y1,y2 € V5. (4.13)
Moreover, if Assumption A2 is satisfied, then there is a constant C', such that
1F5 = Fiyollvy < Crlllyn —w2l$y + lvn —w2l3,) ¥V y1,92 € Vs (4.14)
Under the assumption A2, we have
Lemma 4.3. If the assumption A2 is satisfied, then ch,yo : Xo, = Xg, 18 an isomorphism.

Proof. Tt is sufficient to prove that equation

Fy (0, 9) = (m,9) (4.15)

is uniquely solvable in Xg, for every (n,g) € X3 . To this end we define the following bilinear
forms ag, : HO x H® — R and bay, Co, - HO x RNXN 5 R by

ag, (\117 F) = a?Ag,(Pg) (\117 P)?

N
boo(T,0) = Y Xij(¢0i» ¥;),

ij=1

N
cao(Uyn) = D Xij (D04, %5) + (P05, v4))-

1,j=1

Using (4.8), we may rewrite (4.15) as follows: find p € SV*V and ¥ ¢ Sgo @ 7:1‘30 such that

aa,(¥,T) + b, (L) = (g,7) VI €S & T,
N
(4.16)
coo(Uyy) = D xijmij Y yeSVN,
ij=1
For any given y € SN*N_ we can choose ¥ = ®gy, and thus
N

Cop, (\Ilaﬂ) =2 Z ’XZ]‘27 (417)

ij=1
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where (®F®g) = IV*N is used. Note that a simple calculation leads to

N
11l = 1@oxlle S (D i) 2lloll1 0. (4.18)
1,j=1

By taking into account (4.17), (4.18) and the fact that ||®g[/;,o < C, we obtain

Cop, (\Ija X)

N TRy e
X€S veSy, W5 (25— Ixis]?)

Kes (4.19)
where k. > 0 is independent of y. Hence, there exists a unique solution ¥g € Sgo such that
N
coy(Us,p) = > xinig VweSTN.
i,j=1
Therefore (4.16) is equivalent to: find ¥y € 7&‘,50 such that

asy(0o,T) = (9,T) — as,(¥s,T) VI €TY. (4.20)

The unique solvability of (4.20) is a direct consequence of (4.12).
Using similar arguments to that from (4.17) to (4.19), we get

. bfbo(\:[laX)
11}\1&]\7 sup N N
X€S vesy I ll5 (325 =1 Ixasl?)

Kb,

where k; > 0 is independent of y. This implies that equation
b(bo(r,[p):(g,F)—aq)O(\I/0+\115,F) \V/FGSC%O

has a unique solution pg € SV*V,
We have proved that for any (n,g) € X3 in (4.16), there exists a unique solution (us, ¥o +
Ug). This indicates that Fj o is an isomorphism from Xg, to X, &, and completes the proof. O

Before giving a discrete counterpart of Lemma 4.3, we shall introduce two projections.
First, we define the projection II,, : Q — Vs N Q such that

I, — ®||s = min |[|[T — & ) .
L, ll5 Wg}%(@\l s Yo

To project further into X ,,, we then define II,, : SVN Q- Xon by
(A, @) = (A, (IL®)T) V¥ (A,®) e STV xQ,

where
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From Lemma 4.1, we see that II,, : SV*V x Q — Xo,n is well-defined. We obtain by a direct
estimate (see [14, proof of Lemma 3.3]) that for y = (A, ®) € SNV x Q,

I,y — < inf || — ®|s. 4.21
My = yllxe S jnf | s (4.21)

Note that Fj vo - K@y = X, being an isomorphism is equivalent to the following inf-sup
condition

F§ Y1592
inf  sup Fogurov2) B>0 (4.22)
Y1€Xa) yreXg, ||y1HX<1>O HyQHX%

with the constant satisfying 8~1 = ||F;-!||. We can derive from (4.21) and a direct calculation
(see, e.g. [14]) that

F§ Y1592
inf sup 5 yov1-92)
V1€Xa0n yeXg  1Y11Xa, 1Y2] Xa,

v

B
2 Y

which together with the fact that F) satisfies the Holder condition analogous to (4.14)

2
1E5 g0 = Fnttoll S 190 — Magoll%,, + lvo — Mayollx,,
leads to the following discrete counterpart of Lemma 4.3.

Lemma 4.4. If the assumption A1l and A2 are satisfied, then there exists ng € Zy such that

, . « . . . )
oty Xogn — X%,n is an isomorphism for all ¢ > ng. Moreover, there is a constant

M > 0 such that

Ity | <MY 0> ng.
Now we have the main result of this section as follows.

Theorem 4.1. If the assumptions Al and A2 are satisfied, then there exist 0 > 0, n1 € Z
such that (4.11) has a unique local solution yn, = (A, ®p) € Xayn N By(yo) for all o > ny.
Moreover, we have the error estimate for y, as

|Ag — Ap| + || B — ®pls < Co™ 32 v seR,. (4.23)

Proof. The idea of this proof is to construct a contractive mapping whose fixed point is y,,. We
rewrite (4.11) as

Using (4.13), we have

1 (Mnyo)llx; . = IFn(nyo) = Fa(yo)llxs, , + 1Fn(vo)llx;, .

F A ’q) 9 narn
155 (Thayo) — Fs(vo)llx; + sup (F5((Ao, @), (% )
0 (ﬂn7rn)€X¢0,n ||(Xn7rn)||X$O

IN

S o — Moollxa, + L7 |@0llg2(o).
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From (4.24) and Lemma 4.4, we may define the map N : Br(IL,y0) N Xog.n — Xog.n by

1
FT/Z,HnyO (N(ZU) - Hnyo) = _Fn(HnyO) - (117 - Hnyo)/{; (FT/Z Hny0+t($ 11, yo) - FT/L,Hnyo)dt (425)

when o > ng.

We will show that A is a contraction from Br(IL,yo) N Xa,, into Br(I,yo) N X, n if R
is chosen sufficiently small and ¢ is large enough.

First, we prove that N' maps Br(IL,y0) N Xa,n to Br(IL,yo) N X, » for sufficiently small R.

Note that Fn o y is an isomorphism on Xg, , if ¢ is sufficiently large. For each € Br(Il,,yo),

we have NV (x ) II,yo € Xo,,n and
IV () = nyol| xa,
< M(IE (o) x;, +R/jnnm%ﬁmnw@ )
< OM(IMayo — yoll xa, + R(R™ + R?) + L)@ o () -

Since CM ([[nyo — yollxs, + Rt + R34 L_(S_l)H(POHHs(@)) can be estimated by R when R
is sufficiently small and p is sufficiently large, we have that N'(z) € Bg(Il,,y0). It is clear that
R can be chosen independently of p.

Next, we show that N is a contraction on Br(IL,y0) N Xayn- If 21,22 € Br(Il,y0) N Xagn,
then

1
itV e0) = N @) = @1 = 22) | (Pl = Py ates-aen
Thus, [N (21) — N(22) x,, can be estimated from (4.14) as

IV (1) = N (22) | x4,

MHeTQ_xlnX@O/ H n,lnyo F?é:t1+t (x2—z1) Hdt

< CM(R® + R?)|a1 — 22| x,, -

IN

We obtain for sufficiently small R that CM(R® + R?) < 1 and hence N is a contraction on
Br(Il,yo).

We are now able to use Banach’s Fixed Point Theorem to obtain the existence and unique-
ness of a fixed point y, of map N : Br(Il,yo) N Xoy.n — Br(Ilnyo) N Xayn, which is the
solution of F,,(y,) = 0.

Take z = y,, in (4.25), we have

lyn — Totollxe, S Ilyo — Tngiollxe, + LV ®ollzrs(2)
Hyn — HnyOHcho (lyn — HnyOHgé(% + lyn — HnyOHg(cpo)v

which together with the fact that |ly, — ,yol/x,, can be arbitrary small implies

Y = Tntiollxe, < 190 — Magollxg, + L~ VD0l r2(9). (4.26)
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Using Lemma 2.1, Lemma 3.1, (4.21), (4.26), and the trigonal inequality

[y — yOHX% < lyn — Hny0||Xq>O + llyo — HnyOHXq>07
we can obtain (4.23). This completes the proof. O

Remark 4.4. The arguments in this section are related to the techniques in [14, 30, 48]. We
shall point out that [14, 30] are also devoted to DFT models, nevertheless, the theory in [14] can
not be applied to nonconforming methods, and [30] analyze the orbital-free DFT model which
consider the lowest eigenvalue only.

5 Numerical experiments

We shall test our theoretical results by some numerical experiments. Since the analytical
solutions of the eigenvalue problem are not available, we use the numerical solutions on the
finest discretization for references to calculate the approximation errors.

Example 1. Solve the linear eigenvalue problem: Find A € R and u € H#(Q) such that

1
—§Au 4+ Veztt = Au,

1
where Q = [5,5] and the external potential V.. (r) = -

ST for r < rg and Ve (r) =

—2/rg for r > ry. Note that the periodic potential V., is sufficiently smooth expect for the
nuclei positions, so the eigenfunction u is asymptotically well behaved due to Lemma 2.1.

We compare the numerical errors of plane wave method and our nonconforming method
in Figure 5.3. It is shown that the convergence rate is improved by the nonconforming dis-
cretization, which support the theoretical results in this paper. The numerical errors obtained
by different choices of atomic spheres are presented in Figure 5.4. We observe not only the
exponential convergence rate of the nonconforming approximations but also a faster rate with
larger spheres, since the eigenfunctions in the smaller interstitial region are more smooth and
propitious to plane wave methods. The eigenfunctions on x-axis is displayed in Figure 5.5,
from which we observe that the augmented methods can catch the cusp at the nuclear position
while the plane wave methods can not.

We also present the numerical errors with respect to the order of radial polynomial bases in
Figure 5.6. We observe that given a sufficiently large K, the errors of eigenvalue approximations
converge exponentially.

Example 2. We consider a hydrogen atom by APW method. The atom is computed with a
periodic boundary condition with the supercell Q = [-5, 5]3.

Since the APW bases is energy dependent which lead to nonlinear equations, the eigenvalues
are normally solved by the “root tracing” technique which determine the eigenvalues by varying
the energy parameter ¢ numerically to satisfy the condition

det(H. —eM.) =0,

where H. and M, are Hamilton matrix and mass matrix generated by bases wy, given in (3.29).
Instead of calculating the determinant of H. — eM. (which varies strongly and is difficult for
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Figure 5.3: Numerical errors of planewave  Figure 5.4: Numerical errors of nonconforming
method and nonconforming method. method with different spherical radius.
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—©&— nonconforming method R=3.0
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numerical errors of eigenvalue
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Figure 5.5: Radial wavefunctions obtained by  Figure 5.6: Numerical errors of the nonconform-
plane waves and nonconforming methods. ing approximations with respect to the order of
polynomials radial bases with fixed K = 6.

root interpolation), we here compute the eigenvalue . of M1 H. for each parameter ¢, then
calculate the difference between the eigenvalue and the parameter, say A — . The eigenvalues
of the nonlinear problem can be found where the difference is 0 by interpolation (see, Figure
5.7). The numerical errors of plane wave method and APW method are compared in Figure
5.8, from which we observe that the APW method is much more accurate.

We shall mention that the computational cost of this nonlinear problem is extremely huge
even for medium size systems. In contrast, LAPW(+lo) bases can result in straightforward
linear eigenvalue problems and reduce the computational cost significantly.

Example 3. To examine the performance of LAPW approximations, we use the package
Exciting [50] to calculate the aluminium (Al) and lithium-fluorine (LiF) crystals. Excting is
a full-potential all-electron DFT package based on the LAPW+lo methods and use a self-
consistent field iteration for the nonlinear KS equations. The convergence of the numerical
errors are presented in Figure 5.9, which shows exponential convergence of the ground state
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Figure 5.7: Search for the eigenvalues of the Figure 5.8: Numerical errors of the plane wave
nonlinear problem generated by APW bases. method and APW method.

energy approximations.

Moreover, we compare the full-potential computations using package Excting and the pseu-
dopotential computations using package Abinit [24, 49] for the LiF crystal. The numerical
results are presented in atomic units (a.u.). In Figure 5.10, we plot the ground state energy
as a function of the lattice constant for LiF crystal using different packages and estimate the
optimal lattice constant. The same plane wave truncation are used for both methods, say,
K = 12. We observe that the optimal lattice constant obtained by LAPW method is closer
to the experimental value 7.61 a.u. than the plane wave computations, which illustrate the
necessity of the LAPW full-potential calculations. We also plot in Figure 5.11 the electron
densities on a plane (the structure is presented in the left of the figure) obtained by these
two methods, from which we see that the true density including the core electrons is obtained
by full-potential calculations, whereas the pseudopotential calculations can only have a vague
density of valence electrons.

6 Concluding remarks

In this paper, we analyze the augmented plane wave methods which are widely used in full-
potential electronic structure calculations. We introduce a nonconforming method and the
augmented plane wave methods are viewed as a modified scheme. We obtain a priori error
estimates of the nonconforming method for both linear Schrédinger equations and nonlinear KS
equations, and present some numerical results to support our theory. Instead of polynomials,
more physical bases using Gaussian or Slater type bases functions around the nuclei may be
incorporated in this nonconforming framework. However, the difficulties lie in that all x;s do not
vanish at the spherical surface, which may generate too many bases functions in computations.
The discontinuous Galerkin (DG) methods may be a proper way to handel this problem, in
which different areas can be approximated by completely sperate bases and matched together
by DG schemes [15].

Similar to APW method, the Muffin-tin orbital (MTO) approach [2, 4, 36] is another type
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Figure 5.11: Electron density of LiF obtained by the packages Exciting and Abinit. Left: the
structure of the plane. Middle: result of Abinit. Right: result of Excting.

of atomic sphere methods, which exploits the same idea that divides the electronic structure
problem and provides efficient representation of atomic-like features that are rapidly varying
near each nucleus and smoothly varying functions between the atoms respectively. The MTO
method reformulates the multiple-scattering (MST, also called KKR since it is invented inde-
pendently by Korringa, Kohn and Rostoker [36]) methods, and lead to physically meaningful
descriptions of the electronic bands in terms of a small bases of localized, augmented functions.
The MTO bases are defined as the following functions that depend separately on x and ¢,
7O _ ity { (1) + reot(m(E)i(wr) in €, o

kny(Kr) in 2,

where y; is the solution of (3.28), j; and n; are spherical Bessel and Neumann functions re-
spectively (for negative energies, the Neumann functions are replaced by Hankel functions),
and 7; is determined by requiring that the bases functions match the value and slope at the
spherical boundary. The equations for many atoms can be derived using an expansion theorem
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and the tail cancelation condition, which expresses the tail of an MTO extending into another
sphere in terms of functions centered on that sphere (see, e.g. [2, 36]). This amounts to a
transformation of the KKR method and (the energy dependent bases) would lead to nonlinear
eigenvalue equations. Since the solutions obtained by MTO methods satisfy the equation both
inside and outside the spheres, the convergence of the MTO approximations can be proven
using similar arguments as that in this paper (the detail proof will be addressed elsewhere),
and the error is only determined by the truncation of angular momentum L.

For linearized Muffin-tin orbital (LMTO) methods, the error estimates is far too difficult
compared with LAPW methods. For LAPW methods, it is only necessary for us to estimate the
error introduced by linearization and the numerical integration of plane waves in the interstitial
region can be done quite accurately. However, the expressions for the matrix elements in
the interstitial region for LMTO methods are much more complicated, which apply atomic
sphere approximation (ASA) and use the space-filling cells (Wigner-Seitz cells, see, e.g. [4, 36])
neglecting the interstitial region. These error analysis shall be investigated in our future works.

Acknowledgement

This work is supported by the Alexander von Humboldt Foundation.

References
[1] A. Anantharaman and E. Cances, Fzxistence of minimizers for Kohn-Sham models in quantum
chemistry, Ann. I. H. Poincaré-AN, 26 (2009), pp. 2425-2455.

[2] O.K. Andersen and R. V. Kasowski, Electronic states as linear combinations of muffin-tin orbitals,
Phys. Rev. B, 4 (1971), pp. 1064-1069.

[3] O.K. Andersen, Simple approach to the band structure problem, Solid State Commun., 13 (1973),
pp. 133-136.

[4] O.K. Andersen, Linear methods in band theory, Phys. Rev. B, 12 (1975), pp. 3060-3083.

[5] I. Babuska and J. Osborn, Eigenvalue Problems, in: P.G. Ciarlet and J.L. Lions(Ed.), Finite
Element Methods(Part 1), Handbook of Numerical Analysis, vol.2., North-Holand: Elsevier Science
Publishers, 1991, pp.640-787.

[6] 1. Babuska and M. Rosenzweig, A finite element scheme for domains with corners, Numer. Math.,
20 (1972), pp. 1-21.

[7] F.B. Belgacem, The Mortar finite element method with Lagrange multipliers, Numer. Math., 84
(1999), pp. 173-197.

[8] C. Bernardi, N. Débit, and Y. Maday, Coupling finite element and spectral methods: first results,
Math. Compu., 54 (1990), pp. 21-29.

[9] C.Bernardi, Y. Maday, and A.T. Patera, A new non conforming approach to domain decomposition:
The Mortar element method, College de France Seminar, Pitman, H. Brezis, J.L. Lions, 1990.

[10] S.C. Brenner and L.R. Scott, Mathematical Theory of Finite Element Methods, Springer, 2002.

[11] F. Brezzi, and M. Fortin, Mized and hybrid finite element methods, Springer-Verlag, New York,
1991.

32



12)
13)
14]
[15)

[16]

[17]

E. Cances, R. Chakir, and Y. Maday, Numerical analysis of the planewave discretization of some
orbital-free and Kohn-Sham models, M2AN, 46 (2012), pp. 341-388.

C. Canuto, M.Y. Hussaini, A. Quarteroni, T.A. Zang, Spectral Methods for Fluid Dynamics,
Springer-Verlag, 1988.

H. Chen, X. Gong, L. He, Z. Yang, and A. Zhou, Numerical analysis of finite dimensional approx-
imations of Kohn-Sham models, Adv. Comput. Math., DOT 10.1007/s10444-011-9235-y, 2011.

H. Chen and R. Schneider, DG methods using radial bases functions and plane waves for full-
potential electronic structure calculations, preprint.

M. Crouzeix and P.A. Raviart, Conforming and nonconforming finite element methods for solving
the stationary Stokes equations I, Rev. Francaise Automat. Informat. Recherch Operationelle Sér.
Anal. Numér., 7 (1973), pp. 33-75.

A. Edelman, T.A. Arias, and S.T. Smith, The geometry of algorithms with orthogonality constraints,
STAM J. Matrix Anal. Appl., 20 (1998), pp. 303-353.

Y.V. Egorov, B.W. Schulze, Pseudo-differential Operators, Singularities, Applications, Birkh&use,
Basel, 1997.

H. Ehrenreich, F. Seitz, and D. Turnbull (Eds.), Solid State Physics, New York, London, 1971.

H.J. Flad, R. Schneider, and B.W. Schulze, Asymptotic reqularity of solutions to Hartree-Fock
equations with Coulomb potential, Math. Meth. Appl. Sci., 31 (2008), pp. 2172-2201.

S. Fournais, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and T. @stergaard Sgrensen, The
electron density is smooth away from the nuclei, Communications in Mathematical Physics, 228
(2002), pp. 401-415.

S. Fournais, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and T. @stergaard Sgrensen, Analyt-
icity of the density of electronic wavefunctions, Arkiv for Matematik, 42 (2004), pp. 87-106.

S. Fournais, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and T. @stergaard Sgrensen, Non-
isotropic cusp conditions and regularity of the electron density of molecules at the nuclei, Annales
Henri Poincaré, 8 (2007), pp. 731-748.

X. Gonze, J.M. Beuken, R. Caracas, F. Detraux, M. Fuchs, G.M. Rignanese, L. Sindic, M. Ver-
straete, G. Zerah, F. Jollet, M. Torrent, A. Roy, M. Mikami, Ph. Ghosez, J.Y. Raty, and D.C. Allan,
First-principles computation of material properties : the ABINIT software project, Computational
Materials Science 25 (2002), pp. 478-492.

P. Grisvard, Singularities in boundary value problems, volume 22 of Research in Applied Mathe-
matics, Masson, Paris, 1992.

M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and T. @Ostergaard Sgrensen, FElectron wavefunc-
tions and densities for atoms, Annales Henri Poincaré, 2 (2001), pp. 77-100.

E. Hunsicker, V. Nistor, and J.O. Sofo, Analysis of periodic Schridinger operators: Regularity and
approzimation of eigenfunctions, J. Math. Phys., 49 (2008), pp. 08350101-08350121.

B.M. Irons and A. Razzaque, Ezperience with the patch test for convergence of finite elements, In:
A K. Aziz (Eds), The Mathematical Foundations of the Finite Element Method with Applications
to Partial Differential Equations, Part II, Academic Press, New York, pp. 557-587, 1972.

E.E. Krasovskii, V.V. Nemoshkalenko, and V. N. Antonov, On the accuracy of the wavefunctions
calculated by LAPW method, 1. Phys. B, 91 (1993), pp. 463-366.

33



[30]

[31]

[32]

[48]

[49]
[50]

B. Langwallner, C. Ortner, and E. Siili, Ezistence and convergence results for the Galerkin ap-
prozimation of an electronic density functional, Math. Models Methods Appl. Sci., 20(2010), pp.
2237-2265.

C. Le Bris, Quelques problémes mathématiques en chimie quanntique moléculaire, PhD thesis, Ecole
Polytechnique, 1993.

P. Lesaint, On the convergence of Wilson’s nonconforming element for solving the elastic problems,
Comput. Methods Appl. Mech. Engrg., 7 (1976), pp. 1-16.

D.D. Koelling and G.O. Arbman, Use of energy derivative of the radial solution in an augmented
plane wave method: application to copper, J. Phys. F: Metal Phys., 5 (1975), pp. 2041-2054.

Y. Maday and G. Turinici, Error bars and quadratically convergent methods for the numerical
stmulation of the Hartree-Fock equations, Numer. Math., 94 (2000), pp. 739-770.

G.K.H. Madsen, P. Blaha, K. Schwarz, E. Sjostedt, and L. Nordstrom, Efficient linearization of
the augmented plane-wave method, Phys. Rev. B, 64 (2001), pp. 1951341-1951349.

R.M. Martin, Electronic Structure: Basic Theory and Practical Methods, Cambridge University
Press, 2005.

A. Messiah, Quantum Mechanics, Vol. I, Wiley, New York, 1964.

J.E. Osborn, Spectral approximation for compact operators, Mathematics of Computation, 29
(1975), pp. 712-725.

P.A. Raviart and J.M. Thomas, Primal hybrid finite element methods for 2nd order elliptic equa-
tions, Mathematics of Computation, 31 (1977), pp. 391-413.

D.J. Singh and L. Nordstrom, Planewaves, Pseudopotentials, and the LAPW Method, Springer-
Berlin, 2006.

R. Schneider, T. Rohwedder, A. Neelov, and J. Blauert, Direct minimization for calculating invari-
ant subspaces in density functional computations of the electronic structure, J. Comput. Math., 27
(2009), pp. 360-387.

K. Schwarz, P. Blaha, and G.K.H. Madsen, Electronic structure calculations of solids using the
WIENZ2k package for material sciences, Comp. Phys. Commun., 147 (2002), pp. 71-76.

E. Sjostedt, L. Nordstrom, and D.J. Singh, An alternative way of linearizing the APW method,
Solid State Commun., 114 (2000), pp. 15-20.

J.C. Slater, Wave functions in a periodic potential, Phys. Rev. 51 (1937), pp. 846-851.

G. Strang. Variational crimes in the finite element methods, In: A.K. Aziz (Eds), The Mathematical
Foundations of the Finite Element Method with Applications to Partial Differential Equations, Part
II, Academic Press, New York, pp. 689-710, 1972.

P. Suryanarayana, V. Gavini, T. Blesgen, K. Bhattacharya, and M. Ortiz, Non-periodic finite-
element formulation of Kohn-Sham density functional theory, J. Mech. Phys. Solid., 58 (2010), pp.
256-280.

E.P. Wigner and F. Seitz, On the constitution of metallic sodium, Phys. Rev., 43 (1933), pp.
804-810.

E. Zeidler, Nonlinear Functional Analysis and Its Applications. I: Fixed-Point Theorems, translated
from the German by Peter R. Wadsack, Springer-Verlag, 1986.

ABINIT, http://www.abinit.org/
The exciting Code, http://exciting-code.org/.

34



Preprint Series DFG-SPP 1324

http://www.dfg-spp1324.de

Reports

1]

2]

[10]

[11]

R. Ramlau, G. Teschke, and M. Zhariy. A Compressive Landweber Iteration for
Solving I1l-Posed Inverse Problems. Preprint 1, DFG-SPP 1324, September 2008.

G. Plonka. The Easy Path Wavelet Transform: A New Adaptive Wavelet Trans-
form for Sparse Representation of Two-dimensional Data. Preprint 2, DFG-SPP
1324, September 2008.

E. Novak and H. Wozniakowski. Optimal Order of Convergence and (In-)
Tractability of Multivariate Approximation of Smooth Functions. Preprint 3,
DFG-SPP 1324, October 2008.

M. Espig, L. Grasedyck, and W. Hackbusch. Black Box Low Tensor Rank Ap-
proximation Using Fibre-Crosses. Preprint 4, DFG-SPP 1324, October 2008.

T. Bonesky, S. Dahlke, P. Maass, and T. Raasch. Adaptive Wavelet Methods
and Sparsity Reconstruction for Inverse Heat Conduction Problems. Preprint 5,
DFG-SPP 1324, January 2009.

E. Novak and H. Wozniakowski. Approximation of Infinitely Differentiable Mul-
tivariate Functions Is Intractable. Preprint 6, DFG-SPP 1324, January 2009.

J. Ma and G. Plonka. A Review of Curvelets and Recent Applications. Preprint 7,
DFG-SPP 1324, February 2009.

L. Denis, D. A. Lorenz, and D. Trede. Greedy Solution of Ill-Posed Problems:
Error Bounds and Exact Inversion. Preprint 8, DFG-SPP 1324, April 2009.

U. Friedrich. A Two Parameter Generalization of Lions’ Nonoverlapping Domain
Decomposition Method for Linear Elliptic PDEs. Preprint 9, DFG-SPP 1324,
April 2009.

K. Bredies and D. A. Lorenz. Minimization of Non-smooth, Non-convex Func-
tionals by Iterative Thresholding. Preprint 10, DFG-SPP 1324, April 2009.

K. Bredies and D. A. Lorenz. Regularization with Non-convex Separable Con-
straints. Preprint 11, DFG-SPP 1324, April 2009.



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

M. Dohler, S. Kunis, and D. Potts. Nonequispaced Hyperbolic Cross Fast Fourier
Transform. Preprint 12, DFG-SPP 1324, April 2009.

C. Bender. Dual Pricing of Multi-Exercise Options under Volume Constraints.
Preprint 13, DFG-SPP 1324, April 20009.

T. Miiller-Gronbach and K. Ritter. Variable Subspace Sampling and Multi-level
Algorithms. Preprint 14, DFG-SPP 1324, May 2009.

G. Plonka, S. Tenorth, and A. Iske. Optimally Sparse Image Representation by
the Easy Path Wavelet Transform. Preprint 15, DFG-SPP 1324, May 2009.

S. Dahlke, E. Novak, and W. Sickel. Optimal Approximation of Elliptic Problems
by Linear and Nonlinear Mappings IV: Errors in Ly and Other Norms. Preprint 16,
DFG-SPP 1324, June 2009.

B. Jin, T. Khan, P. Maass, and M. Pidcock. Function Spaces and Optimal Currents
in Impedance Tomography. Preprint 17, DFG-SPP 1324, June 2009.

G. Plonka and J. Ma. Curvelet-Wavelet Regularized Split Bregman Iteration for
Compressed Sensing. Preprint 18, DFG-SPP 1324, June 2009.

G. Teschke and C. Borries. Accelerated Projected Steepest Descent Method for
Nonlinear Inverse Problems with Sparsity Constraints. Preprint 19, DFG-SPP
1324, July 2009.

L. Grasedyck. Hierarchical Singular Value Decomposition of Tensors. Preprint 20,
DFG-SPP 1324, July 2009.

D. Rudolf. Error Bounds for Computing the Expectation by Markov Chain Monte
Carlo. Preprint 21, DFG-SPP 1324, July 2009.

M. Hansen and W. Sickel. Best m-term Approximation and Lizorkin-Triebel
Spaces. Preprint 22, DFG-SPP 1324, August 20009.

F.J. Hickernell, T. Miiller-Gronbach, B. Niu, and K. Ritter. Multi-level Monte
Carlo Algorithms for Infinite-dimensional Integration on RY. Preprint 23, DFG-
SPP 1324, August 2009.

S. Dereich and F. Heidenreich. A Multilevel Monte Carlo Algorithm for Lévy
Driven Stochastic Differential Equations. Preprint 24, DFG-SPP 1324, August
2009.

S. Dahlke, M. Fornasier, and T. Raasch. Multilevel Preconditioning for Adaptive
Sparse Optimization. Preprint 25, DFG-SPP 1324, August 2009.



[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

S. Dereich. Multilevel Monte Carlo Algorithms for Lévy-driven SDEs with Gaus-
sian Correction. Preprint 26, DFG-SPP 1324, August 2009.

G. Plonka, S. Tenorth, and D. Rogca. A New Hybrid Method for Image Approx-
imation using the Easy Path Wavelet Transform. Preprint 27, DFG-SPP 1324,
October 20009.

O. Koch and C. Lubich. Dynamical Low-rank Approximation of Tensors.
Preprint 28, DFG-SPP 1324, November 2009.

E. Faou, V. Gradinaru, and C. Lubich. Computing Semi-classical Quantum Dy-
namics with Hagedorn Wavepackets. Preprint 29, DFG-SPP 1324, November
2009.

D. Conte and C. Lubich. An Error Analysis of the Multi-configuration Time-
dependent Hartree Method of Quantum Dynamics. Preprint 30, DFG-SPP 1324,
November 2009.

C. E. Powell and E. Ullmann. Preconditioning Stochastic Galerkin Saddle Point
Problems. Preprint 31, DFG-SPP 1324, November 2009.

O. G. Ernst and E. Ullmann. Stochastic Galerkin Matrices. Preprint 32, DFG-SPP
1324, November 2009.

F. Lindner and R. L. Schilling. Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise. Preprint 33, DFG-SPP 1324, November
20009.

L. Kammerer and S. Kunis. On the Stability of the Hyperbolic Cross Discrete
Fourier Transform. Preprint 34, DFG-SPP 1324, December 2009.

P. Cerejeiras, M. Ferreira, U. Kéahler, and G. Teschke. Inversion of the noisy Radon
transform on SO(3) by Gabor frames and sparse recovery principles. Preprint 35,
DFG-SPP 1324, January 2010.

T. Jahnke and T. Udrescu. Solving Chemical Master Equations by Adaptive
Wavelet Compression. Preprint 36, DFG-SPP 1324, January 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Irregular Shearlet Frames: Geometry
and Approximation Properties. Preprint 37, DFG-SPP 1324, February 2010.

G. Kutyniok and W.-Q Lim. Compactly Supported Shearlets are Optimally
Sparse. Preprint 38, DFG-SPP 1324, February 2010.



[39]

[40]

[49]

[50]

[51]

[52]

M. Hansen and W. Sickel. Best m-Term Approximation and Tensor Products of
Sobolev and Besov Spaces — the Case of Non-compact Embeddings. Preprint 39,
DFG-SPP 1324, March 2010.

B. Niu, F.J. Hickernell, T. Miiller-Gronbach, and K. Ritter. Deterministic Multi-
level Algorithms for Infinite-dimensional Integration on RY. Preprint 40, DFG-
SPP 1324, March 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Construction of Compactly Supported
Shearlet Frames. Preprint 41, DFG-SPP 1324, March 2010.

C. Bender and J. Steiner. Error Criteria for Numerical Solutions of
Backward SDEs. Preprint 42, DFG-SPP 1324, April 2010.

L. Grasedyck. Polynomial Approximation in Hierarchical Tucker Format by
Vector-Tensorization. Preprint 43, DFG-SPP 1324, April 2010.

M. Hansen und W. Sickel. Best m-Term Approximation and Sobolev-Besov Spaces
of Dominating Mixed Smoothness - the Case of Compact Embeddings. Preprint 44,
DFG-SPP 1324, April 2010.

P. Binev, W. Dahmen, and P. Lamby. Fast High-Dimensional Approximation with
Sparse Occupancy Trees. Preprint 45, DFG-SPP 1324, May 2010.

J. Ballani and L. Grasedyck. A Projection Method to Solve Linear Systems in
Tensor Format. Preprint 46, DFG-SPP 1324, May 2010.

P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, and P. Wojtaszczyk.
Convergence Rates for Greedy Algorithms in Reduced Basis Methods. Preprint 47,
DFG-SPP 1324, May 2010.

S. Kestler and K. Urban. Adaptive Wavelet Methods on Unbounded Domains.
Preprint 48, DFG-SPP 1324, June 2010.

H. Yserentant. The Mixed Regularity of Electronic Wave Functions Multiplied by
Explicit Correlation Factors. Preprint 49, DFG-SPP 1324, June 2010.

H. Yserentant. On the Complexity of the Electronic Schrodinger Equation.
Preprint 50, DFG-SPP 1324, June 2010.

M. Guillemard and A. Iske. Curvature Analysis of Frequency Modulated Manifolds
in Dimensionality Reduction. Preprint 51, DFG-SPP 1324, June 2010.

E. Herrholz and G. Teschke. Compressive Sensing Principles and Iterative Sparse
Recovery for Inverse and Ill-Posed Problems. Preprint 52, DFG-SPP 1324, July
2010.



[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[65]

[66]

L. Kémmerer, S. Kunis, and D. Potts. Interpolation Lattices for Hyperbolic Cross
Trigonometric Polynomials. Preprint 53, DFG-SPP 1324, July 2010.

G. Kutyniok and W.-Q Lim. Shearlets on Bounded Domains. Preprint 54, DFG-
SPP 1324, July 2010.

A. Zeiser. Wavelet Approximation in Weighted Sobolev Spaces of Mixed Order
with Applications to the Electronic Schrédinger Equation. Preprint 55, DFG-SPP
1324, July 2010.

G. Kutyniok, J. Lemvig, and W.-Q Lim. Compactly Supported Shearlets.
Preprint 56, DFG-SPP 1324, July 2010.

A. Zeiser. On the Optimality of the Inexact Inverse Iteration Coupled with Adap-
tive Finite Element Methods. Preprint 57, DFG-SPP 1324, July 2010.

S. Jokar. Sparse Recovery and Kronecker Products. Preprint 58, DFG-SPP 1324,
August 2010.

T. Aboiyar, E. H. Georgoulis, and A. Iske. Adaptive ADER Methods Using Kernel-
Based Polyharmonic Spline WENO Reconstruction. Preprint 59, DFG-SPP 1324,
August 2010.

O. G. Ernst, A. Mugler, H.-J. Starkloff, and E. Ullmann. On the Convergence of
Generalized Polynomial Chaos Expansions. Preprint 60, DFG-SPP 1324, August
2010.

S. Holtz, T. Rohwedder, and R. Schneider. On Manifolds of Tensors of Fixed
TT-Rank. Preprint 61, DFG-SPP 1324, September 2010.

J. Ballani, L. Grasedyck, and M. Kluge. Black Box Approximation of Tensors in
Hierarchical Tucker Format. Preprint 62, DFG-SPP 1324, October 2010.

M. Hansen. On Tensor Products of Quasi-Banach Spaces. Preprint 63, DFG-SPP
1324, October 2010.

S. Dahlke, G. Steidl, and G. Teschke. Shearlet Coorbit Spaces: Compactly Sup-
ported Analyzing Shearlets, Traces and Embeddings. Preprint 64, DFG-SPP 1324,
October 2010.

W. Hackbusch. Tensorisation of Vectors and their Efficient Convolution.
Preprint 65, DFG-SPP 1324, November 2010.

P. A. Cioica, S. Dahlke, S. Kinzel, F. Lindner, T. Raasch, K. Ritter, and R. L.
Schilling. Spatial Besov Regularity for Stochastic Partial Differential Equations
on Lipschitz Domains. Preprint 66, DFG-SPP 1324, November 2010.



[67]

E. Novak and H. WozZniakowski. On the Power of Function Values for the Ap-
proximation Problem in Various Settings. Preprint 67, DFG-SPP 1324, November
2010.

A. Hinrichs, E. Novak, and H. Wozniakowski. The Curse of Dimensionality for
Monotone and Convex Functions of Many Variables. Preprint 68, DFG-SPP 1324,
November 2010.

G. Kutyniok and W.-Q Lim. Image Separation Using Shearlets. Preprint 69,
DFG-SPP 1324, November 2010.

B. Jin and P. Maass. An Analysis of Electrical Impedance Tomography with
Applications to Tikhonov Regularization. Preprint 70, DFG-SPP 1324, December
2010.

S. Holtz, T. Rohwedder, and R. Schneider. The Alternating Linear Scheme for
Tensor Optimisation in the T'T Format. Preprint 71, DFG-SPP 1324, December
2010.

T. Miiller-Gronbach and K. Ritter. A Local Refinement Strategy for Constructive
Quantization of Scalar SDEs. Preprint 72, DFG-SPP 1324, December 2010.

T. Rohwedder and R. Schneider. An Analysis for the DIIS Acceleration Method
used in Quantum Chemistry Calculations. Preprint 73, DFG-SPP 1324, December
2010.

C. Bender and J. Steiner. Least-Squares Monte Carlo for Backward SDEs.
Preprint 74, DFG-SPP 1324, December 2010.

C. Bender. Primal and Dual Pricing of Multiple Exercise Options in Continuous
Time. Preprint 75, DFG-SPP 1324, December 2010.

H. Harbrecht, M. Peters, and R. Schneider. On the Low-rank Approximation by
the Pivoted Cholesky Decomposition. Preprint 76, DFG-SPP 1324, December
2010.

P. A. Cioica, S. Dahlke, N. Dohring, S. Kinzel, F. Lindner, T. Raasch, K. Ritter,
and R. L. Schilling. Adaptive Wavelet Methods for Elliptic Stochastic Partial
Differential Equations. Preprint 77, DFG-SPP 1324, January 2011.

G. Plonka, S. Tenorth, and A. Iske. Optimal Representation of Piecewise Holder
Smooth Bivariate Functions by the Easy Path Wavelet Transform. Preprint 78,
DFG-SPP 1324, January 2011.



[79]

[80]

[31]

[91]

A. Mugler and H.-J. Starkloff. On Elliptic Partial Differential Equations with
Random Coefficients. Preprint 79, DFG-SPP 1324, January 2011.

T. Miller-Gronbach, K. Ritter, and L. Yaroslavtseva. A Derandomization of the
Euler Scheme for Scalar Stochastic Differential Equations. Preprint 80, DFG-SPP
1324, January 2011.

W. Dahmen, C. Huang, C. Schwab, and G. Welper. Adaptive Petrov-Galerkin
methods for first order transport equations. Preprint 81, DFG-SPP 1324, January
2011.

K. Grella and C. Schwab. Sparse Tensor Spherical Harmonics Approximation in
Radiative Transfer. Preprint 82, DFG-SPP 1324, January 2011.

D.A. Lorenz, S. Schiffler, and D. Trede. Beyond Convergence Rates: Exact In-
version With Tikhonov Regularization With Sparsity Constraints. Preprint 83,
DFG-SPP 1324, January 2011.

S. Dereich, M. Scheutzow, and R. Schottstedt. Constructive quantization: Ap-
proximation by empirical measures. Preprint 84, DFG-SPP 1324, January 2011.

S. Dahlke and W. Sickel. On Besov Regularity of Solutions to Nonlinear Elliptic
Partial Differential Equations. Preprint 85, DFG-SPP 1324, January 2011.

S. Dahlke, U. Friedrich, P. Maass, T. Raasch, and R.A. Ressel. An adaptive
wavelet method for parameter identification problems in parabolic partial differ-
ential equations. Preprint 86, DFG-SPP 1324, January 2011.

A. Cohen, W. Dahmen, and G. Welper. Adaptivity and Variational Stabilization
for Convection-Diffusion Equations. Preprint 87, DFG-SPP 1324, January 2011.

T. Jahnke. On Reduced Models for the Chemical Master Equation. Preprint 88,
DFG-SPP 1324, January 2011.

P. Binev, W. Dahmen, R. DeVore, P. Lamby, D. Savu, and R. Sharpley. Com-
pressed Sensing and Electron Microscopy. Preprint 89, DFG-SPP 1324, March
2011.

P. Binev, F. Blanco-Silva, D. Blom, W. Dahmen, P. Lamby, R. Sharpley, and
T. Vogt. High Quality Image Formation by Nonlocal Means Applied to High-
Angle Annular Dark Field Scanning Transmission Electron Microscopy (HAADF-
STEM). Preprint 90, DFG-SPP 1324, March 2011.

R. A. Ressel. A Parameter Identification Problem for a Nonlinear Parabolic Dif-
ferential Equation. Preprint 91, DFG-SPP 1324, May 2011.



[92]

[93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

G. Kutyniok. Data Separation by Sparse Representations. Preprint 92, DFG-SPP
1324, May 2011.

M. A. Davenport, M. F. Duarte, Y. C. Eldar, and G. Kutyniok. Introduction to
Compressed Sensing. Preprint 93, DFG-SPP 1324, May 2011.

H.-C. Kreusler and H. Yserentant. The Mixed Regularity of Electronic Wave
Functions in Fractional Order and Weighted Sobolev Spaces. Preprint 94, DFG-
SPP 1324, June 2011.

E. Ullmann, H. C. Elman, and O. G. Ernst. FEfficient Iterative Solvers for
Stochastic Galerkin Discretizations of Log-Transformed Random Diffusion Prob-
lems. Preprint 95, DFG-SPP 1324, June 2011.

S. Kunis and I. Melzer. On the Butterfly Sparse Fourier Transform. Preprint 96,
DFG-SPP 1324, June 2011.

T. Rohwedder. The Continuous Coupled Cluster Formulation for the Electronic
Schrodinger Equation. Preprint 97, DFG-SPP 1324, June 2011.

T. Rohwedder and R. Schneider. Error Estimates for the Coupled Cluster Method.
Preprint 98, DFG-SPP 1324, June 2011.

P. A. Cioica and S. Dahlke. Spatial Besov Regularity for Semilinear Stochastic
Partial Differential Equations on Bounded Lipschitz Domains. Preprint 99, DFG-
SPP 1324, July 2011.

L. Grasedyck and W. Hackbusch. An Introduction to Hierarchical (H-) Rank and
TT-Rank of Tensors with Examples. Preprint 100, DFG-SPP 1324, August 2011.

N. Chegini, S. Dahlke, U. Friedrich, and R. Stevenson. Piecewise Tensor Product
Wavelet Bases by Extensions and Approximation Rates. Preprint 101, DFG-SPP
1324, September 2011.

S. Dahlke, P. Oswald, and T. Raasch. A Note on Quarkonial Systems and Multi-
level Partition of Unity Methods. Preprint 102, DFG-SPP 1324, September 2011.

A. Uschmajew. Local Convergence of the Alternating Least Squares Algorithm
For Canonical Tensor Approximation. Preprint 103, DFG-SPP 1324, September
2011.

S. Kvaal. Multiconfigurational time-dependent Hartree method for describing par-
ticle loss due to absorbing boundary conditions. Preprint 104, DFG-SPP 1324,
September 2011.



[105]

[106]

[107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

M. Guillemard and A. Iske. On Groupoid C*-Algebras, Persistent Homology and
Time-Frequency Analysis. Preprint 105, DFG-SPP 1324, September 2011.

A. Hinrichs, E. Novak, and H. WozZniakowski. Discontinuous information in the
worst case and randomized settings. Preprint 106, DFG-SPP 1324, September
2011.

M. Espig, W. Hackbusch, A. Litvinenko, H. Matthies, and E. Zander. Efficient
Analysis of High Dimensional Data in Tensor Formats. Preprint 107, DFG-SPP
1324, September 2011.

M. Espig, W. Hackbusch, S. Handschuh, and R. Schneider. Optimization Problems
in Contracted Tensor Networks. Preprint 108, DFG-SPP 1324, October 2011.

S. Dereich, T. Miiller-Gronbach, and K. Ritter. On the Complexity of Computing
Quadrature Formulas for SDEs. Preprint 109, DFG-SPP 1324, October 2011.

D. Belomestny. Solving optimal stopping problems by empirical dual optimization
and penalization. Preprint 110, DFG-SPP 1324, November 2011.

D. Belomestny and J. Schoenmakers. Multilevel dual approach for pricing Amer-
ican style derivatives. Preprint 111, DFG-SPP 1324, November 2011.

T. Rohwedder and A. Uschmajew. Local convergence of alternating schemes for
optimization of convex problems in the T'T format. Preprint 112, DFG-SPP 1324,
December 2011.

T. Gorner, R. Hielscher, and S. Kunis. Efficient and accurate computation of
spherical mean values at scattered center points. Preprint 113, DFG-SPP 1324,
December 2011.

Y. Dong, T. Gorner, and S. Kunis. An iterative reconstruction scheme for pho-
toacoustic imaging. Preprint 114, DFG-SPP 1324, December 2011.

L. Kammerer. Reconstructing hyperbolic cross trigonometric polynomials by sam-
pling along generated sets. Preprint 115, DFG-SPP 1324, February 2012.

H. Chen and R. Schneider. Numerical analysis of augmented plane waves methods
for full-potential electronic structure calculations. Preprint 116, DFG-SPP 1324,
February 2012.



