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A LOCAL REFINEMENT STRATEGY FOR CONSTRUCTIVE
QUANTIZATION OF SCALAR SDEs

THOMAS MULLER-GRONBACH AND KLAUS RITTER

ABSTRACT. We present a fully constructive method for quantization of the solution
X of a scalar SDE in the path space L,[0,1] or C[0,1]. The construction relies on
a refinement strategy, which takes into account the local regularity of X and uses
Brownian motion (bridge) quantization as a building block. Our algorithm is easy
to implement, its computational cost is close to the size of the quantization, and it
achieves strong asymptotic optimality provided this property holds for the Brownian
motion (bridge) quantization.

1. INTRODUCTION

Consider a random element X with values in a separable Banach space 8. The quan-
tization problem for X consists in approximation of X by B-valued random elements
X with finite range ran(f( ), where X and X are defined on the same probability space.
For any such X the error of order s € [1,00[ is defined by

s v Sis \1/8
(X, X,%8) = (B|IX - X||) ™",
and X is called an N -quantization of X if | ran()? )| < N. The N-th quantization error
(X, B) = inf{e® (X, X,B) : [ran(X)| < N}

of order s is the minimal error that can be achieved by any N-quantization of X. For
solving this minimization problem it suffices to consider N-quantizations of the form
X = T(X), where T : B — B is measurable with |ran(7)| < N. Any such mapping T
is called an N-quantizer. We refer to the monograph [7] and to the survey [19].

In an asymptotic analysis of the quantization problem one wants to determine the
sharp rate of convergence of eg\s,) (X,B) and to construct a sequence of N-quantizations
X ~ such that

(X X
lim sup ‘ Es) X, B) <
N—roo Y (Xa %)
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for a given 0 > 1. Ideally, 6 = 1, and in this case the sequence of quantizers is called
strongly asymptotically optimal.

The present paper is devoted to the construction problem for X being the solution
process of a scalar autonomous stochastic differential equation (SDE), and we consider
the spaces B, = L,[0,1] with 1 < p < oo and B, = C[0,1]. The sharp asymptotics
of the corresponding N-th quantization errors is determined in [2, 3|, and the first ap-
proach to constructive quantization is due to [12] with subsequent work in [13, 20]. Note
that the distribution of X on B, is typically only given implicitly, which constitutes a
major challenge for the construction task.

In this paper we present a fully constructive method for quantization of SDEs that
employs results and techniques for strong approximation of SDEs. At first we apply
a coarse level quantization that is based on the Milstein scheme and on quantization
of the one-dimensional standard normal distribution. Secondly, we construct a local
refinement in the path space, which takes into account the local regularity of X. This
step is crucial for the overall performance of the quantization, and the refinement
strategy is similar to asymptotically optimal step-size control for strong approximation
of SDEs, see [8, 9] and [15, 16]. The construction uses a sequence of quantizations Wy
of a Brownian motion W (or Brownian bridge) as a building block, see [1, 5, 11] as well
as the surveys [4, 19] and the web site [18] for downloads.

Altogether we achieve

(s) W
O < limsup - EV>V o
Nooo ey (X, Bp) Nooo ey (W, By)

with s = p in the case p < oo and 1 < s < oo for p = oo, see Theorems 1 and 2. In
particular, we obtain strong asymptotic optimality for the quantizations Xy of X, i.e.,

6(8) (X, )’EN, %p)

lim ® =1
N—oo 61\57 (X, ‘Bp)

Y

provided that this property holds for the quantizations WN of W. We stress that
these results hold uniformly over all scalar autonomous SDEs, whose coefficients satisfy
standard smoothness assumptions, and that the computational cost is close to the size
of the quantization. Our construction can be extended to systems of SDEs, and we
expect the same asymptotic results to hold in this case, too.

We briefly describe the content of the paper. In Section 2 we present the construction
and the results for our quantization method. We first study quantization of marginal
distributions of X in Section 2.1, and we then treat quantization in L,[0, 1] and C[0, 1]
in Sections 2.2 and 2.3. Section 2 concludes with a discussion and an example. Proofs
are postponed to Section 3.
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2. CONSTRUCTIONS AND RESULTS

We consider a scalar autonomous SDE
. dX(t) = a(X(t))dt +b(X(t)) dW (t), t €[0,1],

with deterministic initial value zy and scalar driving Brownian motion W. We assume
that the drift and diffusion coefficients a and b have the following properties. Both, a
and b are differentiable. Moreover, there exists a constant K > 0 such that f = a and
f = b satisfy

sup | f'(x)] < K

z€R
and
/() = f'(] < K - |z —y]
for all z,y € R.

The quantization of the solution X of the SDE (1) will be done in two steps. At
first we consider a uniform time-discretization and we construct a quantization of the
corresponding marginal distribution. Secondly, we construct a local refinement in the
path space, which takes into account the local regularity of X. Actually, the second
step turns out to be crucial for the overall performance of the quantization, and we
will use different refinement strategies for quantization in L,[0, 1] with 1 < p < co and
for quantization in C0, 1].

Throughout the paper we use ¢ to denote unspecified positive constants that may
only depend on the parameters xg, a(0), b(0), and K from equation (1) as well as
on the moment parameters p,q,r,s > 1. The value of ¢ may be different at every
occurrence. Moreover, In denotes the natural logarithm, and we use use ~ to denote
the strong asymptotic equivalence of sequences of positive reals, i.e., a, ~ b, means
lim,, 00 @y, /by, = 1.

~

~
~
~

2.1. Quantization of marginal distributions. Consider an equidistant discretiza-
tion

(2) te=1/m, (=0,...,m,

of [0, 1]. We construct a sufficiently good quantization of (X (t1), ..., X(t,)) in a simple
way. To this end we employ a product quantizer for the random vector Y = (Y3, ...,Y},)
of normalized increments

(3) Yo =m'2 - (W(t) = W(te))

of the Brownian motion W as well as the Milstein scheme.
Let ¢ > 1. For quantization of the increments we take a sequence of n-quantizers
T R — R, and we put
7 = 19(2)
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with Z ~ N(0, 1). We assume that

(A1) E(Z{?) = 0 for every n € N,

(A2) sup, oy E|Z9|" < oo for every r > 1,

(A3) @ (Z, 2 R) < c-n~! for every n € N.
See Section 3.1 for a construction.

The Milstein scheme X, for approximation of X at the discretization (2) is given
by X, (to) = xo and

Xnte) = Xon(ter) + a(Xn(ter)) - m™ + b(Xn(ten)) - m ™2 Y,
+1/2-(b- V) (Xn(ter)) -m™t- (Y2 —1)

for £ =1,...,m. Replacing the increments Y, by their n-quantizations
(4) Y =T

we get an n™-quantization of (X (t1), ..., X (tm)) via X\ (t) = 2o and

(5)  X@.(t) = XD (tr—1) + a(X 0, (ter)) - m "+ b(XD (ter)) - m Y2 ¥
12 (0- )XW, (b)) - m - (VD)2 — 1)

fort =1,...,m.

Proposition 1. For allm,n € N

)

E( max [X(t) - X}g@(mw) <c (m T 4nh)e

.....

Remark 1. We recall a main result on quantization in finite-dimensional spaces. Sup-
pose that a random vector Z takes values in the space 8 = R™. Then, under mild
assumptions on the distribution Py of Z,

(6) (Z,R™) & ¢y - NTU™

with a constant ¢; > 0 that depends on the dimension m, the underlying norm, the
moment parameter ¢, and on the distribution Py. See [7, Thm. 6.2]. In particular, this
result is valid for Z being normally distributed, so that we require optimality, up to a
constant, in assumption (A3).

Proposition 1 yields an upper bound for the quantization errors of marginal distribu-
tions on the spaces B = R™, equipped with the supremum norm, which simultaneously
holds in every dimension m. More precisely, put Z,, = (X (t1),..., X(tn)), and choose
ny = [InN| as well as my = |[In N/Inln N| to conclude that

e (Zy , R™) < ¢-Inln N/In N.
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Consider suitable subsequences and use projections onto the corresponding coordinates
to derive

sup e%)(Zm,Rm) <c¢-lnlnN/In N.

meN
The corresponding quantizations are obtained in a fully constructive way for distribu-
tions that are only given implicitly via the SDE. Note that an upper bound of any
polynomial order fails to hold, since

sup (N6 . e%)(Zm,Rm)> =00
N,meN

for every € > 0, see (6). Moreover,
sup eg\?)(Zm, R™) > ¢ (InN)~Y2,
meN

see Section 2.4 below. We add that constructive quantization of a fixed marginal dis-
tribution is studied in [17].

As a basic ingredient for quantization on the path space we extend )?T(S,)n to a C10, 1]-
valued random element by piecewise linear interpolation, i.e., we define

X (1) = (t—ter) -m- XD (t) + (te—t) -m - XD (ty)

m,n

for t € [te_1,14).

2.2. Quantization in L,[0,1]. Throughout this section we consider the Banach space
B =L, = L,[0,1] with 1 < p < oo, and we employ a sequence of k-quantizers
Sk : L, — L, for a Brownian bridge B on [0, 1].

Let m € N. For the discretization (2) with step-size 1/m and Y, given by (3) we
define

(7) By(t) = W(t) = W(te-1) = (t = tea) - m'? Yy,

where t € [ty_1,t) and £ =1,...,m. The processes By = (B¢(t)):cp, , 1, form indepen-
dent Brownian bridges on the corresponding subintervals, and B, will be considered
as a random element with values in L,[t,—1,%,]. In order to obtain a sequence of k-
quantizations EM of B, we use the bijection v : L,[t,_1,t/] — L,[0, 1] given by

Yh(t) =m? - h(tey +m™t - t), te[0,1],
and we define
(8) Ef,k = (Sk(¥(By))).

We combine these quantizations of Brownian bridges with the marginal quantization
according to Section 2.1 in order to get a quantization of X, which roughly is of size N
for a given N € N. The construction properly takes into account the local regularity
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of X, which is given by the local Holder constant |b(X (¢))| of X in mean-square sense.
Let ¢ > 1 and n € N. Put

be = By = DX (1)),

- Ummn

where (Xég,)n(to),. . )?7(,3)"( m)) denotes the n™ quantization defined by (5). We define
the random variables n, by

(p.a) |bg_1 |2/ ) 1
Ne = N gp,p = MaX 1 )
o ZT,”_ |b;| 20/ (0+2) m-Inm
,,,,, me1 |b | >0, and 1, = 1/m otherwise.
For each Brownian bridge By we choose k in (8) dependent on N and 7, by taking

9) Koy = K20 = [N"],

and we define a quantization X ’q)N of X by

X(p,q?N( ) X(q ( )_|_ be Lm.n B@,K&N(lf)

m,n

for t € [ty_1,t]. It is easy to see that

(10) ran()?ff”g?N) < (e-m)™. NUH/Im,
Finally, we choose a sequence of integers my € N such that

. my-lnmy m?,
(11) ]\}15)13)0 N - 0 and ]\}l_rf})o o oo,

e.g., my = (In N)*3, and we consider the sequence of quantizations

)}](\zﬁ,q) X(p q)

my,my,N

of X.
The asymptotic behavior of the corresponding errors of order p for quantization in
L,[0,1] depends on the SDE via the constant

(p+2)/2\ 1/p
(12) ( (/ (X (t))|%/ @ +2) dt) )

and on the k-quantizers Sy, for the Brownian bridge B on [0, 1] via

H(P) = lim sup ((ln /{7)1/2 . e(p)(By Sk<B)v Lp)) :

k—o00

Theorem 1. Let ¢ > min{r € 2N :r > p}. Then
lim sup ((ln N)™'In| ran()?](\};’q)ﬂ) <1

N—oo

and
lim sup ((ln N)VZ. P (X, )?]%)’q), Lp)> < K. 0w,

N—o0
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2.3. Quantization in C[0,1]. Throughout this section we consider the Banach space
B = C = C[0,1] equipped with the supremum norm, and we employ a sequence of
N-quantizers Sy : C'— C for a Brownian motion on [0, 1].

Let m € N, consider the equidistant discretization (2) with step-size 1/m, and recall
the definition (7) of the independent Brownian bridges By, .. ., B, on the corresponding
subintervals. For technical reasons we do not apply quantization to these processes
separately, which would lead to a product quantization as it was used in the L,-case.
Instead we provide a quantization, as a whole, of a weighted combination B” of the
Brownian bridges, given by

(13) BO(t) = - By(t)

for t € [ty_1,t¢]. At first we consider deterministic weights v € R™ \ {0} that satisfy

(14 S i=m
{=1

Instead of the normalized increments Y7, ...,Y,, of the driving Brownian motion, we
consider an independent sequence of standard normally distributed random variables
Zi, ..., Zy that is independent of W. Put Wi = 0 and W) = m~1/2. Z?Zl Z; for
¢=1,...,m, and define a Brownian motion W* on [0, 1] by

W*(t) = Bo(t) + (tg —t) -m - Wiy + (t—tey) -m - W,

for t € [ty_1,ts]. We introduce a new time discretization by sy = 0 and

¢

52_%'2%2

for £ =1,...,m. The corresponding piecewise linear time transformation 7 on [0, 1] is
given by

7(s) = tim1 + (s — se-1) /70

for s € [s;_1,5¢]. We obtain a Brownian motion W on [0, 1] by
-1
WO s) = 335 (W (r(sy)) = W rls50)) + 90 (W (7(5) = W (7(5-0))
j=1

for s € [s4_1, 5¢]. The Brownian bridges of W) on the subintervals [s,_1, s¢] coincide
with the weighted Brownian bridges of W on the subintervals [t,_1, ], up to the time
transformation 7, i.e.,

(15)  BY#) =W r1@t) = (tr—t) - m - WD (sp_1) — (t — te_1) -m - W (sy)
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for t € [to_1,ts]. Moreover, W) is independent of (Y1, ...,Y;,), and we have

¢
WO (s)) =m~ /2. Z%. A
j=1

Let N,n € N and ¢ > 1. We use

14
WD (s =m™2- 3 - 257
J

with
7@ _ plo) (Z,)

Jmn n

to obtain a quantization of W) at the discrete points sy, and we define a quantization
BS of BO) by
m,n, N

(16) Byl (8) = Sy (W) (4 (1) = (te— ) -1 W (s0-1) = (t—tea) - W70 (50)
fort € [tg_l, tg]. Put

b () = sgn(b(x)) - max(|b(z)], m™)
for € R. Similar to the case of L,-quantization we adjust the weights 7, in (16) to
the local Holder constant |b(X (t))| by taking the random weights

~1/2
Dp =T = by (XD (1) ( Zb2 (X1 (¢ ) .
We define a quantization X(Q) ~ of X by

_ _ 1/2
RO (1) = X9, ( Zb? ) BED ()

for ¢t € [ty_1,1,]. Since ’ran(Bf;Z v)| < n™- N for every weight +, we obtain
(17) ‘ran(Xr(nnN )| <n®- N

Finally, we choose a sequence of integers my € N such that
_ my-lnmy . (my/Inmy)?*
1) T T

e.g., my = (In N)?/3, and we consider the sequence of quantizations

X0~ x

my,mn,N

of X.
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The asymptotic behavior of the corresponding errors of order s for quantization in
C'0,1] depends on the SDE via the constant

o e (o))

and on the N-quantizers Sy for a Brownian motion on [0, 1] via

x(%) = lim sup ((In N2 (W, Sy (W), C)) -

N—o0

Theorem 2. Let ¢ > min{r € 2N : r > s}. Then

limsup ((In N)™! - In |ran X)) <1
N

N—oo -
and
lim sup ((ln N)1/2 e (X, )~(](\?), C’)) < goos) L loos)

N—oo
2.4. Discussion. Quantization of Gaussian processes is intensively studied in the lit-
erature, see, e.g., [19] for a survey of results and applications in computational finance.
In particular, for the Brownian motion W and for the Brownian bridge B on [0, 1]
the following is known. Let B, = L, for p < oo and B, = C for p = oco. For every
(p)

1 < p < oo there exists a constant . such that the N-th quantization errors of every
order 1 < s < oo satisfy

(W, B,) ~ (B, B,) ~ kP - (InN)"V/2.

See [1, 11] for the case p = 2 and [5] for the general case. Moreover, 2 =2 2/, while
only upper and lower bounds for kP are known in the case p# 2.

Due to [2, 3] the N-th quantization errors of order s for W and for the solution X
of the SDE (1) are related by

eg\s/')(X, % ) ~ C(pvs) . e(s)(m SB )’
where in particular C®??) = C®) is given by (12) for p < oo and C(*>*) is given by (19).
Therefore
e (X,B,) ~ KO- CP) - (In N) 2

This means the following for the conclusions from Theorem 1, where we consider the
case s = p < oo. If the sequence of quantizations Sy(B) of B is strongly asymptotically

optimal, i.e., if e® (B, Sy(B),L,) ~ (p)(B L,), then the sequence of quantizations
X](V}?’q) of X is strongly asymptotically optimal, too, i.e.,

DX, XPD, L) ~ e (X, L).



10 MULLER-GRONBACH AND RITTER

Analogously, weak asymptotic optimality for quantization of the Brownian bridge, i.e.,
k) < 00, leads to weak asymptotic optimality for quantization of X with

()( Y (P:0) L) ()

, P (X, XY L)) K

limsup — G S <
N (A, Lp *

We stress that the deviation x(®/ kP from strong asymptotic optimality does not
depend on the underlying SDE. Likewise we obtain strong asymptotic optimality or
weak asymptotic optimality with a deviation (%) /m&oo’s) in the case p = oo and
1 < s < o0 according to Theorem 2.

For constructive approaches to quantization of stochastic processes we again refer
to [19] as a survey. Most of the results deal with Gaussian processes and p = 2, too,
and in this case the constructions are based on the Karhunen-Loeve expansion and on
quantization of normal distributions. In order to achieve strong asymptotic optimality
suitable quantizations of multi-dimensional centered normal distributions with covari-
ance matrices of diagonal form are used for quantization of blocks of coefficients of the
Karhunen-Loeve expansion, and this approach involves large scale numerical optimiza-
tion. Alternatively, constants x®)/ kP close to one can already be achieved by product
quantizers, which merely rely on quantizations of the one-dimensional standard normal
distribution.

Specifically, for the Brownian bridge B the eigenfunctions and eigenvalues in the
Karhunen-Loeve expansion are given by e;(t) = v/2sin(knt) and A, = (k7)~2, and we
refer to [14, 19] for constructions of quantizers as well as for numerical optimization
approaches.

Constructive quantization of diffusion processes was initiated in [12], where suitable
quantizers for the driving Brownian motion are used as a building block, which is
similar to our approach. The approaches differ, however, with respect to the numerical
treatment of the SDE. A key assumption in [12] is strict positivity of the diffusion
coefficient, which permits to use the Lamperti transform. Along this way one has to
solve N deterministic ODEs, in general, to get an N-point quantization of X, which is
weakly asymptotically optimal. This work is extended to systems of of SDEs in [20],
where rough path theory is used to establish convergence rates in p-variation and in
the Holder metric for ODE-based quantizations.

A different approach is developed in [13], where the mean regularity of stochastic
processes is exploited. In particular, they obtain weakly asymptotically optimal quan-
tizations for possibly degenerate systems of SDEs. The construction is based on the
expansion of X in terms of the Haar basis, and on the availability of optimal quanti-
zations of the corresponding coefficients.

Our approach relies on results and techniques for asymptotically optimal step-size
control for SDEs, see [8, 9] and [15, 16]. The construction is easily implemented, it
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provides an explicit control on the asymptotic constants of the quantization error, and
the overall computational cost is close to the size of the quantization. Our construction
can be extended to systems of SDEs, and using sufficiently good quantizations of Lévy
areas as a building block for the Milstein scheme we expect the same asymptotic results
to hold. For the latter quantization problem we refer to [6], where a probabilistic method
for quantization of implicitly given distributions is introduced.

2.5. Example. Our method is efficiently implemented in [21] for Ls-quantization of
general scalar equations. The implementation is based on the sequence of product quan-
tizers for the Brownian bridge that are provided in [18], together with their probability
weights.

Here we consider a square-root diffusion

dX(t) = a(p— X(t))dt + o/ X(t) dW (1),
although the smoothness assumptions imposed in our analysis are not met. The process

X is used, e.g., to model the squared volatility in the Heston model. Specifically we
take the parameters

a=10, p=002 =02 X(0)=0.04,

which means that we are at the critical value for positivity. We construct both, the
paths and the probability weights, of a quantization in Lo, which is of a small size for
the purpose of illustration.

For the quantization of a marginal distribution we choose

q=2, m =3, n =2,

and the 8 different paths of the coarse level quantization )N(§22) are shown in Figure 1. In

general, the probability weight of a coarse level path is the product of the corresponding
weights of the quantizations }7@(721) , see (4). For n = 2 the latter weights are 1/2, so that
the weight of each coarse level path is 1/8 in our example. We add that the transition
densities are known explicitly for the square-root diffusion, and quantizations thereof
could be used instead of employing the Milstein scheme and N (0, 1)-quantizations.

The local refinement of a coarse level path is controlled by its values X (ty) = )@22) (te)

at the grid points to,...,t,,_1 via the quantities Eg = Eﬁ)nn and n, = n(2m?)n for
¢ =0,...,m — 1. See Table 1 for the numerical values in our example. For the lo-

cal refinement we choose
N =16,

which determines the size K, y = K éij% y of the quantizations of the Brownian bridges
on the subinterval [t,_1,t,] via (9). See Table 2 for the resulting values in our example.

The product quantizers used for the Brownian bridge are based on truncated Kar-
hunen-Loéve expansions of the Brownian bridge and thus yield finite superpositions of
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L L )
0 13 23 1

F1GURE 1. Coarse level quantization )23522)

X(l/g) X(2/3) bo bl b2 Mo m T2

0.0615 | 0.0824 | 0.04 | 0.0496 | 0.0574 || 0.303 | 0.337 | 0.391
0.0615 | 0.0154 | 0.04 | 0.0496 | 0.0249 || 0.349 | 0.433 | 0.303
0.0076 | 0.0247 | 0.04 | 0.0174 | 0.0314 || 0.451 | 0.303 | 0.354
0.0076 | 0.0012 || 0.04 | 0.0174 | 0.0069 || 0.622 | 0.303 | 0.303

TABLE 1. Local regularity in the coarse level quantization

X(1/3) | X(2/3) || K116 | Ko16 | K316
0.0615 | 0.0824 3 3 3

0.0615 | 0.0154 3 4 3
0.0076 | 0.0247 4 3 3
0.0076 | 0.0012 6 3 3

TABLE 2. Quantization size of the Brownian bridges

the functions e;(t) = v/2sin(kxt) on each subinterval. Actually, in the example only
the first few quantizers are used. Figure 2 shows the resulting paths of the overall quan-
tization )?35722),16 corresponding to the four cases from Table 2. The respective numbers
of paths are given by 54, 72, 72, and 108, leading to a total of 306 trajectories. For
the quantization size K16 = 3,4 only multiples of e; are used, while e; and ey are
employed in the case K 15 = 6.

In general, a collection of fine level paths corresponds to every coarse level path, and
the coarse level probability weight is distributed to the fine level paths proportional to
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F1GURE 2. Overall quantization )23()722)716

the product of the probability weights of the quantizations of the Brownian bridges. In
our example, there are 14 different weights ranging from the minimum value 0.001233
for 32 paths to the maximum value 0.012125 for 2 paths, and the corresponding proba-
bility weights for the Brownian bridge quantizations on the successive subintervals are
given by 0.135,0.27,0.27 and 0.459, 0.459, 0.459, respectively. The paths with minimal
and maximal weight are shown in Figure 3.

3. PROOFS

3.1. Quantization of a standard normal distribution. In dimension one a general
construction of asymptotically optimal quantizers is known, which is presented here in
the particular case Z ~ N(0,1). Let z,; denote the (2i — 1)/(2n)-quantile of Pz, and
put

Uni = (q + 1)1/2 " Zn,i

)
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FIGURE 3. Minimum (solid) and maximum (dashed) weight paths

for : = 1,...,n. Furthermore, let
Upi = 1/2 (Un; + Univ1)
fori=1,...,n—1, and put u, o = —oo and u,, = co. The sequence of n-quantizers

TT(Lq) = Z Ui * Dy i1 ]
=1

then satisfies

eNZ,T\(Z),R) ~ eD(Z)~ ¢, -nt
with a constant ¢; that only depends on ¢, see [7, Sec. 7.3]. Clearly (A3) is valid for
this sequence of quantizers, and (A1) holds by symmetry of T,

We present a proof of property (A2). Let ¢ denote the density function of N(0, 1),
and let n € N with n > 2. Then

Zn,n 1 ) 2
(Zn,n - Zn,n—l) : (,O(Zn,n) S / (,0(.17) de = —=2- / (p(.]f) dx S —_— gO(Zn’n)
Zn,n—1 n Zn,n ZTZ,’I‘L
Hence
(20) max (v,; — vnio1) < (g + DY2 . (zpn — 2nm1) < c
and
(21) Unn = (q + 1)1/2 “Zpn < C- (lnn)l/Q.

Let r > 1 and Z ~ N(0,1). By definition of the quantizers 7, 7 we have

EIT9(Z)] :ZWV'/ " (@) da.
=1

Un,i—1
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Assume that i € {2,...,n — 1}. Then
[Uni|" < e (Juniz1|" + [vni — Uniz1]") < e (Jupiza|”+ 1)

due to (20), and consequently,
ond - [ prdr e [ (ol 4 1) oo de
Un,i—1 Un -1
Next, let ¢ € {1,n}. Use (21) and observe v, ,,—1 > 2, ,—1 to obtain

Uil ’ z)dr < v, - 2)de <c-(lnn)?-nt<e.
|Uni] o(z) , ©

n,i—1 Un,n—1

Hence
o0

EITOY) <ec- (1 +/

—0o0

(ol +1) - pla) o) <
which completes the proof of property (A2).

3.2. Properties of the Milstein scheme. Let )A(m = ()?m(t))te[o,l} denote the time-
continuous Milstein scheme that is based on the discretization (2) with step-size 1/m,
i.e., Xpn(to) = zo and

Xonlt) = Xpnlter) + a(Xn(teer)) - (= ter) + 0(Xulter)) - (W (E) — W (tes))
F1/2 (b V) (X ter)) - (W () = Wte—1))? = (t = te1))

for ¢t € [ty_1, ). The following facts are well known under stronger assumptions on the
drift and diffusion coefficients than those formulated in Section 1. See, e.g., [10].

Lemma 1. Let r > 1. Then, for every m € N,
E(sup [Xa(t)]") <c

t€[0,1]
as well as
E(sup [X(t) — Xn(t)]") <c-m™".

tel0,1]
Proof. Put

A= a()?m(tffl)) Lyt

=1

and

B =3 (b(Xn(ter)) + (0 V)(Knltrr)) - (W = W(teer))) - Ly

=1
Then

Xn(t) = /OtA(s) ds + /OtB(s) AW (s).
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We define
X (t) = sup [Xp(s)].

s€[0,t]
Suppose that ¢ € [ty_1,1,]. Then, due to the properties of a and b,

BAWDI < ¢ BO+ | Znlte)) e (14 BIZ,0))
and
E|BW|" < ¢ E((1+|Xu(te)]) - (14 [W(E) = W(t_)]))"
= E(L+ | X (ten)))" - E(L+ [W(t) = W(te—)|)
<c- (1 + E|)?;(t)|r) .
In particular,

E|Zn(t) < e (14 EZn(te)]")

.....

sup (E|A(s)[" + E|B(s)|") < oc.

t€[0,1]
Moreover,

EIX5 () <e- /Ot(E\A(s)V’ + B|B(s)[") ds < c- (1 + /tEp?;(s)vds) .

0
Now, apply Gronwall’s inequality to obtain the first statement in the lemma.
For the proof of the second statement we define

C=> (d D) (X (te—1)) - (W = W(te—1)) - Ly
=1

and we put
Ai=a0oX —-A-C, Ay=boX —B
as well as R
A=X-X,,.
Then

A(t) = /to(s) ds + /tAl(s) ds + /t Ao(s) dW (s).
Suppose that t € |t,_1, (] .OBy the propeorties of a and (l)) we obtain
[Xon(8) = Xon(te-1)|
e (L4 [Xn(ten)]) - (m™ 4+ [W(E) = W(te)| + (W (E) = W (te) )
<o (U4 [ Xnlten)]) - (m 2 4 ml 2 W) = W (te)[)
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and
| X (1) = Xon(te-1) = b(Xn(te—1)) - (W () = W (te—s))]
<o (L4 [Xalten)]) - (=" + W (1) = W(te)]?).

Hence
[Aa(t)] < [B(X(t) — b(X,n(1))]
+ B (1) = (X (tr—1)) = U (Xin(temr)) - (Xn(t) = X (te—1))]
+|b' m(tee1)) - (X (t) = X)) = b(Xn(ter)) - (W (t) — W(ter)))]
< (JAD]+ (1 + | Xnlte)P) - (7 +m (W () = W(te))),

and the same estimate holds for |A;(t)], too.
Using the first statement in the lemma we conclude that

EIA ()] + E|A(0)]" < - (E|A@G)] +m™"),
and, consequently, we have

o #p | [ 2wyt [Fosaavin] ) <o ([l scn).

Next, put
t
:/ C(s)ds
0

and note that (V/(t)).cj0,1) is a continuous martingale. Hence

(23) E(ti%pu V(O)") <c- BV ()"

In order to estimate E|V (t,,)|" we assume r € 2N, and we put

U, = / W - W)t

ty

Then

A~

Vil =3 (7) - 0700 (@ D(Ele) 07

=0
Clearly
E(U]) < c-m /2
if j is even, and E(U]) = 0 otherwise. Hence, by the independence of (V(te), Xm(te))
and Uy,
E((V(te)) ™"+ (' - b)(Xn(te)) - Up) =0,
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and
BV () - ((a - B)(Ra(t)) - UF)] < - BV - (14 Rt ) - m 6+
for j € {2,...,r}. Using the first statement in the lemma, we thus obtain
E|V(tea)]" < BV +c-m™ - B(V(te)| +m ™" - (1+ [ Xun(t)])"
<EV@E)-A+c-m™ ) +c-m O+,
so that
(24) E\V({t )| <c-m™

follows from Gronwall’s inequality.
Now, combine (23) with (24), and observe (22) to derive

t
E(sup |A@D)]") <c- (m_’" +/ E(sup |A(uw)]") ds) :
s€[0,¢] 0 u€[0,s]

which yields the second statement in the lemma due to Gronwall’s inequality. U

3.3. Proof of Proposition 1. First, we provide a moment bound for the quantization
(XD, (1), ..., XD (), see (5).

Lemma 2. Let g, v > 1. Then, for all m,n € N,

Proof. In the following we write X, and Y, for )@%}n(t@) and }74(72), respectively. Moreover,
we put
ar=a(Xe),  Be=bXe),  Ae=1/2-(b-V)(Xy),

as well as
Jo=m™ (@ +3 - (B(YA,) — 1)
and
gf - 5@ : m_1/2 : }78+1 + m™! '% ’ (}763—1 - E(?gﬂ))
Then
X, =U + ‘727
where
N -1 1
U=zo+Y 05, Vi=) §&.
j=0 J=0
Put B
Uy = max |Ud,  Vy = max [V,
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and use the properties of a and b as well as (A2) to derive

e <com™ - (L+| X)) - (BYA) +1) <c-m™ - (1L+ U + V).

Hence

Upial <UL+ c-m ™) +c-m™ - (14 V),
and
(25) U; <c-(1+V))

follows from Gronwall’s inequality.
Let §, denote the o-algebra that is generated by {W(s) : s < t,}. Use (Al) to

conclude that (V;)e—o,. . m is a martingale w.r.t. (§¢)e=0....m, which implies

..........

(26) E(V7) < c- B
In view of (25) it therefore remains to show that
(27) EV,|" <e
Assume r € 2N without loss of generality. Then
~ r r ~ i
Venl" =) () V.
—\Jj
j
Clearly,
E(Ve’"_l &) =0.
Next, let j € {2,...,7}. Then
&P < e (m™ 2 (LX) - (L BIYena* + Vo))’
<com™ (L4 X)) - (L4 EYe[Y + Yo |¥),
and consequently, by (A2) and the independence of (‘74, )N(g) and }NQ/H,
BV, &) <eom™ - BV (1+ X)),
Use (25) and (26) to conclude that
BV | < BV +c-m™ - E(Vi + 1+ | X,|)"
<EVI +c-m - (EVI]" + 1+ E(V))
<EV) -(4c-m)+c-m,
and apply Gronwall’s inequality to obtain (27). O

Next, we compare X%, (t;) with the Milstein approximation X,,(t).
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Lemma 3. Assume that g € 2N. Then, for all m,n € N,
B (, max | Xon(te) — X9 (t)]9) < - (m™ 4+ n7h)e.

1,....m

Proof. Recall the definition of 5(:@, 17@, Qy, Bg, and 7, from the proof of Lemma 2.
Similarly, we write X, for X,,(¢,), and we put
ay = a(Xy), By = b(Xy), e =1/2-(b-¥)(Xy),
as well as N
Do = (ay—ap) -m™ +7- (1= B(Y2,))-m™
and
& =B Yo — Be - Yorr) - m ™2+ - (Y2, — 1) =7 (YA, — BE(Y2,)) -m™
Then
X=Xy =U +V,,

where
/-1 /—1
Ue=2_d5 V=) &
=0 =0
Put
U, =jg§_>§é|Ue|, Vi =jg11§§£|‘/e|, X; ng(l)??félXel, X; ngl)é?fngA-
Due to (A2) and (A3) we have
(28) |1 - E(YZH)‘ = |E(Yé2+1 - Yﬁi—l)‘ <c- n~ .

Hence
0 < com - (1R = Kl + (14 1K) -0

which yields
Upia] <|U|- (14 c-m™) +eom™ - (V7 + 1+ X7) -n7Y),

and therefore

(29) U <c- (Vi +(1+Xp)-nh)
follows from Lemma 2 and Gronwall’s inequality.

We derive
(30) EWV) <c- E[Vy

by the same argument that leads to (26), and in view of (29) and Lemma 2 it therefore
remains to show that

(31) BV <c-(m™*t+n 1)



CONSTRUCTIVE QUANTIZATION OF SCALAR SDEs 21

Clearly, E(V,/ ™' - &) = 0, which yields
BVl =+ Y (1) - B0 @)
=2

Due to the properties of a and b we have

Be - Yeur — B Yol < 180 = Bl - |Yerr| + 1Bel - [Vesr — You
< e (1K= Xl - [¥eu] + 1Bl - Ves = Vi)

and, observing (28),
Fe - (Vi = 1) = e - (Vi — E(YZ)|

< [Fe = Fel - Vi =1+ el - [V — Y, — (1= E(YZ))
e (IRe= Xl - (U4 1B) - V2 = 1+ 1B - (Y2, = VA, +07)).

Therefore

60 < e (1R = Kol - (14 Y2, -2 1B Voys — Foa] -2

HIXe = X - (L4 1Be]) - Y2, — 1] - m™ + By - (YA, — Y2, +n7Y) 'm_1> :
Furthermore

BIYZ, = Y2ul < B(Yers = YerP ™ (Yen| + Vet )
iy s
< (B|Ye — Ye+1|])(J o (B(|Yesa] + [Yeqa]PUFY) g

<c- n~U-1

follows from (A3), if j € {2,...,¢}- N
Now, observe that (X, X;,V;) and (Y41, Y1) are independent, and use (A2) and
(A3) as well as

nJ. m*j/Q + n*(jfl) mI<ec.omTL. (mfl + nfl)j
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for j € {2,...,q} to derive
ElVi7 ¢l <c- (E(W—j X = XelT) - BIL+ Y2, mI
+ E(VAl" - Bl - EYeir = Yea - m 772
+ B(|Vi|" 7+ | X = Xl - (L4 |Bel)) - BV, — 1) -m ™
+E(VI" - Baf!) - (BIVA, = Y2, +n77) - m ™)
<o (BVI™ 1R = Xalf) -m92 4+ B(VAI*7 - Bl -n 92
+ E(|Ve]" - |)?1z ~Xf -1+ |ge|j)) -m™
+ BVl 1B - nm U m )
<c- (E(|V£|q_j Xy = Xel?) - m I+ B([V|" - | X = Xl - |Bel) -
KBV - BP) - mt - n ™ 0y

We obtain

q (1) B0 e

j=

(S

< e (B(Vil + 1Ko = Xa)* - m™" + B(Vil + [ Ko = Kol - [Bul)? -~
FE(Vil 1B - (7 m ) m )
<c- (E\Ve\q m~t o+ B X, — X7 -m
+ (E|55g - qu)(q_l)/q m 24+ (Tt m e m’1>
<com™ (BVil+ BIR = Kot + (07 4 m7)7)

using Lemmata 1 and 2.
Due to (29), (30), and Lemma 2, we have

ElX; =X <c-E(V;+X;-n Y <c- (E|V|+n9).
We conclude that
EVen|" < EV)|"- (L+c-m™) e (7 +m )T-m™,
such that Gronwall’s inequality implies (31). O

Combine the error estimates from Lemma 1 and Lemma 3 to obtain Proposition 1.
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3.4. Proof of Theorem 1. Recall that B, is the difference between the Brownian
motion W and its linear interpolation at ¢, and t,, see (7). Thus By,..., B, are
independent Brownian bridges on the respective subintervals. For m € N we consider
an auxiliary approximation X,, to the solution X defined by

Xon(t) = (t —tr_1) -m - Xp(te) + (te — 1) - m - Xon(te—t) 4+ b(Xm(te—r)) - Bo(t)
for t € [tf—l, tg].
Lemma 4. For every r > 1 we have
sup E|X(t) — X,,(t)|"<c-m™".
te[0,1]

and
E(sup [X(t) — Xn(®)|") <c-m™ - (Inm)".
t€[0,1]
Proof. In view of Lemma 1 it suffices to establish Lemma 4 with X replaced by the
time-continuous Milstein scheme )A(m
Put

m

R(t) = 1/2- ) (b- 1) (Xn(ter)) - (W(t) = W (te1))* = (£ = 1)) - Ly (1),

/=1
Fix t € |t;_1, ). Then
Xo(t) = Xon(tee1) + a(Xp(te1)) - (£ — to_q)

~

+ 0(Xn(te-1)) - (W) = W(te-1)) + (t = te—r) - m - R(t),
and therefore,
X(t) = Xo(t) = R(t) — (t — tyq) - m - R(ty).
Use Lemma 1 to obtain
E|R)]" < ¢ B(L+ [ Xn(tea))) - E(W () = W(ter)) +m ™) <com™,
which implies the first estimate.

Furthermore, we have

sup |R(t)] <c-(1+ sup |)A(m(t)|) (max sup [W(t) = W(te1)]?+m™)

te[0,1] te[0,1] =1 moge s,y )
and the well known estimate
(32) E(sup [W(t) = W(ti—1)[*) <c- (Inm/m)".
te(0,1]

Hence, by Lemma 1

E(sup |R(t)|") < c-(Inm/m)",
te(0,1]

which yields the second estimate. 0
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Recall that Sy(B) is a k-quantization of a Brownian bridge B on [0, 1]. In the sequel
we consider fixed parameters p,q > 1 with ¢ > min{r € 2N : r > p}. Moreover, we put
O = e (B, S(B), Ly)

for k € N, and for m,n, N € N we define

m

AN = m—P+2)/2 Z|b(5€r(§,)n(té—1))‘p . 51;{15 .

(=1

with random variables K, n given by (9).

Lemma 5.
WX, XPD L) < e (m™h ) 4 (BApun) '

Proof. In view of Lemma 4 it suffices to establish Lemma 5 with X replaced by the
approximation X,,. By definition,

ym_Xr(nnN_Ul—i_U%
where
(33) UL(t) = (t = tema) - (X(te) = X0, (1))
+ (te = 1) - m - (Kn(temr) = X0, (1))
+ (DX (te1)) = DX, (Fe1))) - Belt)
and

Us(t) = b(X0, (tr1)) - (Be(t) = Bee, (1))
for t € [ty_1,1,].
Observe that (X (to), X (to), - - -, X (tm), X2 (tm)) and (B, . .., By,) are are in-
dependent, and use Proposition 1 to obtain

(34)  E|Uillfy < e E( max X (te) — X1 (t)P) < c- (m™t + 0ty

-----

For the analysis of the process U, we use the fact that
(35) E||B; — BMHZW_IM — g~ @/2+1) | 5Z

holds for every k € N, which is a straightforward consequence of the definition (8) of
By, and the scaling property of a Brownian bridge. Put

(36) V= (X0 (t0)s s XS0 (Fn1)),

s

and note that kg y is measurable w.r.t. (V). Observe that V' and B, are independent,
and use (35) to derive

E(HBg — Be’KZ’N||1£p[tZ71M’ V) — (/241 -

oN"
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Hence
E(0al7, 01| V) Z|b X9 (te )P E(I1Be = Boson 5, 1] V) = Amny,

which completes the proof. O

Consider a sequence of integers my € N that satisfies (11). We analyze the asymp-
totic behavior of the corresponding sequence of random variables A,,, ., ~. Recall
that C®) is given by (12) and that x® = limsup,_,. (Ink)'/2 - §, by definition.

Lemma 6.
lim sup ((ln N)Y2. (EAmNmN’N)l/p) < kWP .CoW,
N—oo
Proof. Put
ky = max (In k&N)l/g kg
l=1,..., mn
as well as

1/r
'I’N - <mN ;‘b XT(W?N my té 1)) )

for r > 1, and define D, y as DT,N with X,Sgl)me (te—1) replaced by X(t,_1). Moreover,
let
P =2p/(p+2).
Assume N > 2. By definition of K,y we have
b(X9 ()| (m Kon) P2

mn,mN
< m ‘b anqN mN(tg,l))|p* . 1553;\{2 . (lnN)*p/27
which implies
~ P
AmN mn,N S (KN . Dp*,]v> . (hl N)—p/2‘
Note that In(K,n) > (In N)/(my - Inmy). Hence

lim min K,y = oo,
N—oo l=1,....mpn

due to (11), and consequently, limsupy . kyx/k® < 1. Furthermore,
T Dy = () 1,001
since the process (b(X(t)))tco,1) has continuous trajectories. Thus

limsup FE (ky - Dps y)P < E (lim sup (ky - Dp*,N)p> = (k¥ C(p))p.

N—oo N—oo

It remains to show that

lim |(E(ky - Dy w)")* = (E(kn - Dyex)")?] = 0

N—o0
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for some o > 0. Clearly, we may assume x) < oo, which implies

(37) sup ky < c.
NeN

First, we consider the case p > 2. Then 1 < p* < p, and therefore

_ 1 v A\ VP
3) Dy = Dyl < (1= LIy -0 X))

S C.K maX ‘XmN mN(tg 1) X(tg_1)|.

~~~~~

Observe (37) and use Proposition 1 to conclude that
(Bt - Dy )")7 = (E(ki - Dy w)") 7| < ¢ (B| Dy = Dy )7 < - mzt

Next, we assume 1 < p < 2. Then p* <1, and we have

~ . 1IN .
DP, = D[ < —— > DX () = DX (t-1)) [

m
A

*

p

Sc-e max ‘XmN my (te—1) — X (te-1)

Consequently, by (37) and Proposition 1,
(Bt - DR )17 — (B - DL )|
sc <E|Dp N Dp*N‘p/p )P*/p <c my,
which finishes the proof. O

Combine Lemma 5 with Lemma 6 and observe (11) to obtain the error estimate for

(p,q)

the quantization X ~ ~ of X in Theorem 1. Moreover, the bound for the size of the

range of )?](\’;’q) is a straightforward consequence of (10) and (11).

3.5. Proof of Theorem 2. We fix s,q > 1 with ¢ > min{r € 2N :r > s}. For N € N
we put

= e<5>(W SN(W) 0).

First, we analyze the quantization B N of a weighted combination B() of the
Brownian bridges By, ..., B, see (13) and (16).

Lemma 7. For every v € R™\ {0} that satisfies (14),

(EIB) — BE leon) " < oy +eon.
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Proof. Due to (15) we have
IBY = Bxllcon < WO = Sy(W) ey + max [W(se) — WD (sy)]-

.....

Put
Uezw(v)( o) — W(Wq (s¢) m~ 2. Z% Z Z ))

and note that the sequence (Uy)o—o... m is a centered martmgale, due to property (Al).

Hence

.....

-----

Use property (A3) and observe ( ) to derlve

ElUp|" = ( ( )UZ 7. “Yey1 - (Z5 — Z]((Q))]>
= E|U€|Q+Z( ) B(UF) - (yopa /m" 2 - B(Z; — Z0))

q
< EU|"+ ¢} /m- Z (j)E|Ug|q_j I

j=2
< E|U" + ¢y /m - E(|Ue +n7")?
< E|U*- (1+ ¢y /m) + ey /m-n7".

Hence
E|Um|q S c n_q7
due to Gronwall’s inequality, which completes the proof. O
Put
1/2
( z 2 (X9, (1) )
for m,n € N.
Lemma 8.
e (X, Xf:f)nN,C') <c-(m 't -lnm+nt)+ (EAfn’n)l/S -(6n +c-n7h).

Proof. In view of Lemma 4 it suffices to establish Lemma 8 with X replaced by X,,.
By definition,
X — X9 = U+ Uy + Us

m,n,N —

with U; given by (33),
Us(t) = (b(XSD, (t1)) = b (X, (te-1))) - Be(t)
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for ¢t € [ty—_1,1t], and
Us = A - (BT = B2,
Clearly [b(x) — by (2)] < m~!, and therefore
(39) E||Uzl&py < ¢-m™ - (Inm/m)*?

follows from (32). Recall the definition (36) of V', and note that (By, Z1, ..., By, Zm)
and V' are independent, while I' and A,, ,, are measurable w.r.t. o(V'). Hence

(40) E(1Uslgpy|V) < Ay Oy +c-n7h)
follows from Lemma 7. Combine (34), (39), and (40) to complete the proof. O

Consider a sequence of integers my € N that satisfies (18) and recall the definition
of D, x and D, y in the proof of Lemma 6. Use (38) and Proposition 1 to establish

(BAS )Y < comyt+(EDy) "

my,mN
so that
limsup(EA;, mN)l/S < 09,
N—o0

Now apply Lemma 8 and observe (18) to obtain the error estlmate for the quantization

X4 N ) of X in Theorem 2. The bound for the size of the range of X )is a straightforward
consequence of (17) and (18).
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