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Abstract
We study the convergence and optimality of the inverse iteration where
the intermediate problems are solved only approximately. In particular we
are interested in finding an approximation of an eigenvector corresponding
to the smallest eigenvalue of an elliptic operator. We show that this
iteration converges if the tolerances are chosen appropriately. Furthermore
we identify abstract prerequisites which ensure the quasi-optimality of the
method. As our main example we show the quasi-optimality of the inexact
inverse iteration coupled with adaptive finite element methods (AFEM)
for a class of elliptic problems.
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1

Introduction

The analysis of adaptive finite element methods for the solution of elliptic eigenvalue problems (EVP) is always a step behind the corresponding boundary value
problem (BVP): while first convergence result for adaptive finite element methods for BVPs have been obtained in 1996 by Dörfler [8] those for EVPs have been
obtained as late as 2007 by Giani and Graham [11]. The proofs on the quasioptimality of standard adaptive methods follow more closely, i.e. 2007/2008 for
BVPs [4, 15] and 2008/2009 for EVPs [3, 6]. Both problems however are closely
connected, see for example the analysis in [6].
This is even more obvious in the case of the inverse iteration. Suppose we want
to solve the eigenvalue problem
Lv = λ v

(1)

where L is an elliptic operator. More specific we want to find an approximation
to an eigenfunction in an eigenspace corresponding to the lowest eigenvalue λ1 .
For a given starting function u0 in the course inverse iteration we have to solve
Lũk+1 = uk

(2)

and normalize the solution ũk+1 to obtain the next iterate uk+1 . Standard
convergence theory asserts that this iteration converges as long as u0 is not
orthogonal to the eigenspace.
However in general it is not possible to solve the above solution exactly - one
may only find an approximation to the solution, i.e.
ũk+1 = L−1 uk + ξk

(3)

where ξk is a perturbation. We will call this iteration the inexact inverse iteration. One may ask how the perturbations have to be bounded in order to
ensure convergence. In the case of matrix eigenvalue problems recently the case
of inexact solves has been addressed, see for example [1]. Following the argumentation of the latter work - here in the infinite dimensional setting - we show
that convergence is retained if the perturbations are chosen according to the
current error in the approximation.
Since the intermediate equation (2) has to be solved only approximately this
opens the door for the use of adaptive finite element methods like [4, 15]. These
methods not only find approximate solutions to any prescribed tolerance, but
also the number of degrees of freedom is optimal in the following sense: briefly
the number of degrees of freedom of the calculated solution is bound by a multiple of the minimal number of degrees of freedom needed to construct an approximation to the same tolerance.
Now the main question is the following: suppose that the intermediate equations (2) are solved by an adaptive finite element methods with quasi-optimal
complexity - is the inexact inverse iteration also of quasi-optimal complexity?
This question has been studied numerically in the case of partial differential
equations, see [16]. The obtained results suggest that this method is also quasioptimal, if the tolerances are chosen appropriately. However from an analytic
point of view the quasi-optimality is not obvious: in general the exact solutions
2

L−1 uk of the intermediate systems are not as regular as the eigenfunction. As a
consequence the asymptotic convergence rate of the solution of the intermediate
system is in general worse than the approximability of the eigenvector.
As our main result we will show that despite the above fact the inexact inverse
iteration is indeed quasi-optimal under some rather weak assumptions on the
operator. The method therefore provides an easy method for solving eigenvalue
problems. This is even more important as some standard finite element packages
do not provide an eigenvalue solver. Although this method might not the most
efficient one compared to methods which are tailored to eigenvalue problems,
e.g. [3], it might be good enough for a first approximation.
The rest of the work is organized as following. In Section 2 we analyze the
inexact inverse iteration in an abstract setting of an elliptic eigenvalue problem.
We identify prerequisites to ensure the quasi-optimality of this iteration. Afterwards, in Section 3, we show that the inexact inverse iteration coupled with
adaptive finite element methods fit in this framework, leading to a quasi-optimal
algorithm.

2

Inexact inverse iteration

In this section an abstract framework of an elliptic eigenvalue problem is introduced. For the calculation of an eigenfunction corresponding to the lowest
eigenvalue we suggest the inexact inverse iteration, where the intermediate equations are only solved approximately. We will show that this iteration converges
geometrically if the tolerances are chosen appropriately. The proof is very similar to the matrix case treated in [1] and references therein. However in the
present case the convergence is studied with respect to the energy norm and in
the infinite dimensional setting.
As the main result we identify abstract prerequisites which ensure the quasioptimality of the inexact inverse iteration. Basically the intermediate equations
have to be solved with quasi-optimal effort and the operator has to be regular
enough. Here the quasi-optimality is a variant of usual complexity statements.
The complexity is thereby measured by defining abstract approximation spaces
based on the nonlinear best N -term approximation [7].
In summary the inexact inverse iteration is a simple but yet quasi-optimal algorithm for the solution of eigenvalue problems. In the next section we will show
that this algorithm can be realized with a classical AFEM algorithm.

2.1

Problem formulation

Let (H, (·, ·), | · |) be a separable Euclidean Hilbert space, and (V, k · k) a reflexive and separable Banach space such that V ⊂ H is dense and continuously
embedded in H, such that |v| ≤ kvk. Denote by (H ∗ , | · |∗ ) and (V ∗ , k · k∗ ) the
respective dual spaces of H and V . The dual pairing on V ∗ and V is given by
h·, ·i : V ∗ × V → R. The spaces V ⊂ H ∼
= H ∗ ⊂ V ∗ form a Gelfand triple by
∗
identifying H and H by the Riesz representation theorem.
Let L : V → V ∗ be a continuous and linear operator which is in addition
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symmetric, that is
hLu, vi = hLv, ui for all u, v ∈ V
and strongly positive, i.e. hLv, vi & kvk2 for all v ∈ V . Hence the operator
L induces an inner product hu, viL = hLu, vi on V . The corresponding energy
1/2
norm ||| · ||| = h·, ·iL satisfies
cL kvk ≤ |||v||| ≤ CL kvk

v∈V

(4)

for constants 0 < cL ≤ CL .
Now the weak eigenvalue problem can be formulated as following: find a pair
(λ, u) ∈ R × V \ {0} such that
Lu = λ u in V ∗ .
Here and in the following we use the Riesz representation theorem with respect
to the inner product on H, i.e. u 7→ (u, ·).
The basic example is the Poisson eigenvalue problem −∆v = λ v with homogeneous boundary condition on a bounded domain Ω ⊂ Rd . In this case the
spaces are given by V = H01 (Ω) and H = L2 (Ω).
In particular we are interested in the lowest eigenvalue λ1 , while we assume that
the rest of the spectrum can be bounded away by λ2 > λ1 . Furthermore we
assume that the eigenspace E1 corresponding to λ1 is finite dimensional. Define
by P1 the H-orthogonal projector onto E1 and Q1 = I − P1 .
We will study the following method for computing an approximation to an
eigenfunction corresponding to the lowest eigenvalue.
Definition 1. Let a normalized starting vector u0 ∈ V be given. The inexact
inverse iteration is defined as the sequence of vectors (uk )k≥0 generated by
ũk+1 = L−1 uk + ξk ,
uk+1 = |||ũk+1 |||−1 ũk+1 ,
where (ξk )k≥0 ∈ V are perturbations.
A key point in the later realization of this algorithm is that the update ũk+1 =
L−1 uk + ξk can be viewed as the approximate solution ũk+1 of the equation
Lu = uk , where the error is given by ξk .

2.2

Convergence analysis

For the analysis of the convergence of this algorithm we decompose a vector
v ∈ V into the parts v = P1 v + Q1 v. Since both E1 and its H-orthogonal
complement E1⊥ are invariant subspaces of L it follows that
|||P1 v|||2 + |||Q1 v|||2 = |||v|||2

(5)

for all v ∈ V . The right measure for distance of vectors to the eigenspace E1 is
in terms of angles. For that purpose define for v ∈ V
t(v) = tan(v, E1 ) =

4

|||Q1 v|||
|||P1 v|||

(6)

which is the tangent of the angle between v and E1 . For example given the
tangent of an element v, the distance of v and E1 can be estimated by
dist|||·||| (v, E1 ) = inf |||v − u||| = |||Q1 v||| ≤ t(v) |||v|||.
u∈E1

Therefore convergence of the tangents (tn )n≥0 corresponding to a normalized
sequence (vn )n≥0 implies convergence of the vectors to the space E1 .
Now having fixed the problem and the notation the following lemma studies one
step of the inexact inverse iteration.
Lemma 1. Let u ∈ V , |||u||| = 1, and the estimate t be given such that t(u) ≤
t < ∞. Now restrict the perturbation ξ such that for a parameter 0 < τ < λ−1
1
min{1, t}
|||ξ||| ≤ τ · p
.
2
1+t

(7)

Denote by u0 the next iterate of the inexact inverse iteration where the perturbation is given by ξ, see Definition 1. Then the tangent of u0 satisfies
t(u0 ) ≤ q t̄,

where q :=

λ−1
2 +τ
.
λ−1
1 −τ

Proof. Let ũ = L−1 u + ξ, i.e. u0 = ũ/|||u0 |||. We will derive an estimate for
t(u0 ) = t(ũ) =

|||Q1 ũ|||
.
|||P1 ũ|||

The projections of ũ onto E1 and its orthogonal complement E1⊥ satisfy
P1 ũ = λ−1
1 P1 u + P1 ξ,

Q1 ũ = L−1 Q1 u + Q1 ξ,

(8)

since E1 and E1⊥ are invariant spaces with respect to L−1 and P1 u ∈ E1 . Let
t = t(u) and define by s and c the sine and cosine of the angle between u and
E1 which can be expressed as
s = |||Q1 u||| = √

t
,
1 + t2

c = |||P1 u||| = √

1
.
1 + t2

since u is normalized. We first estimate |||P1 ũ||| from below by
−1
|||P1 ũ||| ≥ λ−1
1 |||P1 u||| − |||P1 ξ||| ≥ λ1 √

Since t ≤ t and |||ξ||| ≤ τ /

p

1
− |||ξ|||.
1 + t2

2

1 + t we get


1
|||P1 u0 ||| ≥ λ−1
.
1 −τ p
2
1+t
Next the nominator |||Q1 ũ||| of the tangent t(ũ) satisfies
|||Q1 ũ||| ≤ |||L−1 Q1 u||| + |||Q1 ξ||| ≤ λ−1
2 |||Q1 u||| + |||ξ|||
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since the norm of L−1 restricted on E1⊥ is bounded by λ−1
2 . From
|||ξ||| ≤ τ p

t
1+t

2

,

|||Q1 u||| = √

t
t
≤p
2
2
1+t
1+t

it follows that

t
|||Q1 ũ||| ≤ λ−1
.
2 +τ p
2
1+t
Dividing the estimates of |||Q1 ũ||| and |||P1 ũ||| gives the assertion
As a consequence choosing τ small enough the tangent of the next iterate is reduced by a factor of q < 1. Equivalently one could also restrict the residuum for
the approximate solution of Lv 0 = v which leads to a result similar to [1]. However in view of the realization by adaptive finite element methods, see Section
3, we restrict ourselves to the case presented in the previous lemma.
With this result at hand we can prove the convergence of the inexact inverse
iteration by induction.
Theorem 1. Let u0 ∈ V , |||u0 ||| = 1, and a bound t0 be given such that t(u0 ) ≤
t̄0 < ∞. Furthermore choose τ > 0 sufficiently small such that
λ−1
1 +τ
=: q < 1.
λ−1
2 −τ
If the perturbations are restricted by
min{1, tk }
|||ξk ||| ≤ τ q
,
2
1 + tk

tk = q k t0

(9)

then the sequence (uk )k≥0 generated by inexact inverse iteration converges geometrically to the eigenspace E1 , i.e.
t(uk ) ≤ q k t0
for all k ≥ 0.

2.3

Optimality

In this section the optimality of the inexact inverse iteration is studied. For that
purpose an abstract approximation class based on the decay rate of the error
of the nonlinear best N -term approximation [7] is introduced. This abstract
framework fits for adaptive finite element methods, see Section 3, as well as for
adaptive wavelet methods [5, 9], which are however not discussed here.
Let Û ⊂ V be an initial linear space of functions and denote by F(Û ) the set
of all spaces which are accessible from Û through some kind of refinement. We
assume that we have an algorithm
[u, U ] = Solve[f, Û , ε]
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Algorithm 1 Inexact inverse iteration.
[u, U ] = InexactInverseIteration[u0 , U0 , t0 , , τ, q]
Input:
u0 : initial guess, |||u0 ||| = 1
U0 : initial space u0 ∈ U0
t0 : upper bound for the tangent of v0 and E1 .
: target accuracy
−1
parameters τ , q such that (λ−1
2 + τ )/(λ1 − τ ) ≤ q < 1.
Output:
u: approximate eigenfunction
U : final space u ∈ U
for k = 0, 1, . . . doq
2
δk = min{tk , 1}/ 1 + tk
[ũk+1 , Uk+1 ] = Solve[uk , Uk , τ δk ]
uk+1 = ũk+1 /|||ũk+1 |||
tk+1 = q tk
if tk+1 ≤ ε then
return uk+1 , Uk+1
end if
end for
which computes for all ε > 0 a space U ∈ F(Û ) and an approximation u ∈ U
such that |||u − L−1 f ||| ≤ ε for all f ∈ H. Now this algorithm is used in the
realization of the inexact inverse iteration, see Algorithm 1. The convergence
of this algorithm is ensured by the results of Theorem 1.
Now in order to assess the optimality of the inexact inverse iteration we introduce the error of the best N -term approximation. For that purpose for all
refinements U ∈ F(Û ) we denote by ]U the effort of U , which can be as for
example the number of triangles in a triangulation or the number of nonzero
entries in a wavelet expansion.
Define for v ∈ V and N ∈ N by
σN (v, Û ) =

inf

inf |||u − v|||

U ∈F(Û ) u∈U
]U −]Û ≤N

the error of the best N -term approximation with respect to the spaces accessible
from Û . Based on that for s > 0 let

AsÛ = v ∈ V |v|As < ∞ , |v|As = sup N s σN (v, Û ).
Û

Û

N ≥1

be the corresponding approximation spaces. The error of the best N -term approximation of elements of AsÛ decay like N −s .
Now for the inexact inverse iteration we start with an approximation u0 from a
given space U0 . Now in order to show optimality of the inexact inverse iteration
we make the following assumptions. The interpretation of these assumptions is
provided afterwards.
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Assumption 1. (Approximability) There exists a s > 0 such that for the
eigenspace E1

|E1 |AsU = sup |v|AsU v ∈ E1 , |||v||| = 1 < ∞,
0

0

i.e. the eigenfunctions corresponding to the lowest eigenvalue λ1 are approximable with a rate s.
Assumption 2. (Nestedness) For all U ∈ F(U0 ) let F(U ) ⊂ F(U0 ), i.e. all
refinements of U are also refinements of U0 .
Assumption 3. (Regularity) For all U ∈ F(U0 ) there exists a s0 > 0 such
that for all v ∈ U
|L−1 v|As0 . |||v|||,
U0

i.e. solutions of the elliptic equation are in some approximation class provided
that the right hand side is in V .
Assumption 4. (Optimality) Let Û ∈ F(U0 ) and f ∈ Û , |||f ||| = 1, be given.
Denote by v the solution of Lv = f . Suppose that one can decompose
0

v1 ∈ AsÛ , v2 ∈ AsÛ

v = v1 + v2 ,

for s, s0 > 0. Then for every ε > 0 the algorithm Solve[f, Û , ε] outputs a space
U ∈ F(Û ) such that
1/s0

1/s

0

]U − ]Û . |v1 |As ε−1/s + |v2 |As0 ε−1/s
Û

Û

where the constant is independent of Û and ε.
In the course of the inexact inverse iteration we have to determine an approximation of the exact solution wk+1 = L−1 uk , where the starting space is given
by Uk . The nestedness of Assumption 2 allows to connect the approximation
spaces with respect to Uk to the approximation spaces with respect to the initial
space U0 .
The intermediate solution wk are in general not as regular as elements of the
eigenspace E1 . Therefore asymptotically the convergence rate of the intermediate solvers deteriorate from the approximability of the eigenfunctions. However
the intermediate systems do only have to be solved up to a certain tolerance
which is proportional to the current error. We will show that wk can be decomposed into a part in E1 and a less regular part in E1⊥ . Now due to the regularity
of Assumption 3 the second part is approximable with a rate s0 > 0. Combining
this result with the the optimality of Assumption 4 finally enables us to show
quasi-optimality.
Note that the last assumption is a variant of classical optimality results (see for
example [4]) in that it decomposes the approximability of the solution into two
parts. Due to the non-linearity of the adaptive algorithms this result however
does not follow directly from the classical one.
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Theorem 2. Let ε > 0. Under hypothesis of Assumptions 1-4 the Algorithm 1
outputs a space U such that
1/s

]U − ]U0 . |E1 |As ε−1/s
U0

where the constant only depends on the operator L, the initial space U0 , the
initial tangent t0 , the quality of the estimate t0 , the approximability s of E1 and
the regularity s0 .
Proof. The proof proceeds by induction. In the k-th step the iterate uk is
normalized, i.e. |||uk ||| = 1 and the corresponding tangent tk = t(uk ) satisfies
tk ≤ tk , see Theorem 1. The exact solution wk+1 = L−1 uk of the intermediate
elliptic equation can be written as
wk+1 = L−1 uk = L−1 P1 uk + L−1 Q1 uk .
| {z } | {z }
=v1

=v2

Now since L−1 P1 uk = λ−1
1 P1 uk
−1
s
s
|v1 |AsU ≤ λ−1
1 |P1 uk |AU ≤ λ1 |P1 uk |AU ,
k

0

k

where the last inequality follows from the nestedness (Assumption 2). Due to
the approximability of the eigenspace E1 , Assumption 1, |v1 |AsU . |E1 |AsU .
0
k
Now Assumption 3 guarantees the existence of a constant s0 > 0 such that
|v2 |As0 . |||Q1 uk |||. The last term can be written as
Uk

tk
tk
≤q
|||Q1 uk ||| = p
2
1 + t2k
1 + tk
since tk is an upper bound for the exact tangent tk of the k-th iterate, see
Theorem 1. Now given the definition of δk in Algorithm 1 it follows that tk ∼
δk /τ , where the constant depends on the estimate t0 of the initial tangent. As
a consequence |v2 |As0 . δk /τ . Therefore Assumption 4 leads to
Uk

1/s

−1/s

]Uk+1 − ]Uk . |E1 |As δk
U0

+ δk /τ

1/s0

−1/s0

δk

−1/s

1/s

. |E1 |As δk
U0

since the second summand can be estimated by a constant. Finally let K ∈ N be
the number of steps performed, that is the smallest integer such that t0 q K ≤ ε.
Then U = UK and
]U − ]U0 =

K−1
X
k=0

X
 K−1
1/s
−1/s
1/s
]Uk+1 − ]Uk .
|E1 |As δk
. |E1 |As ε−1/s ,
k=0

U0

U0

where in the last inequality we used δk ∼ tk .
Therefore the inexact inverse iteration coupled with a quasi-optimal solver for
elliptic problems gives a quasi-optimal algorithm for the computation of an
eigenvector corresponding to the smallest eigenvalue. For the actual realization
of the inexact inverse iteration one has to provide information on the spectrum
9

of L as well as an estimate t0 for the tangent of the initial vector. For the first
point one may derive bounds on the eigenvalues from theoretical considerations.
For the second point error estimators for eigenvalue problems may be used. Such
error estimators based on the Temple-Kato inequality have been considered for
example in [14, 12] and residual based estimators in [10, 3]. However these
estimators rely on the fact that the function is somehow close to the actual
eigenspace. Therefore as in the algorithms given in [11, 14] these restrictions
on the starting vector have to be fulfilled also in our case. Of course if such an
error estimator is available, it can be used during the algorithm as a stopping
criteria and to improve the choice of appropriate tolerances.

3

Realization with AFEM

In this section we will analyze a realization of the inexact inverse iteration where
the intermediate equations are solved by the adaptive finite element method
(AFEM) described in [4]. More specific, we will show that this algorithm fits
into the abstract framework of the last section.
Our main work will be to show the quasi-optimality in the sense of Assumption
4 in the case of AFEM. This prerequisite differs from usual results on quasioptimality in such a way, that it allows to partition the solution in two parts
which are in different approximation classes. Since the adaptive method is a
non-linear algorithm our assumption does not follow directly from the results
in [4]. However we can still rely heavily on the optimality results derived there
and only slightly modify these results to fit our Assumption 4.
As a consequence we will restrict ourselves to a certain class of elliptic operators
already analyzed in [4]. In the first part of this section this model problem is
introduced. In order to show that the assumptions of Section 2.3 are fulfilled
we have to briefly describe the adaptive finite element method of [4] as well as
the involved approximation spaces, etc., which is done in Subsection 3.2. Based
on the abstract results of Section 2.3 we will show the quasi-optimality of the
inverse iteration coupled with the adaptive finite element method in the last
part of this section.

3.1

Model problem

Let Ω be a bounded polyhedral domain in Rd (d ≥ 2) that is triangulated by a
conforming triangulation T0 . Let the following eigenvalue problem be given:
−div(A ∇u) + c u = λ u,
u = 0

in Ω,
on ∂Ω.

(10)

Let n ≥ 1 be given which will later specify the polynomial degree of the ansatz
functions. We assume that the following properties on the coefficients hold:
1. A : Ω → Rd is piecewise polynomial of degree n over T0 and is symmetric
positive definite such that for 0 < a∗ ≤ a∗
a∗ |ξ|2 ≤ ξ T A(x) ξ ≤ a∗ |ξ|2
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for all ξ ∈ Rd , x ∈ Ω.

2. c ∈ L∞ (Ω) is non-negative and piecewise polynomial of degree max{n −
2, 0} over T0 .
The restriction on the coefficients implies that there occurs no oscillation in the
coefficients, see Section 3.2. In the abstract setting of the weak formulation,
Equation (10) defines an operator L mapping V = H01 (Ω) into its dual. Furthermore the Hilbert space H is given by L2 (Ω). The energy norm induces by
L is equivalent to the H 1 -semi-norm. Generalizations to more general elliptic
problems are possible.

3.2

Adaptive finite element methods

In the following we will use the adaptive finite element method described in [4]
to approximately solve the boundary value problems
−div(A ∇v) + c u = f
u = 0

in Ω,
on ∂Ω,

(11)

corresponding to the eigenvalue problem (10) which have to be solved in the
course of the inexact inverse iteration. Here the right hand side f is an element
of H01 (Ω).
In the following we briefly describe the this method. Given an initial triangulation and a right hand side the algorithm cycles through
Solve → Estimate → Mark → Refine
and generates a sequence of triangulations and corresponding approximations
that converges to the true solution.
Before going into detail first the refinement framework is described. For the refinement shape regular bisection is chosen, which is the newest vertex bisection
in two dimensions, see also [4, Section 2.2]. All conforming refinements of some
conforming discretization T̂ are denoted by T(T̂ ). Given an initial triangulation T0 the algorithm therefore generates a sequence T0 , T1 , . . . of conforming
triangulations Tk ∈ T(T0 ). By ]T we denote the number of triangles in the
triangulation T .
As ansatz spaces we choose finite elements of degree n, where the n corresponds
to the restrictions in the coefficients of the eigenvalue problem (10). More
precisely given a conforming triangulation T the ansatz space is given by

Vn (T ) = v ∈ V | v|T ∈ Pn , T ∈ T
where Pn is the set of all polynomials up to degree n.
The algorithm can be described as following. The occurring linear systems
stemming from the Galerkin discretization are assumed to be solved exactly in
the routine Solve. After that an efficient and reliable error estimator based on
the residual is calculated in Estimate. Mark chooses a set of triangles which
shall be refined in the next step. The routine relies on the Dörfler marking
and an appropriately chosen marking parameter θ. In the last step the marked
elements are refined by shape regular bisection in Refine and further elements
are added in order to ensure conformity.
11

Finally if one adds an appropriate stopping criterion based on the error estimator, compare for example [15], one arrives at an algorithm
[u, T ] = AFEM[f, T̂ , ].
Given a right hand side f ∈ L2 (Ω), an initial triangulation T̂ and a target
tolerance ε the algorithm computes an approximation u to the exact solution
v = L−1 f such that |||u − v||| ≤ ε, where u ∈ Vn (T ) and T is a refinement of T̂ .
For the realization of the algorithm AFEM one may also take the algorithm
described in [15]. For that purpose one has to generalize the algorithm to
higher dimensions and more general problems. However following the hints in
the introduction of [15] one sees that the error estimators given in [4] suffice
for a generalization. Now instead of finding an approximation of the right hand
side f by piecewise constants we have to allow piecewise polynomials of degree
2n − 2. In contrast to the algorithm given in [4] one does not have to solve the
intermediate linear systems exactly.
Next we introduce approximation spaces. For that purpose let T̂ be a conforming triangulation of Ω. For v ∈ V and N ≥ 0 define by
σN (v, T̂ ) =

inf

inf

|||u − v|||

T ∈T(T̂ ) u∈Vn (T )
]T −]T̂ ≤N

the error of the best N -term approximation of v with respect to the initial
triangulation T̂ . Here ]T denotes the number of triangles in a triangulation T .
For s > 0 define the space

AsT̂ = v ∈ V | |v|As < ∞ , |v|As = sup N s σN (v, T̂ )
T̂

T̂

N ≥1

that is the set of all functions which can be approximated at a rate N −s at a
conforming triangulation with N more triangles than the initial triangulation
T̂ .
Furthermore assume that the eigenfunctions corresponding to the lowest eigenvalue λ1 are approximable at a given rate s > 0, i.e.

|E1 |AsT = sup |v|AsT v ∈ E1 , |||v||| = 1 < ∞.
(12)
0

3.3

0

Optimality of the inexact inverse iteration coupled
with AFEM

In this section we show that the adaptive finite element method fits into the
framework of the Subsection 2.3 and also fulfills Assumptions 1-4.
First we identify the ansatz spaces by setting U0 = Vn (T0 ), where T0 is the
initial triangulation and

F(U0 ) = Vn (T ) T ∈ T(T0 ) .
As a direct consequence of the nestedness of the triangulation Assumption 2
follows. Furthermore the approximation classes coincide, which directly follows
from Equation (12) and hence Assumption 1 is fulfilled.
Next we study the regularity of the operator L in the sense of Assumption 3.
12

Theorem 3. Let f ∈ H01 (Ω) and v be the solution of Lv = f , where the operator
L and the domain Ω satisfy the assumptions of Section 3.1. Then there exits a
s0 > 0 such that
|v|As0 . kf kH01 (Ω) .
T0

The constant only depends on the initial triangulation T0 .
Proof. The regularity theorem [13] shows that there exits a constant s̄ > 0
such that v ∈ H 1+s̄ (Ω). Now uniform refinement strategies suffice to show the
0
membership of v in the approximation space AsT0 with s0 = s̄/d, see for example
[2].
It remains to proof the optimality of the adaptive finite element method in the
sense of Assumption 3. This assumption is indeed a variant of the optimality
result in [4], which we will discuss in the following.
For the formulation of this result not only the solution has to be in some approximation space but also the right hand side. For that reason define for s > 0
the approximation class

ĀsT̂ = f ∈ H |f |Ās < ∞ , |f |Ās = sup N s σ̄N (f, T̂ )
T̂

T̂

N ≥1

where the error of the best N -term approximation is given by
σ̄N (f, T̂ ) =

inf

osc(f, T ),

T ∈T(T̂ )
]T −]T̂ ≤N

n
osc(f, T ) = inf khT (f − g)k g

T

o
∈ P2n−2 , T ∈ T ,

where hT is the local mesh width of the triangulation T . The term osc(f, T ) is
the oscillation of f with respect to the triangulation T .
The following optimality result directly follows from Theorem 5.11 and Lemma
5.3 of [4].
Theorem 4. Let T̂ ∈ T(T0 ) be an initial triangulation and f ∈ L2 (Ω). Denote
by v the solution of Lv = f . Suppose that v is an element of AsT̂ and f an
element of ĀsT̂ with s > 0. Then for appropriately chosen marking parameter
the algorithm AFEM outputs a partition T such that
1/s

1/s

T̂

T̂

]T − ]T̂ . |v|As ε−1/s + |f |Ās ε−1/s ,
where the constant only depends on the triangulation T0 and s.
In the following we prove a variant of the above theorem which will enable us to
show Assumption 4. The approximability of the right hand side will be treated
afterwards.
Theorem 5. Let the assumptions of Theorem 4 be fulfilled, but now assume
that the solution v can be decomposed as
v = v1 + v2 ,

0

v1 ∈ AsT̂ , v2 ∈ AsT̂
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where s, s0 > 0. Then the size of the output triangulation T can be bounded by
1/s

1/s

T̂

T̂

1/s0

0

]T − ]T̂ . |v1 |As ε−1/s + |f |Ās ε−1/s + |v2 |As0 ε−1/s ,
T̂

where the constant only depends on the initial triangulation T0 and s.
Proof. In order to show the assertion one has to analyze the proof of optimality
in [4], in particular Theorem 5.11 and Lemma 5.10. For that purpose denote by
Tk the intermediate triangulations produced by the AFEM cycle and wk the
intermediate approximations. Analogously to Lemma 5.10 in [4] we can bound
the number of marked elements Mk in the k-th step by
1/s

−1/s

]Mk . |v1 |As εk
T̂

1/s

−1/s

+ |f |Ās εk
T̂

1/s0

−1/s0

+ |v2 |As0 εk

(13)

T̂

in our case. Here ε2k . |||v − wk |||2 + osc2 (f, Tk ) is an appropriate multiple of
the total error. This can be shown just by following the original proof. In order
to bound the size of the optimal refinement Tε of T̂ leading to a total error εk
one uses Lemma 5.3 and the overlay property, Lemma 3.7, of [4]. Now with this
result at hand one can proof quasi-optimality just like in Theorem 5.11 of [4].
The proof of this result only relies on the fact that the estimate of the number
of marked elements exhibits a geometrical behavior with respect to ε which is
the case the inequality (13).
Corollary 1. Let the assumptions of Theorem 5 be fulfilled and let the right
hand side f be a normalized element of Vn (T̂ ). Then for every ε > 0 the output
partition satisfies
1/s0

1/s

0

]T − ]T̂ . |v1 |As ε−1/s + |v2 |As0 ε−1/s ,
T̂

T̂

where the constant is independent of T̂ and ε. In the case n = 1, i.e. linear
finite elements, the result is valid for s ≤ 1/d.
Proof. As an element of Vn (T̂ ) the right hand side f is piecewise polynomial
of degree n on each triangle of the triangulation T̂ . Therefore if n > 1 the
oscillation osc(f, T̂ ) is zero, hence |f |Ās = 0 for all s > 0. In the case of linear
T̂
finite elements, i.e. n = 1, uniform refinement leads to an approximation rate
of 1/d since f ∈ H01 . Therefore |f |Ās . |||f ||| = 1 for s ≤ 1/d. Finally Theorem
T̂
5 gives the assertion.
The above result shows that Assumption 4 is fulfilled. As a consequence the
inexact inverse iteration coupled with the quasi-optimal adaptive finite element
method described in [4] is again quasi-optimal. Moreover note that in the course
of the iteration no coarsening was needed.
Acknowledgement This research was supported by the Deutsche Forschungsgemeinschaft in the DFG-Priority Program 1324.
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Stochastic Differential Equations. Preprint 24, DFG-SPP 1324, August 2009.
[25] S. Dahlke, M. Fornasier, and T. Raasch. Multilevel Preconditioning for Adaptive
Sparse Optimization. Preprint 25, DFG-SPP 1324, August 2009.

[26] S. Dereich. Multilevel Monte Carlo Algorithms for Lévy-driven SDEs with Gaussian
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