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Abstract

We shall investigate the asymptotic behaviour of the widths of best m-term
approximation with respect to non-compact embeddings of tensor products of
Sobolev as well as Besov spaces into L,, spaces. In almost all cases our approach

leads to final results.

1 Introduction

Let @ := (¢);); denote a tensor product wavelet basis satisfying some additional smooth-
ness, integrability, and moment conditions, see Subsection 3.2.2 for an exact definition.
We consider best m-term approximation with respect to @, i.e., we investigate the

quantity

Om(f, ®)x == inf{”f—ch@DjHX . JA|<m, ¢eC,je A} ., meN.

JEA
Associated widths are defined as follows. Let X and Y be quasi-Banach spaces such
that Y < X. Then we define

(Y, X, @) i=sup {on(£O)x: Y[ <1}, meN. (1)

Usually one concentrates on X = L,(R%). We shall divide our investigations into two
different cases. In a first case we shall study the asymptotic behaviour of o,,(Y, X, ®)
for pairs (X,Y), where X = L, ([0,1]%) and Y is either the tensor product of Besov
spaces B0 ([0, 1]) or of Sobolev spaces H;¢([0,1]) (Bessel potential spaces). Then we
continue by investigating the same problem for [0, 1] replaced by R. As indicated in the
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title, we concentrate on non-compact embeddings, i.e. we consider rq := pio — p% > ( for
spaces on the cube and rg > pio — pil > 0 if we consider spaces defined on R?. Whenever

1 < p; < oo holds and Y is a tensor product Besov space, then our approach leads to
a final characterization of the asymptotic behaviour of ,,,(Y, X, ®). If Y is a tensor
product Sobolev space, this is also true but with some additional restrictions. Of
course, it is well-known that the property

lim o,(Y,X,®) =0

m—00

is not related to the compactness of the embedding Y — X see, e.g. [7] and [12] for
examples given by isotropic Besov spaces.

For us it is convenient to use the coincidence (in the sense of equivalent norms) of
the above tensor product spaces with special cases of the scales of function spaces of
dominating mixed smoothness, see Section 3 for details. The present paper is a con-
tinuation of [12], where we have investigated best m-term approximation with respect
to (isotropic) Lizorkin-Triebel spaces.

Concerning the wavelet system ® some remarks are in order. First of all, we use
different systems for spaces on R? and for spaces on [0, 1]?. Exact definitions are given
below in (11) and (18), respectively. When we deal with the widths o,,,(Y, X, ®) it is
assumed that Y and X allow a characterization by means of the same system ®, see
Propositions 4, 5 for sufficient conditions. In case of spaces on domains we will suppose
that the associated spaces on R? allow a characterization by ®.

The paper is organized as follows. In Section 2 we state and comment on our main
results. The next section is devoted to tensor product spaces and their relations to
the scales of Besov and Lizorkin-Triebel spaces of dominating mixed smoothness. In
Section 4 we investigate approximation spaces with respect to sequence spaces and we
determine the asymptotic behaviour of the width of best m-term approximation with
respect to embeddings of those sequence spaces. This will be an essential tool for us in
the following section. However, we believe, it is of some self-contained interest as well.
All proofs will be collected in Sections 5 and 6. The first step in our proofs will always
be the application of a wavelet isomorphism. This reduces the problem for distribution
spaces to a problem for sequence spaces. The appropriate wavelet isomorphisms will
be described in Subsection 3.2.2. From this it follows immediately that the main job
has to be done on the level of sequence spaces, for which we refer to Section 5. In
Section 6 we collect consequences for the widths of best m-term approximation with
respect to pairs of spaces of dominating mixed smoothness. In particular, we determine
the asymptotic behaviour of o, (S’"O B(R%), 8% B(RY), <I>>, ro = 1/po — 1/p1, in all

Po,q0 P1,91
reasonable situations, see Cor. 8.



Notation

As usual, N denotes the natural numbers, Z the integers and R the real numbers.
Further we use Ny in place of NU{0}. For a real number a we put a, := max(a,0). By
[a] we denote the integer part of a. With R¢, Z¢ and N¢ we denote the d-dimensional

counterparts. If j € N& then

‘]‘1 = |(jla 7]d)’1 :jl++.7d

If X and Y are two quasi-Banach spaces, then the symbol Y < X indicates that the
embedding is continuous. As usual, the symbol ¢ denotes positive constants which
depend only on the fixed parameters r, p, ¢ and probably on auxiliary functions, unless
otherwise stated; its value may vary from line to line. Sometimes we will use the
symbols “<” and “2” instead of “<” and “>”, respectively. The meaning of A < B is
given by: there exists a constant ¢ > 0 such that A < ¢ B. Similarly 2 is defined. The
symbol A < B will be used as an abbreviation of A < B < A. For a discrete set V the
symbol |V| denotes the cardinality of this set. We shall use the multiindex convention
that for two vectors a, 8 € N¢ the inequality o < 3 means o; < 35, i = 1,... ,d.

Tensor products of Besov and Sobolev spaces are investigated in [28], [26] and [27].
General information about Besov and Lizorkin-Triebel spaces of dominating mixed
smoothness can be found, e.g., in [1, 25, 23, 34, 32| (S} B(R?), S F(R?)). We will
not give definitions here. However, the wavelet characterizations, recalled in Subsection
3.2.2, can be taken as definitions as well. The reader, who is interested in more elemen-
tary descriptions of these spaces, e.g., by means of differences, is refered to [1, 25, 32|
and [33].

Agreement: We shall deal with function and sequence spaces depending on three
parameters 7, p,q. If there is given no additional restriction then it is assumed that
r € Rand 0 < p,q < oo. Furthermore, () always denotes an open, nontrivial subset
of R Q = R? is admissible. Finally, if we consider Sy (), S;,qF(Rd), sy f (), or

sp..Jf> then it is always assumed that p < oo.

2 The asymptotic behaviour of the widths of best m-

term approximation

Our main interest lies in the asymptotic behaviour of the widths o,,,(Y, X, ®) for differ-
ent choices of the spaces X and Y. Tensor products of Sobolev spaces are denoted by
S;H(]d) and [ is either the interval [0,1] or I = R. Tensor products of Besov spaces

are denoted by S7B(I?) and I is as before. Definitions are given in Section 3. To begin



with we study the situation on the cube [0, 1]¢. Afterwards we investigate the same

problem on RY.

2.1 Widths of best m-term approximation on the cube
Since Y — X is a necessary condition we recall the needed embedding assertions.

Lemma 1. Let 1 < p; < oo and rg > 0.
(i) Let 1 < py < co. Then SOH([0,1]%) — Ly, ([0,1]%) holds if, and only if,

1 1
rg > — — —. (2)
Po DM

(ii) Let 0 < po < oo. Then SpB([0,1]%) — Ly, ([0,1]%) holds if, and only if, (2) holds.
(i) The embeddings in (i) and (ii) are compact if, and only if, the inequality in (2) is

strict.

Remark 1. Concerning parts (i) and (ii) we refer to [25, 2.4.1], see also [24]. A proof
of Lemma 1(iii) may be found in [34].

Surprisingly, whenever we have a continuous embedding s.t. ro > 0, the associated
widths of best m-term approximation form a null sequence. Roughly speaking, the
widths 0,,(S0Y ([0, 1]%), Ly, ([0,1]%, @) of best m-term approximation behave like m ="
times a lower order term. Only the lower order term is influenced by Y € {B, W}, po
and pq.

Let @ be as in (18). Furthermore, we assume that Prop. 5 can be applied with this
system @ for the spaces S0 F(RY), S)° ) F(R?), and SO ,F(R?).

D0;P0 D0,2
Theorem 1. We assume max(1,py) < p1 < 0o, and 1o := pio — 1%1'
(i) In case of tensor product Besov spaces we have
o (S5 B0,11%), Ly, ([0,1]%), @) = m ™" (logrm) 05 )+ (3)

for allm > 2.

(i) Let 1 < pyp < 2 < p; < o0. In case of tensor product Sobolev spaces we have
om (S H((0,1]%), Ly, ([0,11%), @) = m ™ (logm) @1 (4)
for allm > 2.
Remark 2. (i) Observe that in case 0 < py < 2 and p; = 2 we have
Om (S;({po‘l/QB([O, 11%), Ly ([0, 1]%), <1>) — im0

for all m > 2. This has been known before, see Nitsche [19]. However, it seems that

Nitsche was not aware of Proposition 6.



(ii) There are several references dealing with best m-term approximation of functions
belonging to spaces of dominating mixed smoothness on the d-dimensional torus, we
refer to Bazarkhanov [5], Oswald [20], Temlyakov [30], Dinh Dung [8, 9] and Romanyuk

[22]. In all these articles only compact embeddings are investigated.

2.2 Widths of best m-term approximation on R?

Again we start by having a look on the possible embeddings. Of course, since the
underlying domain has infinite measure, the conditions are more restrictive than in

Lemma 1.

Lemma 2. Let 1 < p; < o0 and rg > 0.

(i) Let 1 < py < oo. Then S0 H(RY) — L, (R?) holds if, and only if, po < p1 and (2)
18 satisfied.

(ii) Let 0 < po < o0. Then Sp°B(R?) — Ly, (R?) holds if, and only if, po < p1 and (2)
18 satisfied.

(iii) The embeddings in (i) and (ii) are never compact.

Remark 3. Again we refer to [25, 2.4 for a proof of (i) and (ii), see also [24]. Part

(iii) is obvious.

In this subsection we assume that ® is as in (11). Furthermore, we assume that
Prop. 5 can be applied with this system ® for the spaces S™ F(R%), S’ ,F(R%), and

D0,P0 P0,2

5191,2F (R?). We have two consider two different cases. First, we study the so-called

non-limiting case, given by ro > 1/pg — 1/ps.

Theorem 2. Let 1 < p; < o0 and rqg > 0. We suppose

1 1
rg > — — —. (5)
Po DM
Then we have
ro d d - T
Om (SPOY(R )7L;D1 (R )7®> =m Po P, (6)

for allm >2 and Y € {W, B}.

Remark 4. Observe that the asymptotic behaviour of o,, (S;SY(Rd), Ly, (RY), @) does

not depend on 7.
Next we turn to the limiting case, i.e. 79 = 1/pg — 1/p;.

Theorem 3. We suppose 1 < p; < oo and



(i) Then we have
m (S;SB(RC[)7 Ly, (RY), (I)> =m " (log m)(dfl)(m*%+%)+ :

for allm > 2.
(i) If 1 < py <2 < py < 00, then we have

Om (S;SH(Rd), Lpl (Rd), CI)) =m0 (10g m)(d—l)To :

for allm > 2.

3 Tensor products of Sobolev and Besov spaces and
their relation to Besov and Lizorkin-Triebel spaces

of dominating mixed smoothness

The most prominent classes within these spaces occuring in the title of this section are

the tensor product Sobolev spaces.

3.1 Tensor products of Sobolev spaces

Before we are turning to these classes we introduce Sobolev spaces of dominating mixed
smoothness.

Let 1 < p < oo and r € N. Then S;W(R?) is the collection of all functions in L,(R%)
s.t.

IFISWRD) = Y | DfIL(RY)]| < oo

a<(ry..,r)
Here D*f denotes the distributional derivative of order av of f. The derivative D f of
the highest order is the mixed one, given by o« = (r,... ,r). This explains the name
Sobolev space of dominating mized smoothness.
The connection to tensor product spaces is as follows, see [26]. For the basics of tensor

products of Banach spaces we refer to [18].

Proposition 1. Letd > 1,1 <p < oo and r € N. Let v, denote the p-nuclear tensor
norm, see e.g. [18]. Then

STW(R?) = W/ (R) ®a, Wy (R) (8)
and
SIW (R = STW(RY) ®q, W, (R) = W) (R) ®q, S;W (RY). (9)

Remark 5. For p = 2 Proposition 1 has been folklore. Let us mention that many
times S5W (R?) is also denoted as H',, (R?).

miz
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Proposition 1 has a fractional order counterpart. Sobolev spaces H (R) of fractional
order r > 0 as well as the Sobolev spaces W;(R), r € N itself can be interpreted as
special cases of the Lizorkin-Triebel scale, see, e.g., [31, 2.5.6]. If 1 < p < oo and r > 0,
then it holds

H)(R) = F,(R) (in the sense of equivalent norms).

There is another variant of Sobolev spaces of fractional order, usually called Slobodeckij
spaces and denoted by W (R4). These spaces coincide with B;yp(Rd) if r ¢ N. Further-
more, there is a well-developed theory of Lizorkin-Triebel spaces of dominating mixed

smoothness S F(R?), see Prop. 5 below. Defining for r > 0
STH(RY) := S),F(RY)
then the following supplement to Proposition 1 has been proved in [26].
Proposition 2. Letd>1,r >0 and 1 <p < oo. Then
SyH(R?*) = H}(R) ®a, H)(R)

and

SrH(R) = STH(RY) ®q, H (R) = H}(R) ®a, Sy H(RY).

Finally, we wish to mention that all these tensor product formulas carry over from

R to intervals. For simplicity let S7H([0,1]%) be defined by restrictions, see Subsection
3.2.3. Then the following is proved in [27].

Proposition 3. Letd > 1,1 <p < oo andr > 0. Then
SyH([0,1]%) = H}([0,1]) ®q, H([0,1])
and
SyH([0,1]7) = ST H([0,1]7) ®a, H;([0,1]) = H;([0,1]) ®a, SpH([0,1]7) .

Remark 6. Let I be either [0,1] or R. With the interpretation as an iterated tensor

product we may write

STH(IY) = Hy(I) @, - @, Hy(I) .

J/

g

d — times

3.2 Isomorphisms associated to tensor product wavelet systems
and Besov-Lizorkin-Triebel spaces of dominating mixed
smoothness

As mentioned in the Introduction we will not give definitions of the above classes.

However, the characterizations by means of tensor product wavelet systems may be

taken as a definition.



3.2.1 Sequence spaces

Now we introduce sequence spaces related to the characterization of Besov and Triebel-
Lizorkin spaces of dominating mixed smoothness in terms of wavelet coefficients.

Let X denote the characteristic function of the interval [0, 1]. Then we put
X (7)) = X (20 — k) - X (22g — k), = (x1,...,24) € R?, (10)
where j = (ji,...,ja) € N and k = (ky,...,kq) € Z%. In other words, X;} is the
characteristic function of the dyadic rectangle
Qi = (277([0, 1] + k1)) x -+ x (277([0, 1] + ka)) -

Definition 1. Letd > 1,0 < ¢ < o0 andr € R. Let V = (Vj)jeNg be a sequence of
nontrivial subsets of Z.2.

(i) Let 0 <p < oo. Then s, b(V) consists of all sequences a = (a;x);r such that
Jalsp b0 = (20 (5 Jaap) ) <o
jENg keV;
(ii) Let 0 <p < oo. Then s, ,f(V) consists of all sequences a = (a;x);r such that

H a ‘s;’qf(V)H = H (Z Z 9lilt (r+3)a | ] Xj’k('))a

jeNg keV;

Ly(RY)

< 00.

Remark 7.
(i) Many times we shall use the notation s, x(V), z € {b, f}. If, then we always
assume p < oo if x = f.
(ii) Two special cases of sequences V are of particular importance. The first one is
simply V; = Z% for all j, and we will denote the corresponding spaces by Sp.qb
and s, f, respectively. In the second one we will choose V; in dependence of a
bounded open (nontrivial) subset of R%. The exact definition will be given below,
see Def. 2.
(iii) Obviously we have s} b(V) = s f(V).

p.p p

3.2.2 Spaces of dominating mixed smoothness

For a definition of spaces of dominating mixed smoothness in Fourier-analytic terms we
refer to the monographs [1] and [25]. Characterizations in terms of atoms and wavelets
have been given in papers by Bazarkhanov |2, 3, 4] and Vybiral [34]. Here we are going
to recall a few results from [34].

Let ¢ denote an univariate scaling function associated with the wavelet ¢ such that

¢, € C*(R) are compactly supported, the wavelet satisfies the moment condition

/ tyYt)dt=0, 0</l<s,

8



and the collection of functions, consisting of

Yor(t) = o(t—k), ke,
Yialt) = 20°VPy9@@ N —k),  keZ, jeN,

forms an orthonormal basis for the space Ly(R). Here s € N will be chosen later on.

Next we need the corresponding tensor product systems. We put

¢j:k($) = wjhkl (.7?’1) feat %‘d,kd(l’d) ) xr = (xla cee axd) .
Then the tensor product wavelet system @ is the collection
Vi, JENS, keZ’. (11)

For the following propositions we refer to [34]. To begin with we deal with Lizorkin-

Triebel spaces.

Proposition 4. Letr e R, 0 < p < o0 and 0 < ¢ < oo. If ¢, are satisfying the

above conditions for sufficiently large s = s(r,p,q) then we have the following: For
every f € S} F(RY), we have

F=Y0 f bin) i (12)

jeNd kezd
convergence in S'(R?) (and in S} F(R?) if ¢ < 00), and
1f 185 E @O =N ({f, Dsed)ie Ispq f 1 - (13)
The counterpart in case of Besov spaces reads as follows.

Proposition 5. Letr € R, 0 < p < o0 and 0 < ¢ < oo. If p, 0 are satisfying

the above conditions for sufficiently large s = s(r,p,q) then we have the following:

For every f € Sp B(RY), the identity (12) holds with convergence in S'(R?) (and in
T dy ;

S} B(R?) if max(p, q) < 00), and

1£ 1S5 BRI = 11 (CF; )ik

spq0ll- (14)

Remark 8. Here we are not interested in optimal conditions with respect to ®. How-
ever, we wish to mention the following. If we have two fixed triples (7o, po,qo) and
(r1,p1,q1), then there always exists a system ® s.t. Prop. 4 (Prop. 5) can be ap-
plied simultaneously with respect to both spaces. Propositions 4 and 5 will allow us to

transfer the major part of our calculations from function spaces to sequence spaces.



3.2.3 Wavelets and domains

Let Q C R? be a bounded and open set. Then we define the spaces S; F(2) and
Sy, B(82) by restrictions. More exactly, we put

S X(Q) = {f eD'(Q): f=gq forsomege S;ﬁqX(Rd)}
1£ 1S5, X @I = inflg]S;, XR],
where the infimum is taken over all g € S} X (R?) such that f = gjo. Here X € {F, B}.

For our purpose it is enough to observe the following. The univariate scaling function

¢ and the associated wavelet 1) are compactly supported, say
(supp¢ U suppqﬂ) C [-N,N]|
for some N > 0. For given f € S X (Q) let £f denote an extension of f such that
1EF 1S, X R < 2[1f 18, X < 2[|Ef S, X R

Then

Ef =D > (S, i)

jENG kezd

Hence, also

Ef=> Y, (Ef tix) i (15)

JENE supp v ,NQFD

is an extension of f such that
1€ £ 1S5, X R = || f1S,,X Q)] (16)
Moreover, we have
suppE*f CT':i={z € R : dist (z,0Q) < 2N} . (17)

For spaces on bounded domains we define @ to be the collection of all functions v,
such that

QNsupp iy # 0, jENL kez® (18)
With (15) and (16) we do not get an intrinsic characterization of S; X (2).

Now we are ready to define related sequence spaces.

Definition 2. Let Q C R? be a bounded open (nontrivial) set. Let r,p,q as in Def. 1.
Let (Y1) satisfy the restrictions in Prop. 4 (f-case) or in Prop. 5 (b-case). Then
we define V = V(Q) according to (18) by

Vj:{k:EZd: suppl/zmﬂQ%@}. (19)

The corresponding sequence spaces will be denoted by s, b(Q2) = s, b(V(Q)) and
spof () = s, f(V(Q)) respectively.

p,q

10



Remark 9. We want to mention the following fact, which we will make constant use
of without always explicitely mentioning it. There exist positive constants C; = C;(2)
and Cy = C5(Q2) and an appropriate integer J = J(Q2), such that

Cy < 27k V()] < Cs, |7 > J. (20)

For simplicity we will always assume J = 0.

3.3 Tensor products of Besov spaces

By ~, we denote the projective tensor p-norm, see [26]. We define
5o oy if 1<p<oo,
P Yp if 0<p<l1.

The counterpart of Propositions 1, 2 and 3 in case of Besov spaces reads as follows, see
[26] and [27].

Proposition 6. Letd > 1,0 < p < oo andr € R. Then
Sy, B(I?) = By (I) ®s, By (1)
and
Sy, BUI™Y) =8 B(I') ®s, By (I) = B, ,(I) ®s, Sy ,B(I?),
where I is either R or I = [0, 1].

Remark 10. (i) Let I be either R or I = [0,1]. Instead of Sy B(I¢) we shall use many
times the shorter form S} B(I?). By using this abbreviation we obtain the following

comparison between tensor product Sobolev and tensor product Besov spaces
SyB(IY) — STH(IY)  if 1<p<2

and
STH(I?) — S;B(I1Y)  if 2<p<oo.

(ii) As in Remark 6 we may write

S;B([d) = \B;,p<[) ®5p e ®§p B;p([),

g

d — times

with the interpretation as an iterated tensor product.

4 Sequence spaces and approximation spaces

In this section, we deal with abstract approximation spaces as well as the behaviour of

best m-term approximation with respect to embeddings of vector-valued ¢, spaces.

11



4.1 Approximation spaces

Let D be a subset of the quasi-Banach space X. Then we define

Jm(a,X, D) = inf{Ha — ch U
nen

Obviously o¢(a, X, D) = || a||x. We are interested in approximation spaces relative to
om- Let A3(X, D) be the collection of all elements a € X, such that

: \A|§m,cn€C,wn€D,nEA},
X

|a [A5(X, D)
> a 1 g
_ <7nZO [(m—l—l)sam(a,X,D)] m——|—1> if O<q<OO,
sup (m—l—l)sam(a,X,D) if ¢g=o0,
m=0,1,...

where s > 0. We want to mention two further facts, which are almost trivial but
nonetheless important for our later considerations. Let s > 0 and 0 < ug < u; < 0.

Then we have the embedding
A, (X, D) — A; (X, D)

(use the monotonicity of o, with respect to m and switch to dyadic subsequences).
Moreover, if X and Y are two quasi-Banach spaces with D C X and X — Y, then it
holds

AL(X, D) — A3V, D)

for all s > 0 and 0 < u < 0.

We need some general assertions on best m-term approximation on the level of
sequence spaces. In this connection we concentrate on best m-term approximation
with respect to the canonical orthonormal basis of 5(I), where I is a fixed infinite, but

countable, index set. We put
B:={e:jel}, & :=(eh, e, =0, jkel.

By /,.,(I) we denote the Lorentz sequence spaces. Here ¢, ,(I) is the collection of all

sequences a = (a;);er, such that

1

oDl = || (P~ ¥ a2)

KU(N)H<OO, 0<pu<oo,

where a* = (a),, denotes the non-increasing rearrangement of a.
We shall investigate best m-term approximation with respect to the following spaces

of vector-valued sequences.

12



Definition 3. Let I be an arbitrary nonempty, countable index set, and let J = (J;)ier
be a family of nonempty, countable index sets. Let 0 < p,q < oo. Then we define the
space (I,EP(J)) as the collection of all sequences

a = {ai,j:a'l}j EC,iGI,j eJi}’

such that

S}
Q=

lalt,(1.6,(7))]| = (2(2}%;)) <.

Our point of departure is the following nice result of Pietsch |21, Ex. 1].

Proposition 7. Let 0 < pj,u < oco. Let I be a fired index set. Then a € £, (1)
belongs to the approzimation space A (L, (I),B), if and only if a € €, (1), where
1/po := s+ 1/py. Furthermore,

@ | A (6, (1), B) || =[] @ [fyou (D] (21)
where the constants of equivalence do not depend on I.

The observation s, b(V) = 7 f(V) = £,(Ng x V) if r+ 1 —

p.p = 0 allows us to apply
Prop. 7.

1
p

Corollary 1. Let V be as in Definition 1. Let 0 < py < p1. Then

1 1 1 1

po P (6 (NG % V), B) = 53000 0(V)
in the sense of equivalent quasi-norms.
We formulate a second (equivalent) variant.

Corollary 2. Let V be as in Definition 1. Let 0 < py < p1 and r € R. Then we have

1 1 1 1 1
T r+—=——3
+ +3573

i " (sppt DY), B) = spoph B(V),

P0
in the sense of equivalent quasi-norms.

Proof. We consider the mapping a +— b defined by b, = lahr a; k- Then

1_1 1_1
L1 1
—f—p1

T (@, Spr gt 2B(V), B) = 000 (b, 55107 0(V), B) = 0, (b, £, (NE x V), B)
and
rek-d -4
| @ |spops 0(V)|| = || b]spsne (V)| = || 0] (NG x V)|
This proves the claim. |

Remark 11. We are mainly interested in the case r + pil — % = (. Then we find

1 1 1 1

2o " (8ppn 0(V), B) = 83000 D(V)

p1,p1

again in the sense of equivalent quasi-norms.

13



4.2 Widths of best m-term approximation for embeddings of
(,-spaces

The results we are proving in this subsection have preparatory character. However,

they are of interest on their own.

Theorem 4. Let 0 < p,q < 00 and r > 0. Then there is a positive constant c, such

that
O (0 (1,6, (1)), L(1,4,(J)), B) < em™, meN, (22)
where . . . .
—=r4- and —=r4+-. (23)
Pr p dr q

Moreover, the constant ¢ does neither depend on I nor on J.

Proof. Assume 0 < p,q < oo, and let a € ¢, (1,¢, (J)). Furthermore, we shall use

the notation a' = (a; ;) e, @ € I. Let
Ki(e) := {z el: 2e<|alt, (J)] < 2”18}, l €L

Obviously, the (K;); form a pairwise disjoint covering of I. By Prop. 7 we already
know £, (J;) = AL (6,(J;)) — A% (€,(J;)) and hence

omlal (), B) < em™"[|a'l, (1))

but we shall present another more explicit version of this result.

Step 1. We fix some ¢ € I. We shall prove

s 1/p
om(a 0,(J;), B) = ( > (<ai>:;)) < (m+1)7"[la' |6y, (;

n=m-+1

(24)

where (a')* denotes the non-increasing rearrangement of a’. An easy calculation shows

On1(a', oo (), B) = (a') < = 1/Pr neN, (25)

a' |6y, (J:)

and hence

(i <(“i>3>p> - ( > (@) (<a@'>;;)pr)l/p

n=m+1 n=m-+1
oo 1/p
< < Z (n_l/pr ai‘é H)]? pr( . )pr)
n=m++1
) 1/p
<(m+1) szad PRl 1 T( )
o[ €, an( 5
< (m+1)7"||a’| (] Hl-’% a'|6, ()|

14



This proves (24). Further, we wish to mention that for every m € N there is a set

AT C J; of cardinality at most m, such that

00 1/p 1/p
om(a (), B) = ( > ((aim)p) = (Z |am~|p> . (26)

n=m-+1 JEAT

Step 2. We shall use these sets A" to define a suitable approximation of a. We define

i yp— .. i?] )
T.a" = E a; e, 1€ 1,

JEA
and o
Se=Y Y T
1=0 icK;(e)

Then S.a is a m.-term approximation with

m. <Y |Ki(e)] 2
=0

Furthermore, by definition of the sets K;(¢), it holds

laltq. (1,6, (1)) = ZZHalé O] (27)

leZ ieK;(e
>3 > (2e)" >quZ|K (e)] 21
I€Z €K ()

and hence
qr

me < & ||alt,, (1,6, (J))

Step 3. Using the definition of S.a we find

la = Sealt (L, &) = Z > Il + > Y fla - Tl

l=—00 ieK;(¢) =0 ieK;(e)

Due to the embedding ¢, (J;) < ¢,(.J;), it follows for the first sum in (28)

> Y ol Y ¥ Il (" < > e (2’
l——OozeKl(E l——OOzEKl l=—00
-1
< gl—ar 9 Z ‘Kl(€)‘ (218)% < gl—ar 9

l=—00

all. (1, 45, (D)™,

15



see (27). For the second sum in (28), we use (26) and find by (24), (27) and 1 —rq, = &

XIEZHa—T@V T = 2)2: oy (a’, £y (J;), B))

=0 ieK(e =0 icK;(e)

<> (@)l

=0 ZEK[ )

< Z ‘Kl(g)l 9—larrq (21+18)q
=0
< 24 i Z |, ()| olar -ar
=0
G‘EQT (I7 gp'r (J))

< 94 g4 qr )

Altogether, we have proved

Om.(a, (1, 4,(])), B)? < Ha - S€a|€q<Ia£p(J))||q
< (20 +20) &7 o]y, (1,6, (7))

qr

Choosing € = m~/% < m and

ally, (1,6, ()],

am(a, Eq(],ﬁp(J)),B) <c(qg,r)m™" Ha}fqr(l,pr(J))H :

Step 4. It remains to study the case max(p,q) = oco. The restriction p < oo is used
only in Step 1. If p = oo, then we simply apply (25). The restriction ¢ < oo has been

used in Step 3. Here standard modifications can be used to prove (22). |

Remark 12. We wish to mention that the basic ideas of the proof are picked up from
the proof of a corresponding result for homogeneous isotropic Besov spaces in Kyriazis
[17].

We continue with two consequences of Thm. 4. The first one is a generalization.

Corollary 3. Let 0 < p,q < oo and r > 0. Then there exists a positive constant c,
such that
T (Eqr(l,ﬁpmoo(J)),Eq(I, ep(J)),B) <em™,  meN,

where p, and q, are as in (23). Moreover, the constant ¢ does neither depend on I nor

on J.

Proof. In comparison with the above given proof only very few modifications are

necessary. Of course this time we use

Ke)i={iel: 2e< a6, (h)]| <246}, 1eZ.

16



The second modification concerns (24). This time we get

)-
- 1/p
(_Z (( ) < ( ot ai‘gpmoo(Jz‘)}Dp)
([ aa) "l i

(pr)~ Up = Ha !6 (Jl)H )

IN

IA

All the formulas in Step 2 remain true by replacing ¢, (.J;) by ¢, «(J;). In Step 3 we
use the continuous embedding /¢, «(J;) — ¥€,(J;). Here we have to notice that the
norm of the mapping Id : ¢, (J;) — €,(J;) is not 1, however, uniformly bounded in i.

No further arguments are needed. |
For the next conclusion we need a slight restriction on the index sets I and J.

Corollary 4. Let 0 < pyg <p; < o0 and 0 < qo < q1 < 00. Let I be an infinite index
set, and let the family J = (J;)ier of index sets fulfil

sup || = o0
el

.(1 1 1 1)
r=mm{———,———].
Po P11 Q q1

Om <€q0 (1, Lo (1)), Lo (I, epl(J)),zsj = m"

where the constants of equivalence do not depend on I or J.

Furthermore, let

Then

Proof. Step 1. Estimates from above. We shall distinguish into two case, namely
r=0andr > 0.

Substep 1.1. Let v = 0. Under the given restrictions we have (4 (1,0, (J)) —
lg, (I, 0,,(J)), where the embedding operator has norm 1. Thus, also

Um<£qo (I7€po<J)>7€Q1 <[7£p1(°])>75> <1

is true.
Substep 1.2. Let r > 0. We split our considerations into three cases. If r = pio — p% =
qio — =, then the result follows immediately from the previous theorem. If r = pio — —1 <

L _ L then we define g, by

90

1111

& Do P11 @

Hence ¢p < ¢., and by the monotonicity of the £,-norms we have £, (I Ao (J )) —

g (I,0,(J)). Butasr = - — L =L — L the desired estimate now follows from the
Ppo p1 qx q1

first case.

17



Ifﬁnallyr:i—i<i—pil,thenwedeﬁnep*bypi*:i—i+

1
qo q1 Do q0 q p1°

Po < Py Lao (1, Ly (J)) < Ly (1,€,.(J)) and we may argue as before.

Hence

Step 2. For the estimates from below we shall discuss two types of sequences. The first

one is defined by

y 1, =i, j€A,,
a™ = Z e ie. ajy = ! (29)

JE€Am 0, else,

where 14, is chosen such that |J; | > 2m and A, C J;, is arbitrary satisfying |A,,| =
2m. Clearly,
™ €y (1, € (1) || = (2m) 0.

Due to the special structure of the sequences the best m-term approximation is easy

to determine. Any partial sum z™ with exactly m terms is optimal. Hence, we find
|a™ = a™ [, (1,4, ()| = m!/Pr
This finally gives the estimate
T (zqo (1, Lo (1)), o (I, epl(J)),B) > 9= 1/p0 gy =1/pot+1/p1

Now we turn to the second example. We choose 4; € I pairwise distinct and j; € J;,

[ € N. Define sequences b by

! =iy j=gi, 1<1<
ng — ) 7 i, ] Jis Si<m, (30)
07 else
Then we find
”bm‘eqo (Iagpo(c]))” — ml/
as well as

[ = B[4, (1,6, () || =
Of course, b™ is a best m-term approximation for b*™. Hence, we obtain
O (L (1 o (), Loy (1,63, (), B) > 27 g ot
This proves the claim. |

Remark 13. One can prove even more than stated in Thm. 4 and Cor. 3. Let

0<p,qg<oo,r>0and p,,q, as before. Then

Ag, (ﬁq(l,ép(J)),B) = Lq, (I’Ep'rvqr(‘])) :

We omit details and refer to [11]. A closely connected formula has been proved in [16].
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5 Widths of best m-term approximation for embed-
dings of s} x(V)-spaces

Within this section we deal with the behaviour of the widths of best m-term approxi-
mation with respect to pairs (sb . z(V),s5 ., y(V)), z,y € {b, f} .

5.1 Estimates from below

Let ©Q be a bounded open and nontrivial subset of R? and let V = V() be the
associated subset of Nd x Z¢, see (19). We shall use the following abbreviations. For

1 € N we define

M(u,d) = {jENg: |j|1:,u},
v, = {(j,k)eNngd: jeM(u,d),kevj},
S(p,d) = |M(p,d)| and D, :=1|V,|.

Obviously, S(,u,d) = p%! and from (20) we conclude D, = S(,u,d)2“ = pttom,
Furthermore,
B = {ej’k: j €N, kevj}

denotes the canonical basis with respect to V.

Lemma 3. Lett € R. With x,y € {b, f} we have: for each m there exists a finite

sequence a such that || a|sl, . x(Q)|| =1 and
SR W
(.58, 1(2).B) 2 m~! (logm) VTR e

Here the constant behind 2 does not depend on m.

Proof. Step 1. Due to the monotonicity properties of o, it is sufficient to consider
m = 2M for some M € Ny. Let j € N¢ be some arbitrary vector, such that |j]; = M.
Let Cy and Cy be the constants in (20). Additionally, let K be the smallest natural
number such that C,2% > 2. This means that \Vj+Ke1| > 2m. For brevity we put

[ := V,;1ke. Now consider the finite sequence

a = Z |[]|—1/P0 2*(M+K)(t+%f%) pitEe k-

kel
Consequently we find
@ 15500V = [ @[50 /(@) =1 forany 0 < go < 0.
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Now, let I' C O s.t. |I'| = m. Then, for all ¢;, we obtain

Om (a’sg1 q1 H Z ’D| 1/po 2 (M+K) (H—E %) €j+K61’k
keO\D
— || Yo g~ MR 555D EAES
> (022M+K)—1/P0 9 —(M+K)(t— po p1 (QM(C oK _ ))1/191
> 02—1/170 27K(t+1/p1) 9—Mt

p1,91

0 b(Q)H

> m™.

In addition we observe oy, (a,s9 . f(Q),B) = om(a,sd , b(Q),B). This proves the
claim if t — - 4+ 1 <0.
q0 q1
Step 2. For a real number x we denote by [z] its integer part. Again we concentrate
on a subsequence with respect to m. Let m = [%] for some € N. This time our
test sequence is given by
3= S(u, d)_l/qo Z 9 lili(t+3) eIk (31)
(jvk)evl‘«

We immediately find ||ﬁ|sp0 “ Q)H = 1. Let 7 := min(py,q1). Then, for any set
I' € V,, satistying |I'| = m, we obtain

H S, d) S gl ok

(GR)EVLAT

P1,91

0 b(Q)H

= S Sy (Y ks Gk e V)

JEM (1,d)

Next we employ Holder’s inequality and find

> ik Ghevany)

JEM (p,d)
< s ( Z {k : (j,k) €V, \F}Pl/m)/
JEM (p,d)
5 2#(%71711)5(# d)’n i ( Z |{k ( )e V \]__‘}|Q1/P1> Va

JEM (p,d)

Inserting this into the previous identity we get
om (8,80, ,b(Q),B) = 27HH/PIg(y, d)—l/qo g r/m=1/m) gy, d)fu/w—l/ql)

« (% 1k GRevary)”

JEM (p,d)
— 9-ulttl/m) g S(u,d)” 1/q0*1/%+1/m|vu\1ﬂ|1/m
> 2 w(t+1/71) S(,u, ) 1/qo—1/71+1/q1(%Du)1/71
> 9- p(t4+1/91) S(M ) l/qo—l/vwl/zhS(M’al)l/nQ,t/»y1

= Q—Mts(“’d) 1/qo+1/q1‘
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1

By taking into account S (u, d) = u® 1 and m =< p?! 2 this yields

d-1)(t— L +1)

Om (ﬁ, 8217q1b<Q)7 B) Z m~t (log m)( a a1’

Together with Step 1 this proves the claim for z =y = b.
Step 3. We deal with x = y = f. Again we work with the finite sequence (3 defined in
(31).

Substep 3.1. We claim H 6] ’S;(),qof(Q)H = 1 (with constant independent of m). First

we consider the model case
Vi={keZ": 0<k <2t 1<0<d}, jeNI.

Then
1 if € [0, 1]¢,
Z Xjr(z) = { it zelo ] a.e.

hev, 0 otherwise ,
Hence

181500 @I = )™ ([ (3 Hatw)"" ae)"™

(4,k)EV,
= S ([ i) =

Now we turn to the case of a general bounded open set 2. We may assume that the
origin is contained in €2. Then there are two cubes )y and )1 s.t. Qy C Q C @,
|Q;] = 2% i = 0,1, for some K; € Z and

{(kezZ': 0<k <2t 1<0<d} C Vi(Q)

c {keZ': 0<k <2 1<0<d}.
Then, by arguing as in the model case, we obtain

2000 < || Blsh 0 F(D)] < 25000

Ppo,4q0

Substep 3.2. Let v; := min(py,q;) as in Step 2. Also the set I' is chosen as in Step 2.
We put

Uji={k: Gk eVu\TE, il =p,
and

fi@) =Y Xule), G e Mud).

kel';
Obviously, > icrrua fi(¥) < S(u,d) ae.. This, together with Hélder’s inequality,

implies

(/ Y @) g S(u,d)l”l‘”“(/( > )" )

l7l1=p lili=p

< S(ud)Y Y Qe < / ( 3 fj(:z))pl/ql dg;)l/pl.

|7l1=p
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1/
Since (fz\jh=u > ker, Xik(2) dx) e p =D/ e conclude

— —1/q0+1/q1 -1/ _
Um(ﬁ, Sgh‘]lf(Q)’ B) > 2 pt S(H: d) qo+1/q1—1/m N(d 1)/m
= 9K S(My d)—l/qo+1/q1 .

This proves the claim if z =y = f.
Step 4. For the mixed situations we simply have to combine Step 2 and Step 3. The

proof is complete. u
By obvious modifications in case ) = R? Lemma 8 yields the following.

Proposition 8. Let Q) be either a bounded open and nontrivial subset of R? or Q0 = R<.
We suppose st x(Q) — s y(Q). With z,y € {b, f} it follows

Po,q0 P1,91 Y

IV Y
0m<s§,0’qox(§2),sShqu(Q),B) e m_t(logm)(d ne qo+q1)+, m € N.

5.2 The widths of best m-term approximation for non-compact

embeddings
Our approach is based on a generalization of an inequality due to Wojtaszczyk [35],
which itself has generalized a well-known inequality of Temlyakov [29].
5.2.1 Some basic inequalities

We need some further notations. The set of all dyadic cubes @ with |@Q] < 1 will be
denoted by D*, i.e.

D* = {sz—f([o,1]d+k) :jeNO,keZd}.

By Xg) we denote the p-normalized characteristic function of @), i.e., Xg) = |Q|~/P XQ-

Then the following result is well-known, see Lemmas 2.1, 2.2 in [29]|, Lemma 1 in [6]

or Theorem 11.2 in [15].

Lemma 4. Let 0 < p < oo and let A C D* be a set with |A| = m. Then it holds

>

QeA

= m/?.

Ly(R)

To prove the generalization we have in mind we need to consider a different set of

rectangles. Let

D= {QM : jeNg,keZd},
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see (10). If necessary, we shall indicate the dimension by writing D(d). Further we

shall use the following abbreviation

p/q 1/p I
foll = ([ (Shorgon)“a) = palsiztal

QeD

The first step toward the desired generalization of Lemma 4 is the following estimate

for finite sequences, i.e. sequences with only finitely many nonvanishing components
aq.

Lemma 5. Let a be a finite sequence, a = age? with |A| = m > 2. Then it
holds for 0 < p < g < o0

o 1/p 1/p
(1ogm)d<q‘p>(2|acg|p> sHaHs<Z|aQ|p) , (32)

QeA QEA

and for 0 < ¢ < p < oo we obtain

1/p 1/p
(pr) < |lall (logm>d(”)<2|aczlp> | (33)

QEeA QEA

All occurring constants depend on p, q and d only.

Remark 14. As mentioned above, the proofs of this lemma and the successive propo-

sition follow closely the arguments given in [35].

Proof. Step 1. First we consider the case ¢ = 1.
Substep 1.1. Let 0 < p < 1. The prove of the right-hand side estimate in (32) follows

immediately from the monotonicity of /,-quasinorms. We obtain

Jal - (Ad(zagx$><s>)pds)l/p

QeA
1/p 1/p
< (/ Z(\an$’<s>\)pds> :(pr) -
RY Qen QeA

Substep 1.2. For the prove of the right hand side inequality in (33) for 1 < p < oo
we consider the case d = 1 first. For the convenience of the reader we repeat the
arguments from [35]. Let 7 : {1,...,m} — A be a bijection, such that |a.)| is a
non-increasing sequence. Furthermore, let M be the uniquely determined integer such
that 21 < m < 2™ and define

2k —1
gk ‘= Z |a7r(])X§rp()J)|v k:L"'a M.
j:Qk—l
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Then the triangle inequality yields

M M M ) 2k-1 ‘
lall = 2ok Lo@®)| < 3 llge [Lo®) = D || 3 axie™
k=1 k=1 k=1 "j=gk-1
M o 2F-1 M
< Z Z aﬂ(Qkfl)eTr(’]) 5 Z 2(k71)/p|a7r(2k71)| .
k=1 " j=2k-1 k=1
The last two estimates follow from the lattice structure of || - || and from Lemma 4. On

the other hand, we obtain from Hélder’s inequality with respect to 1 = % +(1- %)

m p
Z|GQ|p = Z|a’7r(] >22k lfa (2k—1) |p>1\41 p(zzk 1/p|a (2k—1 |>
j=1

QeA k=1

M P
Tle_p(Z 20D 4 o) \+|aw<1)|>

v

¥ p
Z Qlileip (Z 2(k1)/p‘aﬂ.(2k1)}> .
k=1

Combining both estimates yields

1/p 1/p
»meW{Zm@ ﬂmmwﬁzm@.

QeA QeA
Substep 1.3. The case d > 2 will be proven by induction over d. Given a finite set of
rectangles A C D(d), we can rewrite every Q € A as Q = Q' x Q" with Q' € D(1) and
Q" € D(d— 1), and accordingly Xg) = X(Q/) ® Xg/)/‘ Note that for |[A| = m > 2 there are
at most m different intervals @)’ and at most m rectangles )" occurring in this way.

Then we find

= [ [ (%

B )] - (s >|) ds dt

Q=Q'xQ"eA
p
N // < ( Z ‘aQX ()’)‘XQ//( )’) dsdt .
Rd—1 Q" NQ':Q'xQ"eA

Now we can apply the induction hypothesis to the (d — 1)-dimensional integral (the

inner sums serve as coefficients for fixed ¢t € R). In this way we obtain

Jall % o) |15

p
( lagx (1) |) dt . (34)
Q// Q/ Q/ X QNGA

At this point we further apply the result for the case d = 1. We end up with
” a ”p 5 (log m) (d—l)(p—l)(log m) (p—1) Z Z |aQ|p

Q"eD(d—1) Q' : Q'x Q"N
— (log m)d(pfl) Z ‘&Q‘p.
QeA
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This proves the right hand side of (33).
Step 2. Now we consider general q. We obtain for 0 < p < ¢ from Step 1, applied to
0<p/qg<1,

(Lgienfe) - (fgnae )’

QEA QeA
1/p
_ (z \aw) |
QeA

(Z(|CLQ|q)P/Q>
Similarly we find for 0 < ¢ < p from Step 1, applied to 1 < p/q < oo,

B =

Q=

IA

QeA

(/]Rd (Z !agxg)(s)!q> st> ,, < ((log m) 00 (Z (|aQ|q)P/Q> g)

QEA QeEA

1/p
_ (log m)d(l/qfl/p) (Z |aQ|p) )

QeA

Q=

Step 3. We prove the estimates from below.
Step 3.1. Preparation. Here we are going to use the following duality statement, see,
e.g., [31, Prop. 2.11.1] or [10, 8.20.5]. Let 1 < p,q < oco. It holds g € (Lp(ﬁq)), if, and

only if, it can be represented uniquely as

o) =Y [ ) e, =g € Lol

keNgd

where { gy} pend € L, (¢y). Moreover, it holds

for the usual operator norm on (Lp(fq))/. Of course, p/, ¢ are the usual conjugated

lgll = [lgx | L (€

indices.

Step 5.2. Let 1 < p,q < oo. For every finite sequence a =, ag e?, |A| = m, with
ag # 0, Q € A, define another finite sequence b by by = % for Q € A and zero
otherwise. Then we have f, = (aQXg))er € L,(¢,) and f, = (bQXgl))QeD € Ly(Ly).
We begin with the case 1 < ¢ < p < oo and hence 1 < p' < ¢ < oo. In view of the
above duality relation we find that f, generates a functional on L,(¢,). Applying the

characterization of these functionals we obtain

D lagl = > agbg /RdZ|Q|_1aQbQXQ(3)d5

QeA QeA QeA

= [ 3 (100§6) (rxg9)as
R? Qep

| o | L) - || £ | Ly (£gr)

IN

25



Moreover, Step 2 yields

, , N\ P/ ,
el = [ (Z]rg’ o] ) s < 3 ot = ook
QEeA

QeA QeA

where we used (p — 1)p’ = p. Combining both estimates we now conclude

s - (L (gJes))

QEA
1/p
1
S lagl > (zw) |

QeA QeA

Y

” fb ’Lp’(gq)

This proves the lower estimate in (33) if 1 < ¢ < p < co. Now we turn to the condition

1 <p<gq<oo. This implies 1 < ¢’ < p’ < 0o, and due to Step 2 we find

||fb’Lp/(€q) }p/ < (log ) (/a'=1/p")p Z Ibo |p _ log d(1/p—1/q)p Z lagl.
QeA QeA
Consequently
A d(1/a-1/p) v
[(Z]ex@[) as) = osm) 7 (S lagl )
QeA Oen

Substep 3.3. Using a similar argumentation as in Step 2 we remove the restrictions

l<g<p<ooand 1< p<qg< o for the lower estimates. [

It is a bit surprising that we can partly improve (32) and (33) by restricting to the
sequence ag =1, Q@ € A, and ag =0, Q € A.

Proposition 9. Let A be a finite and nonempty subset of N& x Z2. Then it holds for
O<p<g<o

p/q 1/p
(1+logm)(d’1)(1/q71/p)m1/p < (/ ( § (2|j|1/pxj7k(8))Q) ds) < ml/l?’ (35)
Rd

(4,k)eA

and for 0 < g < p < oo we find

pla \ VP
m'/? < </ ( Z (2|j|l/pxj’k(8))Q) ds> < (1+logm)(d_l)(l/q_l/p)ml/p- (36)
Rd

(4,k)eA
Proof. We proceed as in proof of Lemma 5. First, we have to modify Substep 1.2.
Our starting point for the induction is simply Lemma 4. This is enough to prove the
estimates from above. The estimates from below can be derived now by the same

duality argument as in proof Lemma 5. [

Remark 15. The above inequalities have been proved in [35] if ¢ = 2. Wojtaszczyk
considers linear combinations of elements of the tensor product Haar system. But using
|th,,c]2 = X;; 21 it is easily seen that the set of inequalities, proved in [35, Sect. 4],
coincides with (35), (36).
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5.2.2 Best m-term widths for embeddings of f-spaces
Theorem 5. Let pg < p1, ¢1 < p1 and py < qo < 00. Let t := pio — p%' Then we have

0m<5t f(V) SO f(V),B) = m_%—’_ﬁ (logm)(dil)(l’lo P1 q0+q1 ,

P0,490 ?7P1,91

if m > 2. Moreover, if qo < po < p1 < q1 then we find for m € N

1 1

O (St (V). 80, [(V), B) ~m 7t

Proof. Step 1. First we consider the case ¢; < p; and pg < qo. Let a € spo wof (V) s.t.

H a ‘spo w H = 1. For 7 € Z and u € Ny we define
A,u,z’ = {(j? k) c v# . 272‘ < 2‘]‘1(%_%) ‘aj,k| S 277;4»1} )
Obviously,

il (3 =2 )po o _ olih(t+i—L)po Do
2 PO a0 = 2 r0 ™ Jag |

; 1
— /Rd 9lil1(t+3)po |aj,k|p°Xj,k( Ydz < || a |Sp0 w FV)|P .

Hence A, ; =0 if i <0. For M € N we put

M M
ZUAi, Ai::UAu,iy
i=1 n=0
and an associated approximation is defined by
Tva = Z @; k ehk
(4,k)eAM
Substep 1.1. Estimates of the cardinality of A™. For 1 € N we define the restriction
operator R, by

(R CL) Qj.k, if jGM(M,d),kIGVj,
i 0, else .
Then we remark that
HRua‘s’” H < S(u,d) HR a|s H, w<gq. (37)

The latter inequality follows from the observation that for a fixed x the sum
> kev, @k Xjk(2) consists of exactly one summand. Hence, the cardinality of the
summands in 35, _ Zkevj a;jr X; k() is uniformly bounded by S(u,d). Holder’s in-
equality now yields (37). Using this inequality and py < go we find

Z Z Q\jh(%—ﬁ)m‘“ Po
Al = N
(G.k)EAL: 2

(k)EA:

< 2””/ 3 2T a0 () do

(4,k)EV,

< Qo S(u d) (1/po=1/a0)po || R,a ‘s;’gqoplf Hpo < 00.
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Thus, also the sets A; have finite cardinality. Because of py < ¢y < oo Prop. 9 in

combination with the definition of A; implies

|A,L’ = ‘Az| ( +10g(1 + |A ’)) (d—1)(1/qo— l/po)pO(l +10g<1 4 |A D)(d 1)(1=po/qo)
(d—1)(1—po/q0) , o\ 7P
< (1 +log(1 + [Ad]))" /(Z (20517 3 (2) ) .
Re \ .
(])k)eAi

Po

» ' 1 q0 a0
< (1+10g(1—|—|Ai|))(d_1)(l_£) 2”’0/ ( Z (2“( te) |aj x| Xjk(z )) ) dx
Rd

(j k)eA

< (1 +1log(1 + |7,V

o oo )]
This means, if |A;| > 1, we have
4] (14 Jog(1 + [A,)) @ g gim
which trivially remains true for A; = (). For ¢ > 1 this can be reformulated as
log(1+[As]) <i and  |Ay] S 200 (- D=po/q0) (38)
Hence we conclude that T);a is an m-term approximation of a with

m = [COQMPOM(d—l)(l—po/qo)] ) (39)

Substep 1.2. Taking into account A, ; = () if ¢ < 0, we find

- pi/q
o= Bl o O = [( S5 @ i) o

i=M+1 (j,k)EA,;

oo p1/q1
P1 /( Z Z (2|j|1/p1 9—i Xj,k)ql> dr .

i=M+1 (j,k)EA;

IA

Because of p; > ¢; there exists some 0 > 0, such that p1(¢g; — 0)/q1 > po. Applying
Holder’s inequality with respect to 1 = }% + ;% to the integrand yields

i Z (2|j|1/p1 9—i Xi k)‘ﬂ _ f: 9—id Z 9liligi/p 2—2'(611—(5)Xj]C

i=M+1 (5,k)EA; i=M+1 (J,k) €N
P1—4a1 q_l
%) ' ot P1 0 ) ) % p1
Z 2716171,(11 E ( E 9lihar/p1 9—i(g1-9) Xj k)
i=M+1 i=M+1 N(j,k)EA;

q1

M - Zi o
< 9 Z ( S ol gt >XM)
(

i=M+1 Mj,k)EA;
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Hence, with Prop. 9, (38) and by the choice of ¢ we finally obtain

p1
H a—Tya |Sp1 (hf V H

pi/qm
< 2 M§p1/¢h/ Z ( Z 9liliar/p1 9—ilg1— 5)X ) dr
(

i=M+1 \(j,k)EN;
00 p1/q1
L S R / ( S gliham XM) i
i=M+1 (j,k)EN;
< 2—M6p1/q1 Z 2—ip1(q1—5)/q1 <’Ai|l/p1(1+log‘Ai‘)(d—l)(l/fh—l/pl))pl
i=M+1
< 9=Mdpi/m Z 9~ip1(q1—6)/a19ipo ;(d—1)(1=po/qo) ;(d—=1)(p1/q1—1)
i=M+1
< 97 551 2 M(plq — *pO)M(d 1)(E**) _ 2—M(p1 —po) M(d 1)(a*%).

A simple calculation and the definition of m, see (39), shows, that the right-hand side,
taken to the power 1/p, is equivalent to TR (log m) @DGs~3r~a* ). For the
remaining natural numbers m, not covered by (39), we use a monotonicity argument.
Step 2. The case ¢y < py < p1 < ¢ follows simply by monotonicity from Cor. 2, see

also Rem. 11. Indeed, we have

1 1 1

Spoand (V) = S5y o f(V) = A (spo f(V), B) = AL 7 (s, ,, F(V) . B).
Step 3. In both cases, the estimates from below are consequences of Prop. 8. [ |

Remark 16. The method applied in Step 1 of the proof can be applied also for large
q1- However, it seems that it does not lead to optimal results in general. Without
going into detail we mention

1 1

0m<st f(V),s? f(V),B> Smo vt or (1ogm)(d_1)(”0 w0’ m>2, (40)

Po,90 ? T Pp1,91

if po < p1, Po < qo < oo and p; < q; < 00. As above t :=1/py — 1/p;.

5.2.3 Best m-term widths for embeddings of b-spaces

Because we prepared ourselves quite well in Sectlon 4 it is now very simple to charac-

1 b(V), B).

terize the asymptotic behaviour of o,, (spo qopl b(V), )

Theorem 6. Let py < p1 and qo < q1. Let
1 1 (1 1 1 1
ti=——— and re=mn| ———, ———|.
Po D1 Po P1 4o &1
Then



Proof. The identity

1_1

ly(I,6(J)) = 554 "D(V),

with [ = Ng and J; = V; is obvious. Proposition 4 yields
11 11
T (s;’g,qﬁb(V), sh2p(V), B> = m.
The proof is complete. n

Remark 17. (i) The restriction gy < ¢; is necessary in this context, since we have
1

ﬁgf”KQ)L%S&gJKQ) = Q0 < q.

ThlS follows immediately from the necessity of ¢y < ¢ for the embedding
;(?HOPI B(Rd) — Sz())l q1 (Rd)7 see [24]
(ii) The m-term approximation for this case shows exactly the same decay behaviour

as in the isotropic setting. Also the proof is remarkably similar, see [12].

5.2.4 Best m-term widths in case of non-limiting embeddings

It remains to deal with embeddings such that ¢ > 1/py — 1/p;. The answer is simple

and a bit surprising.

Theorem 7. We suppose py < p; and

1 1
> —— —.
Po D1
Then, for x,y € {b, f}, we have
. 0 B) =m ot N
Im\ Spo,q0T> Sp1,q1 ¥ ~m ) me N.

Proof. Step 1. First we consider the estimate from above.

Substep 1.1. We suppose py < p;. Let

Then, with x,y € {b, f}, we find

' g N w0 (0
SPOHOSC po pob <5p17171 b? B) A ( p17<11 Y, B) )
where we have used Corollary 2 and elementary monotonicity properties of the approx-

imation spaces.
Substep 1.2. Let pg = p1. Then o, (st z, sV B> < 1, m € N, follows from the

P0,90""? pomy’

0
continuous embedding spo 0T = Spo.q Y-
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Step 2. For the estimate from below, we use sequences a™ as in (29), where i,, = 0 for

all m € N. One easily obtains

o™ [sp ozl = @m)!7and o (a™, 55,y B) = m!
with the same arguments as in the proof of Prop. 4. [ ]
Remark 18. As in the isotropic case the behaviour of o,, (szo,qox, Sgl,quv B) does not

depend on t. Only integrability properties count.

6 The widths of best m-term approximation for

spaces of dominating mixed smoothness

Using Prop. 4 and Prop. 5 we can transfer Thm. 5 (and (40)) and Thm. 6 from
sequence spaces to function spaces of dominating mixed smoothness. In addition we

shall use the Littlewood-Paley assertions
Sy F(RY) = L,(R?), 1<p<oo,

and

SroF(RY) = STH(RY), l<p<oo,
we refer to [25, Prop. 2.3.1, Thm. 2.3.1| and the references given there. Let ® be as in
Subsection 2.2. Then this procedure leads to the following.

Corollary 5. Let pg < p1, ¢1 < p1 and py < qo < 00. Let t :=
1 1

Um(*gzio,qu(Rd) S, F(Rd),q’> =m o (logm)'" Ve W Ta)

7 Pp1,q1

if m > 2. Moreover, if qo < po < p1 < q1 then we find for m € N

1 1

o—m<st F(RY), $° F(Rd),CI>> ~ e e

Po,q0 ’ T Pp1,q1

Remark 19. (i) Observe, if py = ¢ and 1 < p; < 00, ¢; = 2, we obtain

D0,P0 »~p1,2 P0,P0

am<St F(RY), 8° F(Rd),CIJ) = crm(St B(]Rd),Lpl(Rd),@)

= m_%J“ﬁ (log m) (=D (=5 +3)+

9

if m > 2. This proves Thm. 3(i).
(ii) This time we choose gy = ¢1 = 2. Then the second assertion in Cor. 5 can not be

applied. Hence, we only obtain

am<St F(RY), S° F(]Rd),cb> = am<St F(]R{d),Lpl(Rd),@)

P0,2 )~ p1,2 P0,2

= mféJFﬁ (logm)(d_l)(%_%),

if po < p1, 2 < py and py < 2. This proves Thm. 3(ii).
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The Cor. 5 and Remark 19 carry over to bounded domains €2, see Subsection 3.2.3,
as long as we define the spaces S} X(Q2), X € {F, B}, by restrictions. Now ® has to
be defined according to (18).

1 1

Corollary 6. Let py < p1, ¢1 < p1 and pg < qo < 00. Let t := o " pr Then we have

o—m(st F(9Q), 8° F(Q),@)Xm—%ﬁ (log m) @ Vs 5w )

Po,90 ’ T Pp1,q1

if m > 2. Moreover, if qo < po < p1 < q1 then we find for m € N

1 1

om( St F(Q),s°  F(Q),®) ~m 7 .
< )

Po,90 ? T P1,91

Remark 20. The Cor. 6 has to be supplemented by Prop. 3, 6. This yields Thm. 1.

Next we translate Theorem 7. This time ® has to be as in Subsection 2.2, see also
(11).

Corollary 7. We suppose py < p1 and

1 1
t> — — —.
Po D1
Then, for X,Y € {B, F'}, we have
Om (S;OJIOY(Rd)7 SSl,Q1X<Rd)7 CI)) = miiJri ) m € N.

Remark 21. By specializing X = F', ¢ = 2 and using the above Littlewood-Paley

assertion we obtain Thm. 2.
Finally, we formulate the counterpart of Thm. 6. Let ® be as in (18).

Corollary 8. Let py < p1 and qo < q1. Let

1 1 (1 1 1 1
ti=——— and r:=min| —— —, — — — |.
Po P11 G0 qu

Then
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