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Abstract

We shall investigate the asymptotic behaviour of the widths of best m-term
approximation with respect to tensor products of Sobolev as well as Besov spaces
in case of compact embeddings. Our approach leads to final assertions. In addi-
tion we compare best m-term approximation with optimal linear approximation

and entropy numbers.

1 Introduction

Let ® := (¢;); denote a tensor product wavelet system satisfying some additional
smoothness, integrability, and moment conditions, see Subsection 3.2.2 for an exact
definition. We consider best m-term approximation with respect to ®, i.e., we investi-

gate the quantity

O'm(f,q))xI:inf{”f_zcj'wjuxi \A|§m, CjEC,jEA}, mGNO.

jEA
Associated widths are defined as follows. Let X and Y be quasi-Banach spaces such
that Y — X. Then we define

om(Y, X, ®) = sup {am(f, ) ||fY] < 1}, m € Ny . (1)

Here we shall choose X = L, ([0,1]%). Concerning Y we shall consider two differ-
ent cases, namely tensor products of Sobolev spaces of fractional order, denoted by
SroH([0,1]%), and tensor products of Besov spaces, denoted by Sr°B([0,1]%). Both



spaces are special cases of Besov-Lizorkin-Triebel spaces of dominating mixed smooth-
ness. Throughout the paper we assume
1 1
ro > max <0, — — —) : (2)
Po D1
which guarantees the compactness of the embedding Y — X with X and Y as above.

Whenever 1 < p; < oo holds, then our approach leads to a final characterization of
the asymptotic behaviour of o,,(Y, X, ®). This paper is a direct continuation of [25]
where we have investigated the limiting situation t = 1/py — 1/p1, po < p1. A part of
our proofs for the case (2) can be directly reduced to the proofs given in [25].
Concerning the wavelet system ® we wish to remark the following. As mentioned above,
an exact definition will be given in (20). When we deal with the widths o,,,(Y, X, ®) it
is always assumed that Y and X allow a characterization by means of the same system
®, see Propositions 3, 4 for sufficient conditions.

The paper is organized as follows. In Section 2 we state and comment on our main
results. Here we also compare best m-term approximation with approximation numbers
(optimal linear approximation) and entropy numbers. The next section is devoted to
some basics in the theory of Besov and Lizorkin-Triebel spaces of dominating mixed
smoothness. Section 4 has some preparatory character. On the one hand we recall some
basics of approximation spaces with respect to sequence spaces and on the other hand
we derive some assertions on real interpolation of sequence spaces related to function
spaces of dominating mixed smoothness. All proofs will be collected in Sections 5 and
6. In Section 5 we study the behaviour of best m-term approximation with respect to
sequence spaces associated to spaces of dominating mixed smoothness. In Section 6
we transfer the results from sequence spaces to function spaces of dominating mixed
smoothness. This will be done by means of a discrete wavelet transform, see Subsection
3.2.2. Here we allow a greater generality for X and Y as in Section 2. In particular,

we shall prove in Cor. 6 below

am(S”) B(%), S;! B(Q)mba)xm‘“*“(logm)(d”(’"°“50*51)+, m>2,

Po,q0 Pp1,91
if
1 1
To —T1 >max<0,———>.
Po P1
The latter condition is the necessary and sufficient for the compactness of the embed-

ding S0 B() — S7' B(2). Here €2 is an open, nontrivial and bounded subset of

Po0,90 P1,91
R?, d > 2.
Notation

As usual, N denotes the natural numbers, Ny := NU{0}, Z the integers and R the real

numbers. For a real number a we put a, := max(a,0). If j € N¢, i.e.,if j = (ji,... ,j4),

2



Je € Ng, £=1,... ,d, then we put
lhi=g1+... +Ja.

If X and Y are two quasi-Banach spaces, then the symbol Y — X indicates that the
embedding is continuous. As usual, the symbol ¢ denotes positive constants which
depend only on the fixed parameters r,p, ¢ and probably on auxiliary functions, un-
less otherwise stated; its value may vary from line to line. Sometimes we will use the
symbols “<” and “2” instead of “<” and “>”, respectively. The meaning of A < B is
given by: there exists a constant ¢ > 0 such that A < ¢ B. Similarly 2 is defined. The
symbol A < B will be used as an abbreviation of A < B < A. For a discrete set V the
symbol |V| denotes the cardinality of this set. Finally, the symbol Z will be used for
identity operators.

Tensor products of Besov and Sobolev spaces are investigated in [45], [43] and [44].
General information about Besov and Lizorkin-Triebel spaces of dominating mixed
smoothness can be found, e.g., in [1, 3, 4, 5, 41, 40, 52| (S;VQB(]Rd), S;qF(Rd)). We
will not give definitions here. However, the wavelet characterizations, recalled in Sub-
section 3.2.2, can be taken as definitions as well. The reader, who is interested in more
elementary descriptions of these spaces, e.g., by means of differences, is referred to
[1, 41] and [51].

Agreement: We shall deal with function and sequence spaces depending on three pa-
rameters 7, p, q. If there is no additional restriction given, then it is assumed that r € R
and 0 < p,q < oo. Furthermore, €2 always denotes an open, nontrivial and bounded
subset of R?. Moreover, if we consider S} F(2), S; F(R?), s7 f(Q), or s; f then it

is always assumed that p < oc.

2 The asymptotic behaviour of the widths of best m-

term approximation

Our main interest lies in the asymptotic behaviour of the widths o,,(Y, X, ®) for dif-
ferent choices of the spaces X and Y. Tensor products of Sobolev spaces of fractional
order are denoted by S;H(I?) and I is the interval [0,1]. Tensor products of Besov
spaces are denoted by S,;B([d). Of course, d € N, d > 2. Definitions are given in

Section 3.



2.1 Widths of best m-term approximation on the cube

Since Y < X is a necessary condition, we recall the needed embedding assertions. Let

1 < p; < co. Then we have
SOV (1Y) < L, (1Y), Y € {B,H},

if (2) holds. The embedding is always compact, see [52|. Furthermore, if ro = 1/py —
1/p1 > 0, then either the spaces are incomparable or the embedding is not compact.

The latter case we have dealt with in [25].

Theorem 1. Let 1 < pg,p1 < 0o and 1o as in (2). Let ® be a wavelet system which
satisfies the conditions in Prop. 3 with respect to the spaces S,° ,F(R?) and S) ,F(R?).

Then we have
Om (S;SH([O, 1]‘1), Lpl ([O7 1]01)7 (I)) — 70 (log m)(dfl)ro <3)
for all m > 2.

Remark 1. (i) The asymptotic behaviour of oy, (S;SH([O, 1]%), L,, ([0, 1]9), @) is inde-
pendent of py and p1 (up to constants). Let us fix p;. Then the scale S7oH([0,1]%) is

monotone in py, i.e., we have
SPOH([0,1)%) — SreH([0,1]%)  if po > p.

Looking for the largest space (by keeping the rate m =" (logm)@~" fixed) we have to
choose pg as small as possible. Here (2) comes into play. This motivates to study the

case 1o = 1/po — 1/p1 > 0. At least if 1 < py < 2 < p; < o0, py < p1, then

1 1
Tm (S;(())H([Oﬂ 1]d)7 Lm([oa 1]d)7 (I)> =m™" (log m)(d_l)m ) Ty = p_o — p_1 , (4)

holds for all m > 2, see [25].

(ii) Thm. 1 is the nonperiodic analog of a result of Temlyakov [48, Thm. 3.3]. However,
in [48] (3) is proved under an additional restriction on o which we could avoid here.
The main reason for this progress is given by the fact that we have been able to deal
with the limiting situation ro = 1/py — 1/p1 > 0. By combining a “standard estimate”
for high smoothness, see Cor. 2 below, with our knowledge about the behaviour of o,
in the limiting situation we closed this gap with tools from interpolation theory.

(iii) Oswald [32] has studied best m-term approximation with respect to the tensor
product Haar system in case of Hilbert spaces, i.e. pg = p1 = 2. More precisely, he

considered the behaviour of

1 1
on (SR H(DAP), B (0.1, @), —3<ro<l, ~l<n<g
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(with ® being the tensor product Haar system). Here Hy'([0,1]%) = By%([0, 1]*) denotes
the isotropic Besov space on [0,1]%. Since S5°H([0,1]* can be characterized by the
tensor product Haar system if, and only if —1/2 < rq < 1/2 only the cases 1 = 0 <

ro < 1/2 corresponds to the situation in Thm. 1.

Theorem 2. Let 0 < py < 00, 1 < p; < 00 and ry as in (2). Let ® be a wavelet

system which satisfies the conditions in Prop. 3 with respect to the spaces S;g,pOF(Rd)
and S) ,F(R?). Then we have

Om (S;SB([O, 1]d)’ Lp1<[0> 1]d)’ CD) = "0 (log 7,”/)(d—1)(7~0—%_|_%)+ (5)
for all m > 2.

Remark 2. (i) In contrast to the situation in Thm. 1 the asymptotic behaviour of
om depends on pg. If pg is increasing, then the right-hand side in (5) becomes smaller.
However, note in this connection, that the spaces S70B([0, 1]¢) are incomparable for

different py, i.e.
SOB([0,1))\ SieB([0,1]) #0  and  S;°B([0,1]%) \ S B([0,1]%) # 0

if po # p.

(ii) Under certain additional restrictions the periodic counterpart of (5) has been proved
by Dinh Dung [18, 19, 20]. He applied a similar discretization argument to reformu-
late the approximation problem as one for sequence spaces. Afterwards, he explicitly
constructed continuous mappings which yield almost optimal approximants. On the
one hand the cases treated in his work complement those ones in our explicit construc-
tions, on the other hand his arguments are restricted to Banach spaces. By employing
monotonicity arguments as in Rem. 1(i) it becomes clear that py small, e.g., pg < 1, is
of some importance.

(iii) Temlyakov [47], Romanyuk [37] and Bazarkhanov [6] have studied best m-term
approximation in a slightly different context. Under certain restrictions on the param-

eters they determined the asymptotic behaviour of the quantities

Po,q0

Om (sm B(T%), L, (T%), D)

where T? is the d-dimensional torus and the dictionary D is given by the trigonometric
system. As it is known from the isotropic situation, see [17], best m-term approximation
with respect to this dictionary is not always of the same quality as in case of appropriate

wavelet systems ®.



2.2 Approximation and entropy numbers — a comparison with

best m-term approximation

We would like to answer the question under which circumstances best m-term approxi-
mation performs essentially better than the optimal linear approximation. In addition

we compare the widths o, with entropy numbers.

2.2.1 Approximation numbers of embeddings

Denote by L(Y, X)) the set of all bounded linear operators L : Y — X. As usual,

I Ll cevxy = | LY — X[ := sup || Lf|x.

£y <1

Let Y — X. Then we define the n-th approximation number of the embedding operator
7 as
an(Z,Y, X) := inf {|| T— Lo|L(Y,X)|: rankL, < n} .

We have to subdivide our consideration into the cases py < p; and py > p;.

Proposition 1. Let max(1,py) < p1 < oo and let ro be as in (2).

(i) Let 1 < py < co. Then there exists a positive number € s.t.

am(Z, ST H([0, 1)), Ly, ([0, 1]%)) =m0t méeN,

7 po

holds.

(ii) There exists a positive number € s.t.

am(Z, S B([0,1]%), L,, ([0, 1]%)) = m~"0%= m €N,

? ' po

holds.

Remark 3. (i) Under the conditions of Prop. 1 we obviously have

iS00, Ly ([0.119)

m—00 am(I, S;SB([Q 1]d)7Lp1<[07 1]d)) =0, Y € {]—_]7 B}

(ii)) The result is an easy consequence of the well-known behaviour of
am(Z, B ([0,1]9), L,,([0,1]%)), see [53] and the references given there. From this

Po,Po
one can derive immediately more information on e. For all details we refer to [26].

Proposition 2. Let rg > 0 and 1 < p; < py < 00.
(i) Then

am(Z, ST H([0,1]%), L, ([0,1]4) < m~™ (logm)@Yr  meN, (6)

7 po



holds.
(i) Let 2 < py < co. Then

an (T, S B0, 1)%), Ly, ([0, 1) = m ™ (logm) V"2 menN,  (7)
holds.

Remark 4. (i) This time, it means, in all cases listed in Prop. 2, we have
o (S0Y ([0,1]9), Ly, ([0, 1]%))
am<Ia S;SB([O, 1]d)’ Lpl ([Oa 1]d))

(i) Furthermore, under the given restrictions in Prop. 2, an optimal linear approxima-

=1, Y € {H, B}.

tion (of rank m) is obtained by approximating from an adapted hyperbolic cross. In

Pnf = Z Z<f>wj,k> wjvk

lj|<n kEV;

fact, one can choose

where the connection between n and m is given by m = rank P, =< n?!2". For details
we refer to [26].

(iii) We did not find a convenient reference for approximation numbers in the nonpe-
riodic context. In the periodic situation much more is known about the behaviour of
the approximation numbers, but also here also without having a complete knowledge.
We refer to the papers of Galeev [23] and Romanyuk [35, 36, 38] and the references
given there. Of course, one can transfer some results from the periodic case to the
nonperiodic one. This is, however, connected with some technical difficulties. So, it
seems to be easier to give a self-contained treatment of the nonperiodic case which will
be done in [26].

2.2.2 Entropy numbers

Another well-known method to measure the degree of compactness are entropy num-
bers. It seems that entropy numbers are closer to the widths of best m-term approxi-
mation than all s-numbers, see, e.g., [11] or [53], to which the approximation numbers
belong to. For the definition and properties of these quantities we refer to [11] and
[21].

Following [52] it holds

1

en (T S0Y (10,117, Ly, (0.1)) = m ™ (logm) D050 +2)+
= am<sggy([o, 11%), Ly, ([0, 1]d),<1>>, m>2,

Y e{H B}, ifrg>1/py—1/2. If 1/py — 1/p1 < 1o < 1/py — 1/2, then there are gaps
between the estimates from below and from above. We also refer in this connection
to Belinsky |7], Ding Dung [19] and Temlyakov [46] for corresponding estimates in the

periodic situation, see |52, Sect. 4.6] for a detailed comparison.

7



Remark 5. If ro > 1/py — 1/2, then the widths of best m-term approximation behave
asymptotically like the entropy numbers of the corresponding embedding operator.
It has been proved by Temlyakov [47| that, under certain extra conditions, a lower
bound for entropy numbers represents a lower bound for the widths of best m-term
approximation. However, entropy numbers have the additional nice property that
lim,, o0 €, (Z) = 01if, and only if 7 is compact. A corresponding result with e,, replaced
by 0y, is not true. As mentioned above, if we consider the limiting case ro = 1/pg —
1/p1 > 0, then either the embedding S7°Y([0,1]%) — Ly, ([0,1]?) does not exist or it is
not compact. In the latter case we always have limy, .o 0, (S50Y ([0, 1), Ly, ([0, 1]%)) =
0, see [25].

3 Besov-Lizorkin-Triebel spaces of dominating mixed

smoothness

Besov-Lizorkin-Triebel spaces of dominating mixed smoothness are widely investigated,
mainly on R? or on the d-dimensional torus. We refer to [1], [41], [40], [3, 4, 5| and [52].

The most prominent examples are the Sobolev spaces of dominating mixed smoothness.

3.1 Sobolev spaces of dominating mixed smoothness

Let 1 < p < oo and r € N. Let I C R be a finite or infinite interval. Then S;W (1) is

the collection of all functions in L,(I?) s.t.

LFISsW I = > D FIL (I < oo
a<(ry....r)
Here D® f denotes the distributional derivative of order v of f. The derivative D*f of
the highest order is the mixed one, given by a = (r,... ,r). This explains the name
Sobolev space of dominating mized smoothness.
The connection to tensor product spaces is as follows, see [43]. Let «, denote the

p-nuclear tensor norm, see e.g. [27]. Then

S, W) = Wi(I) ®a, Wy (1) (8)
and
SIW (I = STW(I) ®a, Wi (1) = W) (I) ®a, SyW(1). (9)
Remark 6. Let us mention that many times S5W (%) is also denoted as H',, (I%).
For fractional order r > 0 of smoothness one defines H)(I) := F,(I) and

SpH(I?) == S}, F(I?), where F7,(I) and S;,F(I?) are Lizorkin-Triebel spaces. We

8



also use the convention
STH(I') = S;W (1%, reNy.
Then (8) and (9) remain true in the context of fractional order r > 0, i.e.
SyH(I?) = H) (1) ®q, Hy(I)
and
STH(I™) = ST H(I") ®q, Hy(I) = H)(I) ®a, SyH(I?),
see [43].

3.2 Tensor product wavelet systems and Besov-Lizorkin-

Triebel spaces of dominating mixed smoothness

As mentioned in the introduction we will not give definitions of the above classes.
However, the characterizations by means of tensor product wavelet systems may be
taken as a definition. First we introduce sequence spaces related to the characterization
of Besov and Triebel-Lizorkin spaces of dominating mixed smoothness in terms of

wavelet coefficients.

3.2.1 Sequence spaces

Let X denote the characteristic function of the interval [0, 1]. Then we put
X;(x) = X (22 — k) - X(292g — k), T = (zy,...,14) €R?,

where j = (ji,...,ja) € N& and k = (k1,...,kq) € Z%. In other words, X is the
characteristic function of the cube

Qua = @ (0.1] 4 k) x -+ x (2794(0.1] + k).

Definition 1. Letd > 1, 0 < g < oo andr € R. Let V = (Vj)jeNg be a sequence of
nontrivial subsets of 7.

(i) Let 0 <p < oo. Then s, b(V) consists of all sequences a = (a;);r such that
1
la sy b(V)]| = (Z 2 i3 (37 \aj,k\p)”) <oo.  (10)
jeNd kEV;
(ii) Let 0 <p < oo. Then s, ,f(V) consists of all sequences a = (a;x);r such that

H a ‘s;qf(V)H = H <Z Z olil1 (r+3)a |a; k] va’“(')y

jENG kEV;

Ly(R?)

<oo. (11)




Remark 7.
(i) Many times we shall use the notation s x(V), x € {b, f}. If, then we always
assume p < oo if z = f.
(ii) Two special cases of sequences V are of particular importance. The first one is
simply V; = Z for all j, and we will denote the corresponding spaces by sp.40 and
sp.4f > respectively. The second one will be related to function spaces on bounded

open (nontrivial) subsets of R? and will be discussed below, see Def. 2.
(iii) Obviously we have s b(V) = s, f(V).

3.2.2 Spaces of dominating mixed smoothness

For a definition of spaces of dominating mixed smoothness in Fourier-analytic terms we
refer to the monographs [1] and [41]. Characterizations in terms of atoms and wavelets
have been given in papers by Bazarkhanov [3, 4, 5| and Vybiral [52]|. Here we are going
to recall a few results from [52].

Let ¢ denote an univariate scaling function associated with the wavelet 1 such that

¢, € C*(R) are compactly supported, the wavelet satisfies the moment condition

/mt%(t)dt:o, 0<(<s, (12)

[e.e]

and the collection of functions, consisting of

Yor(t) = o(t—k), keZ,
ip(t) = 207V2yp@ Nt — k), keZ, jeN,

forms an orthonormal basis for the space Ly(R). Here s € N will be chosen later on.

Next we need the corresponding tensor product systems. We put
V() =i (@) oo Yk, (Ta) x=(x1,...,2q)-
Then the tensor product wavelet system ® is the collection
Vi, JEN], keZ. (13)

For the following propositions we refer to [52]. To begin with we deal with Lizorkin-

Triebel spaces.

Proposition 3. Letr e R, 0 < p < o0 and 0 < q¢ < oo. If ¢, are satisfying the

above conditions for sufficiently large s = s(r,p,q) then we have the following: For
every [ € S;qu(]Rd), we have

F=Y0 f in) i (14)

jeNd kezd

10



convergence in S'(R?) (and in S F(R?) if ¢ < 00), and

1 f 1Sy E @O = (CF )ik [Spo fII - (15)
The counterpart in case of Besov spaces reads as follows.

Proposition 4. Letr € R, 0 < p < o0 and 0 < ¢ < oo. If p, 0 are satisfying
the above conditions for sufficiently large s = s(r,p,q) then we have the following:
For every f € S} B(RY), the identity (14) holds with convergence in S'(R?) (and in
Sy B(RY) if max(p,q) < 00), and

1 £ 1S5 BRI = LS, )i Ispgbll - (16)

Remark 8. Here we are not interested in optimal conditions with respect to . Propo-
sitions 3 and 4 will allow us to translate the major part of our calculations from function

spaces to sequence spaces.

3.2.3 Spaces on domains

Let Q C R be a bounded and open set. Then we define the spaces S, F(Q) and
Sy B(82) by restrictions. More exactly, we put

$.X(Q) = {feD(Q): f=gao forsomege S;, X(R)}
1f 1S X = inflg]S; X R,
where the infimum is taken over all g € S X (R?) such that f = g,o. Here X € {F, B}.

For our purpose it is enough to observe the following. The univariate scaling function

¢ and the associated wavelet ¢ are compactly supported, say
(supp¢ U Supmﬂ) C [=N, N]
for some N > 0. For given f € S X (Q) let £f denote an extension of f such that
1EFIS, X R < 2| f1S,, XN <2/ EF 15, XRY].

Then
EF =) > (&S, i)

jENd kezd
Hence, also

EF=" Y (Ef k)t (17)

JENZ supp ¢;,,NQF£D

is an extension of f such that
1€ £ 1S5 X R = || f1S,,X ()] (18)

11



Moreover, we have
suppE*f CT':i={zr € R?: dist (z,0Q) < 2N} . (19)

For spaces on bounded domains we define ® to be the collection of all functions v,
such that
QNsupp v # 0, jeENI kez? (20)

In case we want to distinguish between a wavelet system on R? and on €2 we shall use
the notation ®q for the latter one.

Now we are ready to define related sequence spaces.

Definition 2. Let Q C R? be a bounded open (nontrivial) set. Let r,p,q as in Def. 1.
Let (Y1) satisfy the restrictions in Prop. 3 (f-case) or in Prop. 4 (b-case). Then
we define V = V(Q) according to (20) by

Vj:{kEZd: suppwj,kﬂQ#@}. (21)
The corresponding sequence spaces will be denoted by s, b(Q2) = s, b(V(Q)) and

p7q
spof () = s, f(V()) respectively.

pq

Remark 9. We want to mention the following fact, which we will make constant use
of without always explicitly mentioning it. There exist positive constants C; = C;(2)
and Cy = C5(2) and an appropriate integer J = J(2), such that

Cr <27V V@) <Gy il > (22)
For simplicity we will always assume J = 0.

Lemma 1. Let Q C R be a bounded open (nontrivial) set. Let 0 < q < oco.

(i) Let 0 < po < p1 < o0. Then
st b(Q) — sl b(Q).

p1,9 Ppo,q

(ii) Let 0 < py < p1 < 0o. Then

Spraf (1) = 53, o f(E).

Proof. Step 1. Proof of (ii). Let ¢ and ¢ be the generators of the wavelet system
used in Def. 2. We put

A:= sup |z —y| and B:= sup |z—yl.
T,y ESupp ¢ T,yEsupp ¢

Let C := max(A, B). Then, with

Q ={reR?: dist(x,Q) <C}

12



we obtain

1
lalst, J@ = H(Z S gy )

JENE kEV; ()

Lpo(27)

< e (30 DD 2 g () | L ()
JENE keV;(Q)

= | |p0 z ”a}smq Q)H’
using Holder’s inequality.
Step 2. Proof of (ii). We use (22). It follows

lals, bQ)| = (Z s+ (3 |aj,k‘po>po)
jENg kEV,(Q)
S ’po z ”a‘smq Q)H’

also by using Holder’s inequality. [ |

For later use we also recall the Sobolev-type embedding.

Lemma 2. Let Q C R be an open (nontrivial) set. Suppose

1 1
ro — T1 >max<0,———>
Po D1

Then, with x,y € {b, f}, we have the continuous embedding

50 x(Q2) — st y(Q).

Po,q0 P1,91

Proof. The corresponding result for function spaces is proved in [52]. It can be shifted

to the sequence spaces by means of Prop. 3, 4. [ |

Remark 10. By v, we denote the projective tensor p-norm, see [43]. We define

5})::{% it 1<p<oo,
Yo if 0<p<1.
Then
Sy, B(I?) = By (I) ®s, By (1) (23)
and
SppBU) = S5, B(IY) @5, By, (1) = By, (I) s, 5;,B(I), (24)

see [43] and [44].

13



4 Sequence spaces and approximation spaces

In this section, we introduce several of our main tools. There is an abstract theory of
approximation spaces with a deep interplay with interpolation theory. This interplay

we are going to use for our sequence spaces sy 40 and sy f.

4.1 Approximation spaces

Let D be a subset of the quasi-Banach space X. Then we define

Jm(a,X,D) = inf{Ha— chzbj

JEA

o |A|§m,cj€C,1/)jED,j€A},

Obviously o¢(a, X, D) = || a|x. We are interested in approximation spaces relative to
om- We do not need these spaces in the generality as used in the recent papers of Luther
and Almira [29, 30]. For us the following version will be sufficient. Let A>*(X, D) be

the collection of all elements a € X, such that

la |43 (X, D)
e s . a 1 1/q )
_ (n;O[(m+1) (1 +log(m + 1)) Jm(CL,X,D)} —m+1> if 0<gq<o0,
sup (m+ 1)*(1 +log(m + 1))* oyn (a, X, D) if ¢=o00,
m=0,1,...

where s > 0 and ¢t € R. Later on we shall need some assertions on real interpolation

of these scales. For the basics in real interpolation we refer to [9, 49].

Proposition 5. Let X be a quasi-Banach space and D a subset of X. Let 0 < © < 1.
(i) Let 0 < u,q < 00, s >0 and t € R. Then it holds

(X, A3'(X, D)), = AP (X, D). (25)

(i) Let 0 < w,ug,u; < 00, 89,81 > 0, sog # s1, and to,t; € R. Then, with s :=
(1-0)sp+©Os; andt:=(1—0)ty+ Oty, it holds

(A" (X, D), AL (X, D)), = AL(X, D). (26)

Remark 11. The classical counterparts of these assertions, i.e., the case t = 0, are
well-known, see e.g. [33, 10| and [16, 15]. The above generalizations (25) and (26) can
be found in [29].

At this point we only want to mention two further facts, which are almost trivial
but nonetheless important for our later considerations. Let s > 0, ¢t € R, and 0 < ug <

u; < 0o. Then we have the embedding
A (X, D) — AYH(X, D)
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(use the monotonicity of o, with respect to m and switch to dyadic subsequences).
Moreover, if X and Y are two quasi-Banach spaces with D C X and X — Y, then it
holds

A (X, D) — ALY, D)

forall s >0,t € R, and 0 < u < o0.
For the convenience of the reader we summarize some further assertions in the following

lemma.

Lemma 3. Let X and Y by quasi-Banach spaces s.t. Y — X. Further, let D C X.
Then the following assertions are equivalent:

(i) The Jackson-type inequality
ou(f. X, D) < em™ (logm) " [| 7Y

holds for some s > 0, t € R, and some constant ¢ > 0, which is independent of
fey andm>2.
(ii) The m-term width satisfies

t

on(Y,X,D) < cm *(logm)

for some s >0, t € R, and some constant ¢ > 0, which is independent of m > 2.

(iii) We have the continuous embedding Y — A% (X, D).

Later on we shall need another interesting property of these approximation spaces.
As one can easily check, we have D C A>*(X, D) for all parameters s,t and u. Hence,

it makes sense also to consider the approximation spaces A3 (A2(X, D), D).

Proposition 6. Let 0 < u,v < o0, 81,82 > 0, and t1,to € R. Let X be a quasi-Banach
space and D a fized subset of X. Then we have

A (A3 (X, D), D) = Ay (X, D) (27)
i the sense of equivalent quasi-norms.

Remark 12. This proposition, known as the Reiteration theorem, can be found in its
classical version, i.e, t; =t = 0, in [34]. The general assertion (27) is due to Luther
[29].

4.2 Sequence spaces

We need some general assertions on best m-term approximation on the level of sequence

spaces. In this connection we concentrate on best m-term approximation with respect
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to the canonical orthonormal basis of ¢5(I), where I is a fixed infinite, but countable,

index set. We put
B;:{ej: jel}, ej::(ei)k, ei::(sj,k,j,k'EI.

By /4,..(I) we denote the Lorentz sequence spaces. Here ¢,,(I) is the collection of all

sequences a = (a;);er, such that

1_ 1

laltpulD = || (77 a) e

KU(N)H<OO, 0<pu<oo,

where a* = (a),, denotes the non-increasing rearrangement of a. Our point of depar-

ture is the following nice result of Pietsch [34, Ex. 1].

Proposition 7. Let 0 < pj,u < oco. Let I be a fired index set. Then a € £, (1)
belongs to the approzimation space AS (L, (I),B), if and only if a € €,y ,(I), where
1/po := s+ 1/py. Furthermore,

@ | A (6, (1), B)|| < [[ @ [ty (D] (28)
where the constants of equivalence do not depend on I.
Based on Prop. 7 it is easy to derive the following, see [25] for details.

Corollary 1. Let V be as in Definition 1. Let 0 < py < p1. Then we have

1 1 1 1

5o " (8pp 0(V), B) = 83000 0(V)

p1,p1

in the sense of equivalent quasi-norms.

4.3 Gagliardo-Nirenberg-type inequalities

So far, we collected results which are parallel to the isotropic case, see [24]|. However,
there are essential differences between the isotropic and the dominating mixed case.
The first example in this direction is given by the following Gagliardo-Nirenberg-type
inequalities. Its influence on approximation-theoretical aspects, mainly via interpola-
tion, will be discussed in the subsequent sections.

Here we will use the notation K;(Ng) for the quasi-Banach space of all sequences
a = (a;) jend, such that (2‘7‘”aj)j€Ng € (,(N3).

Proposition 8. Let 0 < po,p1 < 00, 0 < qo,q1 < 00, 19,711 E R and 0 < © < 1. We
put % = 1;—0@—1—}% andr = (1—0)rg+0Ory. Then the following assertions are equivalent:

(i) It holds
1-6 ©
+ J—

q0 q1 .

1
= (29)
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(ii) There is some positive constant c1, such that

lalspaf Il < e llalspsan I Nal sy o £11° (30)

holds for all a € ;0 . fNs)t f.

(iii) There is some positive constant cz, such that
lalsp.gbll < e llalsps qobll™° llalsp o blI° (31)

holds for all a € s° , b st b.

P00 PLa1
(iv) There is some positive constant cs, such that

T T © T1
AN < eal| ATz N Al 56) | (32)
holds for all X € €;°(Ng) N £;1(Ng).
Remark 13. A corresponding result holds for the spaces s, b(2) and s}, ,f(€).
Proof. We show two chains of implications, at first (i)=(ii)==-(iv)==(i) and then
(i)=(iil))=(iv).
Step 1. (i)==(ii) follows with ¢; = 1 by using the monotonicity of the ¢,-spaces and

applying Holder’s inequality twice. Now let b = (b;) jend be an arbitrary sequence of

complex numbers. Then define a by

2-lih/2p,  je NI, Q; C[0,1)¢,
Qjk =
0, else.

A simple calculation shows

lalspq [} = llal s /11 = o6, N[
Hence (ii)==-(iv) and at the same time (iii)==(iv). Finally, consider sequences a",
defined by

(an) ) jeNg7j1+"'+jd:n7
j7k =
0, else.

It is known, that
S(n,d) \{JGNO Jit +Jd—n}] (

This implies ||a”|¢;(N3)|| = 2"S(n,d)"/?. From (32) we conclude

d—1
nt )xnd_l.
n

1-e e
S(n,d)"1 < c3S(n,d) © S(n,d)«

and thus (29) follows.

Step 2. (1)=(iii) with c3 = 1 is again a matter of Holder’s inequality. The implication
(iii)==(iv) has been proved in Step 1. |
Remark 14. If we assume (29), then the inequalities (30)—(32) hold with ¢; = ¢y =
c3 = 1, and this remains valid for the spaces s;, b(V) and sy f(V) for arbitrary V.
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4.4 Interpolation of sequence spaces

In the sequel, we shall need interpolation results for the spaces s b and s;  f and
their respective variants. Although more precise statements would be possible in an
analogous way as for the isotropic function spaces (see [49, 50]), we are mainly interested
in embeddings into (., .)e «-interpolation spaces. There the Gagliardo-Nirenberg-type
inequalities (Prop. 8) come into play.

First, we have a look at the dual spaces of s} b(V) and s} f(V).

Lemma 4. Let 1 < p,q < oo andr € R. Then

(s0,2(V) = s,72(V),  we{bf},

where ]lj + ]% =1 and % + & =1 (p>1ifx=f) More precisely, there is a canonical

isomorphism T : s, x(V) — (sg’qx(V))/, which admits the representation

(TCL) (b) = Z Z aijijg = / Z Z 2|j|aj7kbj7ka7k([E)d[E (33)
jeNd keV; R jeNd kev;

foraes) x(V) andb € s, x(V).

Proof. A direct proof for the Besov-type sequence spaces is based on the assertion

(a1, 65(1)))" = Ly (I, 4 ().

Here I denotes an arbitrary nonempty, countable index set, J = (J;);e; be a family of

nonempty, countable index sets , and the corresponding norm is given by

)] = (S p)g)é.

el jEJ»L'

This is to be understood via the same isomorphism 7" as in (33), which is even an
isometry in this case. The proof of this mapping being an isometry follows along
the lines of the proof of the well-known result (¢,(1 ))/ = (y(I). For the f-spaces
one generalizes the proof of Frazier and Jawerth in [22|, given there in the isotropic
situation. One needs only one modification. Instead of using the classical Hardy-
Littlewood maximal operator one has to use an iterated maximal operator, see [2| for

the related maximal inequality. |

Next we recall the following assertion in interpolation theory, see, e.g., [8, Proposi-
tion 5.2.10].

Lemma 5. Let { Xy, X1} be an interpolation couple of Banach spaces, and let X be an
intermediate space. Furthermore, let 0 < © < 1. Then the embedding

(Xo,Xl)Ql — X — Xo+ X,
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holds if, and only if, for some constant ¢ > 0 the estimate

7111 < el 71

e
LF1X ] (34)
is fulfilled for all f € XoN X;.
Now we are able to present our interpolation results.

Theorem 3. Let 0 < pg < p1 <00, 0 < q,q,¢1 < 00 and rg,r1 € R. Moreover, let
0<O<l,

1 1-0 © 1-6 ©
+_

1
- = : r:=(1—-0)ryg+ Or, and -> +—. (3H)
p Po b1 q 4do 41
Then we have the embedding
547 (V) = (530 02(V), st 2(V)) o wed{bf}. (36)

Thereby po,p1 < 00 if v = f.

Proof. A similar interpolation assertion in the isotropic situation has been proved in
[24]. Since that argumentation carries over without essential changes, we shall be brief.
By the monotonicity of the ¢,-norms, it is sufficient to treat the case of equality in (35).
Step 1. Suppose in addition 1 < p,po,p1,9,9,q1 < o0o. Then we have 1 <
P, 00, P14 0, ¢y < oo for the respective conjugated indices. By (35) and Prop. 8

we obtain
sy (V)] < elalsy s (DI al sy 29|

Po-490 P1,93

It is known that

[3;526 (V), s;,l’:lq,l (Mo = s, f(V) and [sgéfgéb(vx s;,lfjﬁb(V)]g =5,/ b0(V),
where [, -]y refers to the complex method of interpolation, see [52, Thm. 4.6].

This implies that S;,Tq, f(V) is an intermediate space with respect to the pair
(5;6’:36 (V>’S;’£;i (V)) and that s,",b(V) is an intermediate space with respect to
the pair (S;g:g()b(v>7 S;,l’;;,lb(V)). Lemmas 5 and 4 and well-known duality assertions for
interpolation spaces (see e.g. [49, Theorem 1.11.2]; the required density properties are
valid due to the density of the finite sequences) yield the embedding (36).

Step 2. We remove the restriction 1 < p, po, p1,4,qo,¢1 < 00. Let € > 0. For a given

sequence a := (a; ;) we define the sequences |a| and |a|* by

la| := (|a3,fg\)3,z§ and jaf” = (|a37’5‘8)5,fc’

respectively. Let K (t,a; X,Y’) denote the K-functional of a with respect to the inter-
polation couple (X,Y’). Using the lattice property of our sequence spaces s¥ z(V),

v,Ww

x € {b, f} we can prove

K(t,a; s x(V), st x(V)) = K(t,|a];s

7 “Po,90 7 TPp1,91

z(V), st z(V)), t>0,

70
Po,q0 ’TP1,91
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and

K(|al7,t; s z(V), s’ 2(V)) =< K (Y%, |al; S0 w0 (V), s, z(V))", t>0,

»“po/e,qo/e »Op1/eqi/e ) Op1,q1

if e < min(1, p, po, p1, ¢, 9o, ¢1)- Based on these formulas one can argue as in [24]. W

5 Widths of best m-term approximation for embed-
dings of s}, r(Q2)-spaces

Within this section we deal with the behaviour of the widths of best m-term approxima-

tion with respect to pairs (s}, (), 55 , y(Q)), z,y € {b, f} . A few more notations

are needed. For p € N we define

M(p.d) = {jeNy: [l =p},
V,.(Q) = {(j,k:)eNngd:jeM(u,d),kEVj(Q)},
S(p,d) = |M(pd)l and D, :=1V,|.

Obviously, S(M,d) = p% ! and from (22) we conclude D, = S(u,d)QH = pt-tom,
Furthermore,

B = {ej’k . jENI ke Vj(Q)}

denotes the canonical basis with respect to V().

5.1 Estimates from below

We recall a result from [25].

Proposition 9. We suppose s, x(Q) < s) . y(Q). With z,y € {b, f} it follows

Po,90

Om (st z(Q), 55 y(Q), B> > m~*(logm) (@55t 3+ : m € N. (37)

Po,q0

5.2 Upper bounds and explicit constructions

The aim of this subsection consists in deriving upper bounds for ¢, with respect
to pairs (sh, ,,2(€2), 55 ,u(€)). We always work with an explicit construction of the

approximant.

Proposition 10. Let

. 1 1
Yo := min(po, go) < 01 := max(py,q) and t> 7_ TS (38)
0 1
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Let n € N and m := n?=12". For x,y € {b, f} there exists an approzimation S,,a of
a€ st x(Q), ||lalsd 2 Q)| <1, of the form

Po,q0
o0
S = E E a;k ek ,
#=0 (j,k)eA,

(for the definition of A, see formula (45) below) consisting of at most com terms, such
that

|a = Smalsy, ,y(Q)| < cxm™ (logm) (dfl)(F%Jri) : (39)

where ¢y and ¢ are positive constants independent of a and m.

Proof. Since Q is fixed we drop it in notation (at least partly).

Step 1. First we deal with the b-b case.

Step 1.1. Preparations. Any sequence a € s;gb(Q) may be decomposed into an infinite
series of “building blocks”. For this purpose, we define for u € N restriction operators
R, by

ajk it jeM(p,d), keV;,

R,a). =
( ' >]’k 0, else.

Then we have componentwise a = ZZO:O R,a. Moreover, we find for 0 < ¢ < oo

lal s, b(D" = >_II Buas}, b)) (40)
n=0
and similarly for ¢ = oo
Ha|s;mb(Q)H = sup H R,a |s;7oob(Q)H : (41)
JESA)
In particular, we have
| Bya |5, (D] < la]s; ()] (42)

for all u € Ny. Furthermore, if u < p, then

| Rua sy ()| < || Ruals) b)), (43)
see lemma 1. If v < ¢ we find
| Rya |sh ()| < S, d)7 || Ryua|sh b(Q)]|. (44)
Step 1.2. Let a € s, b(€) with ||a|st, , b()]| < 1. Furthermore we put
Aui={G k) € Vit lajul 2 2} (45)
and |
e RS S
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The parameters o, § and n will be chosen later on. Clearly, A, depends in a nonlinear

way on a. By assumption vy < co. In case p > n we find

n= S 1< Y “”%

(k)AL (k) EA,
< €, -0 E 9 (t+3— o )’Y02|J|1(t+***)“fo § :|aj7k"70
JEM (p,d) kev;
—’Yo /‘(t+2 )70 0
€72 0| Ryua |5,,,,0(Q)|

<gw2m+2mws@dymomHRap Q)|

poqo
<€ 09~ p(t+5— «/0 ’YOS(,U; )70(70 a0 H |sp07q0b Q)H%,

where we used (42)—(44). Summing up and inserting (46) we obtain

Z|A |—Z\V |+ Z Al

p=n+1
>0+ § et st
= p=n+1
ZS w, d) 24 + Z 9—hayo 9=nbo S(n,d)_mOQ p(t+3 ”O)VOS(u,d)%(L_%).
p=n+1

We need a further parameter. Define
1 t - + 51
2 1-— ")/0/51 '

By assumption ¥ > 0, see (38). Now we choose

— L, 1
= —t-L+L 49,

= — =Y (&= —frp=1+9n),

1 1

n o= (= mme=1-%( - 1))

Since S(p,d) < p?~! we obtain

D7 AL S Tt 4 o) @ tme R g (4000 < gt gn
#=0 p=n+1

Hence, S,, is a com-term approximation of a. We did not use the special value of ¥
here, only its positivity. However, the concrete value will be used in the next step.

Step 1.53. Here we estimate H a— Sna ’s Q)” Let

P1,91

T, = Z aj e’ = R,(a— Spa).
(R)EVE\AL
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As in Step 2 we obtain

1Tl D S (s d) 27| T 5, 5,0(2)]

1
a_1 1_ 1 81
=St AR (S )

(4K EVL\Ap

P1,91

Next we use the definition of A, and find in case ¢; < oo

@k = Jaj el 770 aj e < 070 |ay i)™

if (j,k) € V, \ A, In case 01 = oo we simply use |a;j| < ¢,. This implies
1Tl 1.0, (V]

SS(M,d)qﬂaﬂzu(é—g)gi‘ﬁ( Z okt 35 09lih (t+5- 55 ;4 ’%)51
(3,k)EV  \Ap

1 70
< S(Iu’d)iiizu(%_%)Q “(t"‘i_%) 16/11_;?( Z Q\J‘\l(t‘f‘g—% 70|a]k|'yo) "o %1
(4,k)EV,
= S ) AR B s, @)
< S(ud)w Ha O ER R g (1, ) SR | Rua st b)) R
< S(u,d) R MR T

Temporarily we assume ¢; < oo. With 7}, := 0 if 4 < n and by means of the definition

of €, we conclude

Ha_ ma‘sp“ﬂ "11 p1,q1 - Z HTM|5217q1b(Q)Hq1
p=n+1
G L_ 0 aQ
C §° (shupt-rm-hi )
p=n-+1
:2n6(1—— QIS(n d) f)ql f: (S(u,,d) qll q0612 pt+3— 2wo)51 2ua(1_f >q1
p=n-+1
— 97 ( +19) 5 9)q1 S(n d) (_7)(11
Y0 1 31 \70 q
X Z < QO512_“(H_5_%)E oh(= t—g oo +9)(1- ))
p=n+1

= 2_n(%+ﬂ)(1_%§)ql S(n7 d) 7? qo

% Z (S(u,d)ﬁ Todr g (b= ) g (1 1)>q1'
p=n+1

23



Since t > % — i the sum on the right-hand side is finite and we get

la = Smals, o, 5O
a ma SPIQI

1

’S 2 (%4‘79)(1_}*?)‘11 S(n,d)—(l—%f)% (S(n7d)i_qgigl 2‘%"(75_%4‘51))(11
— 2_”(%+79)(1—:;/*?)QI S(n, d)lf%Q—nﬁ(l—%ﬁ))ql
— 2_”(%_%)‘11 S(?’L, d)lf% 2‘”(75_%4'%)‘11 — 2—ntq1 (d=1)( qo) )

In case ¢ = oo some obvious modifications have to be made. We omit details.
Step 2. Now we investigate the f-f case.

Step 2.1. Instead of (40)-(44) we shall use the following set of inequalities. Obviously.
| Bua |0 f (]| < [la] 55,/ (@] (47)

Using Minkowski’s inequality one can prove

lalsh FE@" < 3| Bualsy SO (48)
pn=0
where u = min(p, ¢). Moreover, the analogues of (43) and (44) are
| Bua|stof O] S || Bua s, /@I, v<p, (49)
see Lemma 1, and

| Rua |85, S| < S d)vs

SO, w<q. (50)

The latter inequality follows from the observation that for a fixed x the sum
> _kev, %k Xjn(z) consists of exactly one summand. Hence, the cardinality of the
summands in }_; 0 > 7o a5k Xjxk(2) is uniformly bounded by S(p, d). Holder’s in-
equality now yields (50).

Step 2.2. Let a € s, . f(Q) with |a|st

and with p > n we derive

oo f(Q)|| < 1. With ¢, and A, as in step 1.2

A € 2 MO Ryl

H’Yo
70, 70

S €;W027u(t+%*%)’ms(ﬂ7 d)’Y (’yo ‘10 H R a ‘SPO qof Q)HWO
< 5;702*/1(7#%*%)705’(#7 d) 0(% © H ‘SPO tIof Q H%'

As in step 1 this implies that 5,,a is a linear combination of at most com elements of

B. Concerning 7}, we obtain

1 _ 1 1
175l FOD1S S )2 [Tl . /(D] = S ) 51|1T\85lalb<9>||

p1, q1

pod)nHr R TR HRa\s

17671)7 J0

ey 5 () “HR @35 00 f (V]

1 Y0 _ 1 41 )’yo 1_a

o)
o



Finally, the estimate of Ha — ma}s Q)” is similar to that given for Ha —

P1,91

Smal|sS ., b(Q)||. Observe, that the difference between (48) and (40) does not cause

problems, since for all u € (0, 00| we have
> 1/u
< S MTQ—W> = 2™ A>0, 7€R.
p=n+1

Step 3. It remains to deal with the b-f and f-b case. Here the claim follows from a

combination of the estimates given in Steps 1 and 2. |

Remark 15. (i) The mapping a — S,,a is nonlinear and not continuous. However, by
using soft-thresholding in (46) one could also obtain a continuous version with similar
properties.

(ii) Observe, that S,,a is explicitly known, see Substep 1.2 of the above proof, in
particular (45) and (46).

(iii) The proof given above uses a combination of ideas from [13] and [52], see also [12].
Next we deal with the case 79 > ;.

Proposition 11. Let Q C R? be open, bounded and nontrivial. We suppose
Yo = min(po, go) > 01 = max(p1, ¢1) and  t>0. (51)

Let x,y € {b, f}. Then the linear operator
Spa = Z Z Z a; e” (52)
#=0 |jl1=p keV;

satisfies

1= S, [sh, 402(9) oy (atE) | peN. (53)

p0.00®(Q) = 55, 9(Q)] S

Proof. We shall use the notation from the proof of the previous proposition. By
Holder’s inequality and the inequalities (43), (44), (47)-(50) we find

| Ry 15t 50 d) 5 | By 55, D] = S )5 25750 | Ry |7
< §(pd)n 248 DI Ryal |
< §(u, d)a 7 G pir T g m|uzap%%xanu
< §(u,d)n T DI 9N 5, d) % || Rya sty x(Q)]) .

Because of D, =< S(u,d) 2" this implies

| B |55, 0 (D] S 8 (1, d) 5770 277 Ja] s 0, 2()
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Summing up with respect to u we find in case y = b

||a— S a|5p1 a qu = Z Rya p1,q1 = Z ” R#a{sgl,qlb(Q)qu
u=A+1 p=X+1
sy (swﬁ*iw)‘“Ha\s;wmmuql
p=n+1
<270 5 (n,d) @0 |fa]s, o 1))

If y = f, then we employ (48) and obtain

la = Snalsh, o PO < 3 || Rualsp,o FO"

p=A+1
€ 3 (Sl H ) ol )]
< 2770 5, ) FH ol 2@
Since S(n,d) < n?~! this proves the claim. |

Remark 16. The operator S,, defined in (52) is a projection with respect to the

hyperbolic cross
) =] V..
n=0

Observe
rank S, =< |H(n,d)| < 2" n%", neN.

It is well-known, that in certain situations these operators are realizing the approxi-
mation numbers of related embedding operators (up to constants). For the periodic
setting we refer to Galeev [23], Romanyuk [35, 36, 38] and [42]. For functions on R?
hyperbolic cross approximation with respect to tensor product wavelet systems was
considered in DeVore, Konyagin, Temlyakov [14]. They concentrated on the approxi-
mation of functions from S;W (R?) in the norm of L,(R?) and associated approximation

spaces.

Now it’s time for a first summary. We combine Prop. 10, Prop. 11 and Prop. 9.
This leads to the following.

Corollary 2. Let Q C R be open, bounded and nontrivial. We suppose

t>max(0, ; ! — ! ) (54)

min(po,qo) ~ max(py,q1)

Let x,y € {b, f}. Then we have

Tm <St z(9), s° (Q),B) = m " (logm) @0 (i-35+3) ) m>2,

Po,q0 ’ T Pp1,91 Y
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or, with other words,

t,—(d—1) (t— g+ -
(@) AT 00y ).

Proof. Combining Prop. 10 and Prop. 11 we obtain the estimates from above in case
of m = c2"n%!, n € N, where ¢ > 0 is independent of n. The claim for the remaining
natural numbers m follows immediately by the monotonicity properties of o, with

respect to m. |

5.3 Estimates from above — limiting cases and consequences

We recall some more results obtained in [25|. The first one deals with Lizorkin-Triebel

sequence spaces.

Proposition 12. Let po < p1, ¢1 < p1 and pg < qo < 0. Let t := pio — pil. Then we

have
(L1
Om (s;O’qu(Q),sghqlf(Q),B> — m roter (logm)(d D55~y q0+q1)’ (55)
if m > 2. Moreover, if qo < po < p1 < q1 then we find for m € N
om(sh  F(Q), 80 F(Q),B) =< m w0 (56)
m\ “Ppo,q0 ?p1,q1 ) :

By using the techniques from Section 4 we can supplement this as follows.

Corollary 3. Let 0 < py < p1 <00, 0 < qo,q1 <00, and t := pio

(i) Let pLO - pil > qio - qil and ¢ < py. Then it holds

1

Om <5t f(Q) s f(Q) ,B) S m_%Jrﬁ (log m) (d_l)(%_ﬁ_%Jri)

Po,90 7 P1,91

for every natural number m > 2.

(ii) Let pio - pil < qio - qil and p1 < q1. Then it holds

1

am<st f(Q),s° f(Q),B),Sm_%JFH, m € N.

0,90 ?7P1,q1

Proof. Step 1. Proof of (i). Substep 1.1. We assume ¢y < ¢;. This implies v < qq.
Hence, for every 0 < © < 1 we find parameters 0 < u < py < p; and 0 < v < qp, such

that o o o o
1 1-— 1 1-—
— = + — and — = +—. (57)
Po D1 u qo q1 v

1 1

To apply formula (55) with respect to the pair (su. ™ f(€2), sglmf(Q)), it is necessary

to have u < v. This is equivalent to

< < — - — - =+, (58)

=@
NO)



and hence, satisfied, if © is chosen sufficiently small (or equivalently by choosing u and
v sufficiently small). We find

1_1 1L _(d-1)r-Lt-141

u p u P u p v ?)
ST F(0) s AL T (s /() B)

Next we employ Thm. 3. In combination with Prop. 5 this yields

11

Szﬁ,qopl (Q> - (521»q1f( ) Sggaf( ))900

)

0 v TG ) (o
= (o fO) A (0,0 f().B))
_ é_ﬁ o )(%_i_%+ql1)(sg . f(Q) B)
1,91 ’ ’

This proves (i) under the extra condition gg < ¢;.

Substep 1.2. Let ¢1 < qo. Again we use (57). This implies ¢y < v < oo and moreover,

a lower bound for ©, namely © > 1—¢;/qo. Again we want to apply formula (55) with
1_1

respect to the pair (su. ™ f(€),s), , f(€)). Hence, we need to have u < v and this is

equivalent to

see (58). In case p; = ¢ the condition (58) is automatically satisfied for every ©.

Because of

11141
1_2<p0 pll qlo q1 — @<@
qo0 PR y4! q1

there exists a © € (0,1) which satisfies all our requirements. Now we continue as in
Substep 1.1. This completes the proof of (i).
Step 2. Proof of (ii). We argue as in Step 1. This time we always have qo < q1. Again
we assume (57). An application of (56) with respect to the pair (su v z f(Q), 5 . f(Q)
requires v < u < p; < ¢;. The inequality v < u is guaranteed if
® o6 1 1—-0 1 1-06 1 1 1 1 1 1
— < — = — - < ¢¢@< )_ .
u v Do 4! 4o 41 P @
Thus, the assumptions of (56) are satisfied by choosing © sufficiently small (which is

possible by choosing v and v small). We obtain in this way

1 1_ 1

%ﬁ%() A " (89, F(Q),B).

Now we conclude from Thm. 3 and Prop. 5

1 1

Sl 1) = (8,0 607 F()
o (09, AL (0,0, B))

= Aé%_a(so F(Q),B).

p1,91

0,00

0,00

This proves (ii). [

28



As a consequence of Lemma 1, Cor. 3 and Prop. 9 we derive the following. Let

1/pei=t+1/p;. (59)

Corollary 4. We suppose

B yo D1
(i) Let t > qio — q% and q; < p1. Then it holds

_ 1

Om (st f(92) S0 £(Q) ,B) < m_t(log m) (dfl)(t q0+%)

Po0,90 7 7P1,q1

for every natural number m > 2.

(ii) Let t < qio - qil and p1 < ¢1. Then we have

1
O (S ()50, F(9), B) S5 meN.
Proof. Step 1. Proof of (i). By assumption p, < po. This implies the continuous
embedding s}, . f(Q) — s, . f(Q), see Lemma 1. Now we apply Cor. 3, see (55), and
obtain

1 (dfl)(L,L,LJrL

S S
O (S £ (), 89, S (), B) = m 75 (logm) Ve

= m~" (logm) (@=Dt=35+ar)

This yields the estimate from above. The estimate from below is a consequence of
Prop. 9.

Step 2. Proof of (ii). We argue as in Step 1, but replacing (55) by (56). The proof is
complete. [ |

Next we turn to the Besov case. Also in [25] the following result can be found.

Proposition 13. Let pg < p; and qo < qq. Let

1 1 ) 1 1 1 1
ti=— — — and ro=mn| —— —, — — — |.
Po D1

P P Q@ @
Then
O (S (), 55, D), B) =< m ™", m €N,
Only in case + — L < L — L jt makes sense to apply it for our problem.

Po P17 Qo q1

Corollary 5. We assume

Then

Po,q0 ? T Pp1,91

Jm<st b(Q2), ° b(Q),B) =m=, meN.



Proof. Again we shall use the continuous embedding s, , b(Q) — s!  b(Q), see

Lemma 1. Then we apply Prop. 13 with respect to the pair (s}, b(€),s) . b(€2))

P=,90
and obtain the estimate from above. The estimate from below is a consequence of

Prop. 9. |

5.4 The widths of best m-term approximation in the case of

two Lizorkin-Triebel sequence spaces

Our strategy is as follows. If ¢ is large enough, then we employ Cor. 2. A few other
cases are covered by Cor. 4. To close the gap, at least partly, we use interpolation

theory.

Theorem 4. Let either

1 1 1 1
t>max(0,———,———>, (60)
bPo P1 Qo q1
or
1 1 1 1
max(O,———><t<——— and »<q. (61)
bo D qo q1

Then we have
m (S;Oﬂof(g)’ 821,Q1f(9)7 B) = m_t (lOg m) e (t7%+i)+ ) m Z 2.

Proof. The estimates from below can be found in Proposition 9. The proof of the
estimates from above will be split into two parts.

Step 1. Let the parameters be as in (60). The case ¢; < p; is covered by Cor. 4.
Hence, it is enough to deal with ¢; > p;.

Substep 1.1. Some technical preparations. We choose 0 < u < 00, 0 < v < 00, r > 0,
and 0 < © < 1, such that

1 1- ©6 1 1-© ©6
t=0r, — = +—, — = +—. (62)
Po P1 Uu qo q1 v

There is still a lot of freedom. We wish to apply Cor. 2 with respect to the pair
(s" f(Q),s0 f(2)). This requires the validity of the following inequalities:

u’v 7p1’q1
1 C) C) 1 1-0 S 1 1
r>———<st>———=————-—=— — —
u M U 4! Po P 4! Po M
1 © S 1 1—-6 e 1 1 (1 1)
r>—-—— <—<t>———=——-——-"—=———+406(——-—
U q1 U q1 Do b1 q1 Po DM b1 q1
1 1 © C) 1 1-0 C) 1 1 (1 1)
r>—-———+<=t>—-——=————-—=———+0| — - —
v ;1 v Y4l q0 q1 Y4l qo0 q1 g D1
1 e 1 1—-06 e 1 1
r>-—— <= lt>———=——-— — —=— — —
v q1 v q1 qo q1 q1 qo q1

30



Except the second inequality all others are guaranteed by our assumptions. Observe,
if p1 = ¢1 then all four inequalities are fulfilled and we obtain

1 1
min(u, v) - max(p1, ¢1) '

>

Let p1 < q;. Temporarily we also assume u # p; and v # ¢;. Reformulating the second

inequality we arrive at the condition

p_ 11 11 11
Po P1 _ Po pP1 _ 9o q1

T_1 ~O9=T -1 =11~ (63)
pP1 q1 u P1 v q1

where we also used (62). We shall use the abbreviations

3 |-

_ 1 1 _ 1
R P1 . 9 q1
0, = L and O, = .

L 1_
1 v

S

Further, let R(©,,) be the set of all possible values of 0., w € {p,q} (po,p1, q, @1 are
fixed). Now we continue with a discussion of these quantities ©, and 6,. Of course, if
Po < p1, then u < pg follows. Because of

pP1 — 0

1

lim

1 _ 1
Po

1
ul0 "

P1
we obtain that R(©,) = (0, 1) in this case. Now, let p; < py and hence py < u. Then
we find

1 1 D
. 1
lim plo 11)1 =1-=—
ufoo = — — Do
u p1

and hence R(0,) = (1 — 2,1). Observe

1 1

t——+4+ — 1
Cataogon ooy,
n o Do q1 \Po

Since 1’;—; — 1 < 0 the right-hand side in the last inequality is < 0 and for this reason
the inequality is obviously true. In other words, if we choose u sufficiently large, then
(63) is satisfied with © replaced by ©,. Finally, if py = p; then u = py follows and
R(O,) = (0,1). Next we repeat this arguments with respect to ©,. It follows

(071) 1f q0§q17
R(@q)_{l o o
o I q1 <qo-
In case ¢1 < qo we have
t— =+ 1 1 1 1 1
%>1—2 = t>—-"_ - -
P qo Po P1 D1 do a1

Observe ¢; > p; and qio — q% < 0. Hence, the inequality on the right-hand side follows

1

or As above, if we choose v sufficiently large, then (63) is satisfied with

from ¢t > L —
Po

31



© given by O,.
Summarizing, we can always choose u,v (depending on pg, p1,qo,q1) such that © =
©, = 0, and (63) is fulfilled. This implies

1 1
> _
" min(u,v) max(pi,q)

also in case p; < ¢q1.

Substep 1.2. Hence, by Substep 1.1, we can apply Cor. 2 and find

r—(d—1)(r—1+21)

S F(Q) e A TR (0 p0) B).

u,v P1,91

Next we use Thm. 3 and conclude by obvious monotonicity properties of the real
method

0,00
r—(d=1)(r—1+2%)

(
(8,00 F (), AL (8,0 (©),B))

0,00

The last line follows from Prop. 5(i) and the choice of the parameters.

Step 2. Let the parameters be as in (61). This case is covered by Cor. 4. |

5.5 The widths of best m-term approximation in the case of

two Besov sequence spaces

We shall use the same strategy as in Subsection 5.4. This time we have a complete

solution.

Theorem 5. Let

1 1
t > max (O, —— —) . (64)
Po D

Then we have

Om <st b(Q2), s° b(Q),B> = m’t(logm)(d_l)(t_%Jri)ﬂ m>2. (65)

Po,90 ? T P1,91

Proof. The estimates from below can be found in Proposition 9. The proof of the
estimates from above is a bit sophisticated and requires a splitting into several cases.
Step 1. If

1 1 1 1
max(O,———) <t< ———
Po D q0 q1
then the claim follows from Cor. 5.

Step 2. If t is as in (60) and p; < ¢q, then the arguments from Step 1 of the proof of
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Thm. 4 carry over without changes.

Step 3. We assume

1 1
po < p1, 0<———<t and G <Dp1.
qo q1

As always we choose 0 < u,v < oo, 7 > 0, and 0 < © < 1 according to (62). Since

u < pg<p and v < ¢y < g1 we can choose O arbitrarily small. Then the condition

- 1 1 1 1
r - = - —
min(u,v) max(py,q1) min(u,v) P

can be fulfilled. This follows from

1 1 1 1
r>-—— &= t>———,
u - Do D1
1 1 1 1 ( 1 1 )
r>—-——— <= t>——=—40(———].
v N d ¢ a1 P
Corollary 2 implies
r—(d=1)(r—14+L1
$0(6) = AL T (S b0), B).
Hence, using Thm. 3 we conclude
Boad(@ = (5,02 00O
dfl)(rf%Jri

p1,91

—s (so b(Q),AZ’;(

_ Ai;_(d_l)(t_#i) (55, 0(92),B) .

P1,91

The last line follows from Prop. 5(i) and the choice of the parameters.
Step 4. We assume

1 1
p1 < Do, 0<———<t and g1 <pi1.
4o q1

This time we choose u = py and v and r as before. The condition with respect to r,

r > %— p%’ can be satisfied as in Step 3 (by choosing © small). Furthermore, r > pio — pil

follows immediately from r > t. Hence, with © sufficiently small we obtain

r—(d—1)(r—1+21)

st () — Ax T (s) L b(Q),B) (see Cor. 2),

Ppo,v p1,91

and consequently

o) = (89,5(9), 5, 0(0)) (see Thn. 3)
r,f(dfl)(rf%Jri)
- (Sgl’QIb(Q)’AOO (Sgl,mb(Q)vB))@oo
t,—(d—1) t—qi+qi
e o y)s).



b(Q) — s% _ b(), see Lemma 1. Summarizing Step

where we additionally used s oL

Po,q1
3 and Step 4 we have proved (65) if ¢y < ¢1.
Step 5. It remains to consider

1 1
¢1 < min(qo, p1) and max (O, — - —) <t.
Po D1
Here we need a further splitting into the following cases: Case A: ¢; < pg < qo; Case
B: g1 < p1 < qo < po; Case C: ¢ < go < min(po,p1); Case D: py < g1 < min(qo, p1).
Case A: We choose some « s.t.
1 1
0<a<t—max(0 ———)
Po D1
Lemma 2 implies the chain of continuous embeddings

st Bb(Q) — 5L b(Q) — 50 b(Q).

Po,q0 Po,91 P1,91

Since, by assumption of Case A,

1 1
a>0=— -
min(pg, o)  max(po, ¢1)

we derive from Cor. 2 in combination with a lifting argument (compare with Cor. 2

in [25])
() = AL

Po,90

-0 b(Q), B) .

po q1

On the other hand, as a consequence of Steps 3 and 4 (see the last sentence in Step 4)

shoo b(Q) — Al (0 b(Q), B) .

p1,q1

Next we employ the reiteration theorem for approximation spaces, see Prop. 6. We

obtain
a,—(d=1)(a=g+5) 4,
sgo’qob(Q) — A (;O . 0(82), B)
o, A:(;f(dfl)( a=ootar )<At a,—(d=1)(t— a)(spl,qlb(Q>7B)7B>
t,—(d=1)(t= 35+ 5-)
= AT b(0),B).

Case B: Let a be as in Case A. Lemma 2 implies the chain of continuous embeddings

st b(Q) — 5% b(Q) — 50 b(Q).

Po,90 P1,90

Cor. 2 yields
(d—1)(a—

)

(Spl Q1b(Q>’ B) :
Furthermore, as a consequence of Steps 3 and 4, complemented by a lifting argument,
see Cor. 2 in [25], we find

s b(Q )(_>Aoo

P1,90

St b(Q) SN A;a,—(d—l)(t—a) (Sa

Po,q0 P1,90

b(), B) .
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In the same manner as in Case A the reiteration theorem (Prop. 6) yields the claim.
Case C: Again let o be as in Case A. Lemma 2 implies the chain of continuous embed-
dings

st B(Q) — st p(Q) — s b(Q).

Po,90 Po,Po

Steps 3 and 4 yield

a,—(d—1)(a—++L
St D) o AT

Po,q0

s b(Q), B) .

Ppo,pPo

On the other hand, using Cor. 2, we find

o, —(d=1)(t—a— 54 L)

st p(Q) > Al (50 b(),B).

Ppo,po

Now we proceed as in Cases A B.
Case D: In this case a direct application of Cor. 2 yields (65). The proof is complete.
|

6 Best m-term approximation and spaces of dominat-

ing mixed smoothness

In this section we shall formulate and prove results about the asymptotic behaviour
of the widths of best m-term approximation for various pairs of spaces of dominating

mixed smoothness.

Corollary 6. We suppose
1 1
ro —T1 >max(0,———).
Po P

Furthermore, we assume that ® satisfies the conditions in Prop. 4 with respect to
Sro B(R?) as well as with respect to S™ , B(RY). Then we have

Po,q0 P1,91

Om (STO B(Q), S B(Q),@g) = m """ (logm) (d_l)<m_n_%+%)+ , m>2.

Po,90 P1,91

Proof. In case r;, = 0 the proof follows from Thm. 5 in combination with Prop. 4
and the comments in Subsection 3.2.3. The case r; # 0 can be traced to r; = 0 by a

more or less obvious lifting argument, compare with Cor. 2 in [25]. |

In an analogous way we could treat pairs of Lizorkin-Triebel spaces of dominating
mixed smoothness. But here we prefer to concentrate on the best m-term approxima-

tion for pairs (S} F(§2),S)TH(S2)).

Po,q0
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Corollary 7. We suppose pg < qo, 1 < p1 < 00 and

1 1
ro — 11 >max<0,———>.
Po D1

Furthermore, we assume that ® satisfies the conditions in Prop. & with respect to
Sro - F(RY) as well as with respect to S'' , F(R?). Then we have

0,90 p1,2

(g L4l
O Sy (), SHLH(Q),Ba) = m ™47 (logm) 0wt > 0,
Proof. Recall the Littlewood-Paley assertion

SLFRY) =SHPHRY), 1<p <oo, (66)

1,2

for which we refer to [28], [31, 1.5.6], [39] and [41, Prop. 2.3.1, Thm. 2.3.1]. This
identity carries over to domains just by definition. Now we can argue as in the proof
of Cor. 6. For simplicity we assume r; = 0. If p; > 2, then

1

1 1 1
ro > max (O, — = —> = max (0, - — >
Po D mln(po; QO) max(pla 2)

and we may apply Cor. 2 in combination with Prop. 3. If p; < 2, then either

1 1 1 1
max(O,———) <rg < — ——
bo M qo 2

or

1 1 1 1
max(O,———,———) <719
Po P1 G 2
In both situations we can employ Thm. 4. The first case is covered by (61) and the

second one by (60). [ |

Remark 17. Since S}°, B(Q2) = S)° . F(Q) the Cor. 7 implies Theorem 2.

Po,po Po,Po

Corollary 8. We suppose 2 < p; < oo and

1 1
7"0>max(0,———>.
Po D1
Furthermore, we assume that ® satisfies the conditions in Prop. 4 with respect to

Sro o B(RY) and the conditions in Prop. 8 with respect to S) ,F(R?). Then we have

Ppo,q90

Po,90

(L1
O (7240 B L (), B0) = (logm) 7w R > 2,

Proof. We shall use the continuous embedding S) ,B(Q2) < Ly, (©2), Cor. 6 and Prop.
9 in combination with Prop. 3, 4. |

Proof of Thm. 1. The claim follows from the quoted Littlewood-Paley assertions,
Thm. 4 in combination with Prop. 3 and the comments in Subsection 3.2.3 since

Qo =q = 2. |

We shall consider one final special case.
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Corollary 9. We suppose

maX(O,i—i), if 2<p <o,
o > R(po,p1) :== plo 11)1 .
maX(O,p—o—i), if pr<2.

Furthermore, we assume that ® satisfies the conditions in Prop. J with respect to
Sr0 wB(RY) and the conditions in Prop. 3 with respect to Sy ,F(R?). Then we have

Po,00

am(sro B(Q), L, (%), %) =m0 (logm) D)y > 9.

Po,00 —

Proof. This assertion follows from Prop. 9 and either Cor. 6 using the continuous
embedding S% ,B(Q) < L,, () or from Cor. 2, in combination with Prop. 3,4. W

D1,2

Remark 18. This result is the nonperiodic counterpart of a result by Temlyakov [48].

Comparing his condition

fmxz-2). i 2<m<x,
ro > T(p07p1) T 2 2)_ 1)L ) 2
(max (po’ pl) )pl o<,

to the one in Cor. 9, we find that in case py < 2 we always have R(po,p1) < r(po,p1),

i.e. the above condition is the weaker one (though still not optimal).
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