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MULTI-LEVEL MONTE CARLO ALGORITHMS FOR
INFINITE-DIMENSIONAL INTEGRATION ON RY

FRED J. HICKERNELL, THOMAS MULLER-GRONBACH, BEN NIU, AND KLAUS RITTER

ABSTRACT. We study randomized algorithms for numerical integration with respect
to a product probability measure on the sequence space RY. We consider integrands
from reproducing kernel Hilbert spaces, whose kernels are superpositions of weighted
tensor products. We combine tractability results for finite-dimensional integration with
the multi-level technique to construct new algorithms for infinite-dimensional integration.
These algorithms use variable subspace sampling, and we compare the power of variable
and fixed subspace sampling by an analysis of minimal errors.

1. INTRODUCTION

We study numerical integration with respect to probability measures g on infinite-
dimensional spaces X, and we are particularly interested in randomized (Monte Carlo)
algorithms, which use variable subspace sampling. Such algorithms may sample an inte-
grand f : X — R in a hierarchy X; C X5 C --- C X of finite-dimensional subspaces, and
the cost per evaluation at any point = € [ J;=, X; is defined by inf{dim(X;) : € X;}. This
cost model has recently been introduced in Creutzig et al. (2009) and is generalized in
Kuo et al. (2009), where the cost may depend in any way on the underlying dimensions
of subspaces.

Creutzig et al. (2009) have studied integration on separable Banach spaces X and the
class F' of Lipschitz continuous integrands f with Lipschitz constant at most one. In the
present paper we focus on much smaller classes F', and we assume that p is a product
measure on the sequence space RY. More precisely, we consider a probability measure p
on a Borel subset D C R, and p is the corresponding product measure on the space DY.
We wish to compute integrals

1= reuax).  feF

Infinite-dimensional quadrature problems of the latter kind arise, e.g., for stochastic
processes X = (X;)ier With a series expansion X; =377, & - e;(t), where (e;)jen is a se-
quence of deterministic functions on 7" and (&) ey is an i.i.d. sequence of random variables
with distribution p on D. For integrable functionals ¢ on the path space E(¢(X)) = I(f)

with .
o9 o($50).

An important example is given by the Karhunen-Loeve expansion of a zero mean Gaussian
process X, in which case the functions e; form an orthogonal system in Ly(T") with
>oie leslls, (r) < 00, and p is the standard normal distribution on D = R.

Date: August 2009.
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In a common computational approach the series expansion of X is truncated and
the infinite-dimensional integral E(p(X)) is approximated by a finite-dimensional in-
tegral E(@(ijl & - ej +e)) with a suitably chosen dimension s and with a shift by
e=E(&)- Z;’isﬂ e;j. The latter integral is then approximated by means of a deterministic
or randomized (Monte Carlo) algorithm. Accordingly, ¢ is sampled (evaluated) at a finite
number of deterministically or randomly chosen points from a fixed finite-dimensional
affine subspace span{ey, ..., es} + e, which amounts to sampling of f at points from the
finite-dimensional subspace {x € RN : 7., = 7,5 = --- = E(&)}. Any sampling regime
of this kind is called fixed subspace sampling.

Recently, multi-level algorithms have been employed for finite- as well as for infinite-
dimensional integration, starting with Heinrich (1998, 2001) and Giles (2008a, 2008b).
Further references include Avikainen (2009), Creutzig et al. (2009), Dereich, Heidenreich
(2009), Giles, Higham, Mao (2009), and Miiller-Gronbach, Ritter (2009). In contrast to
the common approach, a multi-level algorithm evaluates ¢ or f at points from a hierarchy
of finite-dimensional subspaces, and this type of sampling has turned out to be superior
to fixed subspace sampling for a number integration problems. Here superiority refers to
a comparison of specific algorithms based on numerical experiments or upper bounds for
their error and cost, or a comparison based on the analysis of minimal errors, i.e., on the
study of upper and lower bounds.

We briefly discuss the classes F' of integrands that will be studied in this paper. The
basic idea is to consider infinite-dimensional integration as the limiting case of high-
dimensional integration, and thus we rely on error bounds for finite-dimensional inte-
gration with an explicit dependence on the dimension, which are provided in the study
of tractability of high-dimensional problems. We refer to the recent monograph Novak,
Wozniakowski (2009). Most frequently, tensor products of weighted reproducing kernel
Hilbert spaces are employed in the tractability analysis. In the case of product weights
this construction is based on a sequence of weights «; > 0 and a reproducing kernel % for
real-valued functions on D. In the present paper we study the limiting case, namely the
reproducing kernel

K(xy)=> Tk v,
u JjEU
where u varies over all finite subsets of N and x and y belong to a subset of DY with
p-measure one. The class F' of integrands is the unit ball B(K) in the Hilbert space
H(K) with reproducing kernel K. A particular instance of K was already studied for
infinite-dimensional integration in Hickernell, Wang (2002), see also Kuo et al. (2009).

We derive upper and lower bounds for the worst case error of randomized algorithms
in terms of their worst case cost. To give a flavor of our results, consider first the uniform
distribution p on D = [0, 1] and the kernel

k(z,y) =1/3+ (2° + y*)/2 — max(z, ), z,y € [0, 1].

In this case H(K) consists of functions f : [0,1]Y — R with smooth ANOVA terms in
the tensor product spaces H(Q);c, (1 + v;k)). If 75 < j7% with a > 4, then multi-level
algorithms that use scrambled QMC rules as building blocks almost yield errors of order
3/2 min((aw—1)/10, 1). Moreover, variable subspace sampling is superior to fixed subspace
sampling (at least) if @ > 8. Due to a classical result for one-dimensional integration, we
have almost optimality for the multi-level algorithm (at least) if o > 11.
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The present paper is organized in the following way. In Section 2 we present the basic
assumptions on the measure p, the kernel k, and the weights 7;, and we introduce the
corresponding reproducing kernel Hilbert spaces. The definition of the fixed subspace and
variable subspace sampling regimes together with the associated cost models and minimal
errors are provided in Section 3. Our results for fixed and variable subspace sampling are
derived in Sections 4 and 5, respectively.

2. THE FUNCTION SPACES

We follow the approach from Hickernell, Wang (2002) and Kuo et al. (2009), and we
consider a probability measure p on a Borel subset D C R together with the corresponding
product measure i on the space DY. The construction of spaces of functions with an
infinite number of variables z1, x9,... € D is based on a reproducing kernel k for functions
of a single variable x € D and on a family of weights ~,, which indicate the importance
of the variables z; with j € u for finite sets © C N.

For x = (2;)jey € DY and 0 # u C N we put x, = (7;)jeu € D". Unless stated
otherwise we use u, v, and w to denote finite subsets of N in the sequel. We write x; < y;
for sequences of positive real numbers x; and yg, if zp < cy, holds for every k € N with
a constant ¢ > 0. Furthermore, z; < y, means z; =< y; and yi < 2.

2.1. Assumptions. We assume that
(A1) k # 0 is a measurable reproducing kernel on D x D,
which satisfies
(A2) H(k) N H(1) = {0}
as well as the integrability condition
(A3) [, k(z,z) p(dx) < co.
Concerning the weights we impose the conditions

Ad) yp=1and v, =].., v for u# 0, where
j€u 1J
(A5) 1 > >--->0and Z;;Vj < 0.

2.2. The domain X. The appropriate choice of a domain of functions of infinitely many
variables is given by

X = {x c DV : ifyj k(xj,x;) < oo}.

j=1

Note that X = DY follows from (A5), if k is a bounded kernel on D x D. In general the
complement DY\ X is negligible with respect to the product measure .

Lemma 1. The set X satisfies u(X) = 1.

Proof. By Y;(x) = v; k(z, ;) we get a sequence of non-negative random variables on D,
Clearly, this sequence is independent with respect to u, and we have

SBW) =5 [ baw) plds) < o0
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due to (A3) and (A5). Furthermore, (A5) implies v; < ¢/j withc=)",_, v/, and therefore

Soul{Y; > 1) =3 plfa € D7 kw,2) > 1))

J=1

< Zp({x €D:ck(x,x)>j})

j=1
< / ck(x,x) p(dr) < oo
D
by (A3). It remains to apply Kolmogorov’s Three-Series Theorem. O

We add that without condition (A3) we always have u(X) € {0, 1}, which follows from
Kolmogorov’s Zero-One Law. We stress that X contains every x € DY that is constant
outside of some finite subset of N.

2.3. Functions of finitely many variables. In a first step we construct spaces of func-
tions f : X — R that only depend on a finite number of variables.
For u # () we consider the reproducing kernel

ku(X>Y) :Hk(xjayj)a Xay€%7
JEU

as well as the associated Hilbert space

Furthermore, we put kg = 1 and
Hy=H(1).
See Hickernell, Wang (2002, Sec. 2) for the following facts in the case of a bounded kernel
k and D = [0, 1].
Lemma 2. Forx,y € X and f € H, we have
Xy =Yu = f(X>:f(}’)
Lemma 3. If u # v then
H,NH,={0}.

Proof. Assume that £ € u\ v as well as f € H, N H,. Choose a; € D for j € u\ {¢} and
a € D, and consider the function g : D — R that is given by

g9(x) = f(x)
with x € X defined by

x, ifj=1¢,

rj=qa; ifjeu\{l},

a, otherwise.
We apply Lemma 14 and Lemma 15 with £ = X, E; = DY E, = {x ¢ D"\{4 .
Zj#’yj k(xj,x;) < oo}, and

J(x,y) = L(we, ye) = ak(ze, ye),



where
o= H k(aj,a;),
jeu\{t}
to conclude that g € H(k). On the other hand, f € H, together with Lemma 2 implies
that g is constant, and therefore we have g = 0 according to (A2). Since the values of x;

with 7 € u \ {¢} have been chosen arbitrarily and since f € H,, we obtain f = 0 from
Lemma 2. U

We consider the weighted sum
K,(6y) = > yuku(x,), x,y € X,
uCv

of reproducing kernels k,. Clearly K, is a reproducing kernel, too, and due to Lemma 3
the corresponding Hilbert space satisfies

H(K,) = @D H(yu ku)
uCv
with pairwise orthogonal spaces H (7, k). See Hickernell, Wang (2002, Lemma 3) for this

fact and also for the following conclusion in the case of a bounded kernel k£ and D = [0, 1].

Lemma 4. The space H(K,) consists of all functions
f - qua fu € H,.
uCo

Furthermore,

17, = D vt Ifullz,

uCo

Remark 1. Due to Lemma 2 and Lemma 4 every function f € H(K,) may be identified
with a function on D", and K, may be identified with a kernel on D” x D" as well. For
consistency we prefer to work with the domain X throughout this paper.

Remark 2. Due to assumption (A4) on the weights ~, the kernel
K, (x,y) = [[ (1 +7; k(x;, 2;))
JEV
is of tensor product form, and H(K,) is the tensor product space
H(K,) = Q) H(1+ k),
JEV
considered as a space of functions on D".

2.4. Functions of infinitely many variables. For s € N we let 1 : s denote the set
{1,...,s}. We will consider the limit of the sequence of kernels K .

Lemma 5. For x,y € X we have

S v ku(x,y)] < 0.
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Proof. Note that

Z%|k X,y |—ZH%“€ 55 Y;)]

< (Zu: E%’ k(x;, 95j)> " (Zu: E%’ k(y;, yj)) "

due to (A4). Furthermore,

S k(e zg) = [[Q+ 7 k(. 25) < exp <Z o k(%%’)) <00

u jEu J=1 7j=1
by definition of X. U

Due to Lemma 5 the limit

X,¥) = Y Yuku(X,y Z%Hk 5, 95), x,y € X,

JEU

of the sequence of kernels K., defines a measurable kernel K on X x X.

If s < ' then H(K.s) C H(Ky.y) C H(K), and |-, H(K.s) is a dense linear subspace
of H(K). More precisely, the following holds true, see Hickernell, Wang (2002, Cor. 5) in
the case of a bounded kernel £ and D = [0, 1].

Lemma 6. The space H(K') consists of all functions
(1> f:qu; fueHm

such that
> vtz < oo

In case of convergence, ||f||% = > vt Hfu”iu

We add that the decomposition (1) is uniquely determined, since f,, is the orthogonal
projection of f onto H,.

2.5. Integration with respect to the product measure p. For f € H(K) we have

/|f )] () <Hf|rK/uK %)l ().

= e

and recall that m < oo due to (A3). Using ( 4) and (A5) we obtain

/HK x) |5 p(dx) 27 m'“—H1+7jm)§exp<Zyjm)<oo

Hence integration I with respect to p defines a bounded linear functional on H(K). Its
representer h € H(K) is given by

(2) h(x) = (h K (- %))k = / K(xy)u(dy),  x€X

Since 1 € H(K) and p(X) = 1 according to Lemma 1, we get h # 0, which shows that
is a non-trivial functional on H(K).

Put
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2.6. Examples. We provide two examples with p being the uniform distribution on
D = [0,1] and X = DY in both cases. Let W3 ([0, 1]) consist of all absolutely contin-
uous functions f : [0,1] — R with square-integrable derivatives, and let the norm on

WL([0,1]) be given by
i = ([ dy)2 [ ay

for some v > 0. Then we have
W0, 1)) = H(1+7 k),
where
(3) k(z,y) =1/3 + (2° + y*)/2 — max(z, y), z,y € [0, 1].
The covariance kernel k clearly satisfies (A1), and (A2) holds, too, since

H = {r Wi [ s ay=o}.

For u # () the space H, consists of all continuous functions f such that f(x) depends
only on x,, f™ € Ly([0,1]*) for the weak derivate f®) = 8‘ ‘f, and fo y)dy; = 0 for
every j € u. Furthermore,

(1 IR, = [ ()" ay

It follows that H(K.s) C F, where F' denotes the class of continuous functions f such
that f(x) depends only on x;., and f has square-integrable weak derivatives f* for every
uCl:s.

Let I,, denote integration with respect to the variables y; with j € v, and suppose that
f=>ucrsfu € H(Kys) according to Lemma 4. Since

Il:s\v(f) = lezs\v(fu) = qua

uCv uCwv

we can recursively determine the components f, of f. In fact,

(5) fo=Tis(f)
and, for v # 0,
(6) fvzjlzs\v(f)_z,fu-

Conversely, suppose that f € F, and define f, for v C 1 : s by means of this recursion.
We get f, € H, with

fqgv) = ([1:s\v(f)>(v) = [1:s\v(f(v))'
We conclude that H(Kj.,) = F is a weighted Sobolev-Hilbert space with the norm

given by
2
e = 3 [ ( / f<“><x>dxlzs\u) Ix..
uCl s [0 1 [071}1:5\71,

See Yue, Hickernell (2005, Sec. 3). Observe that ) .. f. is the ANOVA decomposition
of f € H(Kys), so that H(K7.,) is defined by imposing a smoothness assumption on the
ANOVA terms f,, namely existence and square integrability of the weak derivatives quu).



8 HICKERNELL, MULLER-GRONBACH, NIU, AND RITTER

Moreover, || f||%,.. is a weighted average of the squared Ly-norms of these weak derivatives.
See Novak, Wozniakowski (2008, Sec. 5.3.1).

Note that the recursion (5) and (6) is valid, too, for f € H(K) if 1 : s is replaced by
N. Moreover, it extends to the case of any kernel k with properties (A1) and (A2), if we
replace integration with respect to a single variable by the functional f +— (f, 1)1, which
is then applied to all variables y; with j € N\ v.

As a second example consider the covariance kernel

(7) k(r,y) = min(z,y), 2,y €[0,1],

of a Brownian motion, which can be treated analogously to the kernel given by (3), if
integration of a function f : [0,1] — R is replaced by evaluation of f at the point zero.
In particular, k satisfies (A1) as well as (A2), and for u # () the corresponding space
H, consists of all continuous functions f : DN — R such that f(x) depends only on x,,
f € Ly([0,1]*), and f(x) = 0 if x; = 0 for some j € u. Moreover, || f||Z, is given by (4).
For further illustration of the space H(K) in case of (3) as well as in the case of (7) we
consider a sequence of real numbers (1;);en such that > 272 [n;] < oo, and we define

Fx)=> a3, x € DN,
j=1
Then
F=F+> fuy=>_9u
j=1 j=1

with fp = 1/3 3772, n; and fj3(x) = n; (#5 — 1/3) as well as gg;3(x) = n; «7. In the case
of the kernel given by (3) we have fr;; € Hy;y and

Wollw =1/3>ms|. Wi, = 4/37
j=k

If k is given by (7) then g¢;; € Hy; and
Thus f € H(K) iff

0o 9
> <oo
prlel

in both cases. For instance, if v; < j~(%%) with any § > 0 then it suffices to have n; < j =

with a > 14 6§/2.

3. CosT AND MINIMAL ERRORS FOR FIXED AND VARIABLE SUBSPACE SAMPLING

In this section we present a cost model for the analysis of infinite-dimensional quadra-
ture problems, which has been introduced in Creutzig et al. (2009), and based upon this
model we define minimal errors for randomized algorithms.

Throughout this paper we assume that algorithms for approximation of I( f) have access
to the function f via an oracle (subroutine) that provides values f(x) for points x € RN
or a subset thereof. For convenience we define f(x) = 0 for x € RN \ X, so that the
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integrands f are defined on the whole space RY. The cost per evaluation (oracle call) is
modelled by a function
c:RY — NU{oo},
and we are interested in two particular such models.
For fixed subspace sampling evaluations are possible only at the points from a finite-
dimensional affine subspace

Xpo={xeRY: z; =afor j € N\v}

for a given (finite) set ) # v C N and a given point a € D, and the cost for each oracle
call coincides with the dimension |v| of X, ,. Thus,

dim(%v@), if x € %v,av

0, otherwise.

(8) Cv7a<m) = {

Note that X,, N DY C X.
For variable subspace sampling we consider a sequence of finite-dimensional affine sub-
spaces
%vl,a C %vg,a cC...
for a given increasing sequence v = (v;);en of (finite) sets ) # v; C N and a point a € D,
and the cost function is defined by

9) Cyo(z) = Inf{dim(X,,,) : ® € Xy, 0},

with inf ) = oo as usual. These sampling regimes and corresponding cost models have
been introduced in Creutzig et al. (2009) in the context of integration of functionals on
separable Banach spaces with arbitrary finite-dimensional linear subspaces. In the present
setting a generalization of the model, where ¢ depends in any way on the underlying
dimensions of subspaces, is studied in Kuo et al. (2009).

We consider randomized algorithms for integration of functions f : X — R, and we
refer to Traub, Wasilkowski, Wozniakowski (1988) and Creutzig et al. (2009) for a formal
definition and some rather mild measurability assumptions involved.

We define the cost of a computation as the sum of the cost of all oracle calls that are
made during the computation. For a randomized algorithm ) the cost defines a random
variable, which may also depend on f, and this random variable is henceforth denoted
by cost.(Q, f). Let Cgy denote the set of all cost functions given by (8) with any finite-
dimensional affine subspace X, ,, and let Cy,, denote the set of all cost functions given by
(9) with any increasing sequence of finite-dimensional affine subspaces X,, ,. The worst
case cost of Q) on a class F' of integrands is defined by

costax (@, F') = inf sup E(cost.(Q, f))

c€Chy feF

in the fixed subspace model and by
COStyar (@, F') = inf sup E(cost.(Q, f))

CECvar fEF

in the variable subspace model. Clearly costy,(Q, F') < costay(Q, F').
Let us look at the particular case of a randomized quadrature formula

QUf) =) b f(X0)
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with deterministic weights b, € R and random elements X, taking values in X. If Q)
satisfies the sampling constraint X;,...,X, € X,, for some finite-dimensional affine
subspace X, 4, then

costax (@, F) < n - |v].

If @ satisfies the sampling constraint X, € f{vie,a \ %w_ha for an increasing sequence of
finite-dimensional subspaces X,, , with %%,a = (), then

n
COStvar(Qa F) S Z ‘U’ie’7
/=1

while
costiy (@, F) <mn -  fax |vi, |-

A randomized algorithm @) that terminates for every integrand f € F induces a family
(Q(f)) fer of random variables, which yield the random outputs of the algorithm for inputs
f. The worst case error of () on the class F' is defined by

e(Q. F) = sup (E(S(f) — Q(£))?)
S

1/2

For N € N we introduce the N-th minimal errors

enax(F) = inf{e(Q, F) : costax(Q, F) < N}
and
envar(F) = inf{e(Q, F) : costya, (Q, F) < N}.

Clearly we have ey yar(F) < enax(F). We add that minimal errors are key quantities in
information-based complexity, see, e.g., Traub, Wasilkowski, Wozniakowski (1988), Novak
(1988), and Ritter (2000).

4. RESULTS FOR FIXED SUBSPACE SAMPLING

The analysis of fixed subspace sampling is motivated by a common approach to infinite-
dimensional integration as follows. Let a € D. We use a to denote the constant sequence
in DY with coordinates a. Furthermore, for a (finite) set ) # v C N and y € DV, we
use (y,a) to denote the sequence x € DN with z; = y; for j € v and x; = a otherwise.
Moreover, p, denotes the product of the measure p on DY. Commonly, the integral I(f)
is approximated by

[ focanntax) = [ gty fay)

and for computation of the latter one uses a randomized algorithm @, for integration on
D" with respect to u,. In this way one gets a randomized algorithm ) with

(10) QUf) = Qu(f (-, a))

for any integrable function f : X — R. Clearly @ is based on evaluation of f at points
from the finite-dimensional affine subspace X,,, and therefore cost,, ,(Q, f) is given as
the product of |v| and the number of evaluations of f, which is a random variable and may
depend on f. In particular, if ), is a randomized quadrature formula with n evaluations,
then costg (@, F') < n - |v| for every class F' of integrands.
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4.1. Preliminaries. For v and a as previously we define

(Voo f)(x) = f(x0,2), x € X.
Obviously (10) implies

(11) Q(f) = Q(¥uaf).

We use B(K) and B(K,) to denote the unit balls in the spaces H(K) and H(K,),
respectively. We show that the maximal error of () on B(K') can essentially be decomposed
into its maximal error on B(K,) and the quantity

bya= sup |I(f)—1(V,.f)|-

feB(K)
If @ is given by (10) with an unbiased algorithm @, for integration on DV, then b, , is
the worst case bias of @) for integration on X.

Lemma 7. The mapping ¥, , maps the unit ball B(K) onto a closed centered ball in
H(K,) with radius r,, > 1. Furthermore, sup, 7y < 00 and lim, .o 7154 = 1.

Proof. Use Lemma 14 with B, = DV, Ey = {x € DN\ D i Vi k(x5,%;) < o0}, ex = a,
and

J(x,y) = K((xy,a), (yy,a)), x,y € X.
Moreover, note that
Z% IT #@u) I k(e a) X,¥) Toa
jEUNY jeEuU\v
with
2= S i (k(a,a),
wCN\v
Take w = () to get r,, > 1, and sup,7,, < 00 as well as limy o r1.5, = 1 are due to
(A5). O
Put

Bya={f € H(K,) : [ fllx, <Sl;p7”wa}

Lemma 8. Assume that (11) is satisfied for every f € B(K). Then
bua + €(Q, B(K,)) = e(Q, B(K)) = by + €(Q, Bua)-
Proof. For f € B(K) we use (11) to obtain
E(I(f) = Q) 2 (I(f) = I(¥euf))* + E(I(Toaf) = Q(Vuaf))*.

Due to Lemma 7,

sup B(I(Wy0f) — Q(Tuaf))’ < sup E(I(f) —Q(f))°,

feB(K) f€Buy,a
which completes the proof of the upper bound.
Let f € B(K) and consider the function g = (147,,)"" - (f — ¥yof). Then g € B(K)
by Lemma 7, and V¥, ,g = V¥, ,(—g) = 0. Hence
¢*(Q, B(K)) = max (E(I(g9) = Q(¥,49))", E(I(~9) = Q(¥y.a(—9)))°)
> [ I(g)P* = (1 +710,0) 7 [I(f) = I(Touf)I,
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and Lemma 7 yields e(Q, B(K)) > b,,. Furthermore, e(Q, B(K)) > e(Q, B(K,)) since
B(K) D B(K,), which completes the proof of the lower bound. O

The mapping f = >, fu — I(fw,) defines a bounded linear functional on H(K), and
its representer g, € H,, is given by

G0() = Tu / Fo(oy)u(dy),  xeX

Put

A(U,CL) = Z ||gw — Tw kw(aa)H%(
0#wCN\v

Lemma 9. We have

b= Alv,0) Y llgullk-

uCv

Proof. Use Lemma 7 to conclude that f +— I(V,,f) defines a bounded linear functional
on H(K). Its representer is

(12) hoa(x) = [ K(x,(y,a)) u(dy), x € X,

D’U
while the representer h of f +— I(f) is given by (2). We have

(13) h = Zgua hv,a = Zguﬂv " Yu\w ku\v('; a)-
Since gury * Yu\w ku\w(+, @) € H, we obtain
b12;,a = [|h — hv,aH%( = Z 194 = Gurw - Yu\v ku\v<'7a)||%('

Note that

”gu — Gurnw * Yu\v kU\v(‘a a)HK = ”guﬂvHK ) ng\v — Yu\vw ku\v('a a>HK7
which completes the proof. Il

We provide an estimate for b, ,, if the kernel £ satisfies one of the following two condi-
tions, both of which imply condition (A2), namely,

(A2a) [, k(z,y)p(dy) = 0 holds for every x € D,
(A2b) there exists a point a* € D such that k(a*,a*) = 0.

Remark 3. If k satisfies both conditions (A2a) and (A2b) and if we take a = a*, then
I(f) = f(a) for every f € H(K), and the quadrature problem is trivial. In fact, (A2a)
implies h = 1 for the representer of integration in H(K'), while (A2b) implies K(-,a) = 1.

In the case (A2b) the mapping ¥, . is the orthogonal projection onto H(K,), and
therefore 7, .~ = 1 in Lemma 7, and (A2b) with a* = a is called the anchored case in the
literature.

Define g € H(k) by

g(z) = /Dk(x,y) p(dy), x € D.
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Lemma 10. Let a € D and assume that k satisfies (A2a) or (A2b) with a* = a. Then
=g =k a)lz- D
jgv

Proof. We apply Lemma 9. Since (A2a) implies g(;; = 0 for every j € N, and (A2b) with
a* = a implies kgj)(-,a) = 0 for every j € N, we have

gw = Ywkw(2) = [T 90y — [T ki @) = [T 96y — v ki (@),

JEW JEW JjEwW
and therefore
1 2
14) oo — koG )k = [ llogy — v ko Galle = T4 g — k(. a)llx
Jjew jew

=42 lg — k(. a) [},
Put £ = ||g — k(-,a)||?. Then
> = X I
P#£wCN\v AwCN\v jew
Hence

RZ’YJSA(UG <exp< Zw)—l

J¢v Jj¢v
and consequently,

A(v,a) < K Z%‘

J¢v
Finally, observe that 1 < Y7 - [|gull% < [|h[|%, which completes the proof. d

4.2. Upper and lower bounds. For the proof of upper bounds and the construction
of algorithms we consider a family of randomized algorithms @), 1.s with n,s € N for
finite-dimensional integration on D%* as well as the corresponding randomized algorithms
Qnsa = Qnis © Vi, for infinite-dimensional integration, see (10). Typically, @y, 1.5 is a
randomized quadrature formula with n evaluations, and then we assume that an upper
bound for the maximal error of @, 1.s on the unit ball in H(K) is available that only
depends on n.

Theorem 1. Let a € D. Assume that

(i) k satisfies (A2a) or (A2b) with a* = a,
(ii) v 2 77 with o > 1,
(iii) there exist 3,¢ > 0 such that

G(Qn,s@, Bl:s,a) <c- n*ﬁ
and
coStfix (@n,s,a> Blis,a) < M-S
hold for all n,s € N.
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Choose

a—1
n =< N 28+a-1

and
28
s = N2Bta—1
for N € N. Then the sequence of randomized algorithms Qn = Qs satisfies

_ Bla=1)
e(QNaB<K)) j N 26—&-04—1,

and
costax (Qn, B(K)) = N.

Proof. Assumption (iii) together with Lemma 8 yields
e*(Qusar BIK)) 20,0 + 1727

1:s,a
for n,s € N. Use assumptions (i) and (ii) together with Lemma 10 to conclude

_2B(a-1)
62(Qn,s,a7 B(K)) < g1 L =28 = N 28ta-1

By assumption (iii) and Lemma 7
COStﬁX(QN? B(K)) S COStﬁx(Qn,s,ay Bl:s,a) S ns,

and, clearly, n-s < N. Il

Now we establish a lower bound, which matches the upper bound from Theorem 1 if
the minimal errors for one-dimensional integration on the unit ball in the space H (k) are
of order (3, too.

Theorem 2. Assume that
(i) v = j~* with o > 1,
(ii) there exist 3,¢ > 0 such that

enax(B(Kpy)) > c- N7
for all N € N.

Then the minimal errors for integration on the unit ball B(K) using fized subspace sam-

pling satisfy
_ Bla=1)
enax(B(K)) = N 20+o-1,

Proof. Consider any randomized algorithm @ with costg, (@, B(K)) < N. Hence there
exists a set v C N and a point a € D such that E(cost., ,(Q, f)) < N + 1 holds for every
f € B(K). Hence, for every f € B(K), the expected number of evaluations by @ is at
most (N + 1)/|v|] and (with probability one) these evaluations are made at points from
X, .. Due to the latter fact, (11) holds for every f € B(K), and Lemma 8 yields

(@, B(K)) = e(Q, B(K,)) + inf by

Clearly,
e1ax(B(Kpy)) < inf - sup  |I(f) — f(a)l.

a€Db feB(Kqy)
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For f € H(K3) we have I(f) — f(a) = (hq13,o — K(-,a), )k, see (12). Moreover,

hiya — K a) = (903 — 7 kpy(2) > vy kg (- a)

leu
due to (13), and therefore
() = F@P < llhpya — K )k = llg =k, a)l} D v k(a, @)
l€u
Hence inf,ep [|lg — k(-,a)||x > 0 follows from assumption (ii). Furthermore, Lemma 9
implies
inf by, > inf A(v,a) > ggg; gty =7 ke (@)l = inf [lg — k(- a)ll} %:7

and consequently we get

e(Q, BUK)) = e(Q, BK (Z %)

J#v
Assume 1 € v. Then B(K{yy) C B(K,), and therefore

e(Q, B(K,)) > e(Q, B(Ky)) = (N/|v])™”
due to assumption (ii). Employ assumption (i) to obtain

_ 28(a=1)
(Q, BUK)) = (N/|o]) ™ + [o] 7D = N7 25001,

In the case 1 € v we get
K) = %=,
Jgv
which finishes the proof. O

4.3. Examples. We apply Theorem 1 in the case of p being the uniform distribution on
D = [0, 1] and for the kernels given by (3) and (7).

First, we consider the kernel & given by (3), which satisfies assumption (A2a). For in-
tegration of functions f : [0,1]'* — R we employ scrambled quasi-Monte Carlo rules.
Scrambling, which is a randomization technique that preserves good discrepancy proper-
ties of point sets, was introduced by Owen (1997). Here we rely on a result from Yue,
Hickernell (2005), who have analyzed randomized quadrature formulas

bm
Qb,m,l:s(f) — bim Zf(X
i=1

that use base b scrambling of a Niederreiter (¢, m, s)-net in base b. In particular, Qp 1.5 is
unbiased for every integrable function f. Henceforth we fix b and we choose any a € [0, 1].
The methods

(15) Qn,s,a = Qb,[logb(n)J,lzs o \Illzs,a

with n, s € N will be called scrambled QMC rules. Note that @, s, satisfies the cost bound
in assumption (iii) of Theorem 1.
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Assume that
(16) > v (jlog ) < oo

j=1

Then for every € > 0 there exists a constant c¢. > 0 such that the scrambled QMC rules
Qn,s.q satisty
(17) e(Qnys.as Busa) < cc -2
for every n € N and every dimension s, see Yue, Hickernell (2005, Thm. 4.(i)).

Corollary 1. Assume that k is given by (3). Let ¢ > 0, and let assumption (ii) from
Theorem 1 be satisfied with o > 4. Choose

a—1
n =< Not2—e

and
3—¢
s = Na+2—¢

for N € N. Then, for Qn = Qn.s.a;

_ (3=9)/2(a—1)

e(QNaB(K)) <N a+2—¢

and
costax (Qn, B(K)) = N.

Proof. Apply Theorem 1 with ¢ = ¢,/ according to (17) and 3 = 3/2 — ¢/2, and note
that Q) uses
plogs(m)] —

function evaluations in X5, and n-s < N. O

Next we turn to k given by (7), which satisfies assumption (A2b) with a* = 0. Consider
the classical Monte Carlo method @, 1.s for integration of functions f : [0,1]%* — R, i.e.,

Qna:s(f) = % Zf(Xz’)a

where X7, ..., X, are independent and uniformly distributed on [0, 1]. The methods

(18) Qn,s,O = Qn,l:s o \Ijl:s,o

clearly satisfy the cost bound in assumption (iii) of Theorem 1. From Sloan, Wozniakowski
(2004) or Wasilkowski (2004, Theorem 1.1) we infer that there exists a constant ¢y > 0
such that

(19) e(QTL,S,Oa Bl:s,(]) - e(Qn,s,O; B(Kl:s)) < ¢ n_1/2 Z Vi

J=1

holds for all n,s € N.
Henceforth, we refer to the methods @), 50 as classical MC rules.
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Corollary 2. Assume that k is given by (7), and let assumption (i) from Theorem 1 be
satisfied. Choose

and
1
s =< Na
for N € N. Then the sequence of classical MC' rules Qn = Qn.spo Satisfies

a—1

e(@n, B(K)) XN 20
and
costiy (@Qn, B(K)) < N.
Proof. Apply Theorem 1 with § = 1/2 according to (19). O

Corollary 3. Assume that k is given by (3) or by (7), and let the assumption (i) from
Theorem 2 be satisfied with o > 1. Then

_3/2(a—1)
enfix(B(K)) = N of2

Proof. For both kernels, the Sobolev space W3 ([0,1]) is continuously embedded in the
space H(Ky), see Section 2.6, and the minimal errors on W3 ([0,1]) are of the order
[ = 3/2, see Novak (1988, Sec. 2.2.9). Hence the result follows from Theorem 2. O

Remark 4. Obviously Corollaries 1 and 2 provide upper bounds for the respective min-
imal errors ey (B(K)), while lower bounds are provided by Corollary 3. In order to
slightly simplify the results we define

Aix = sup{x > 0 : sup enax(B(K)) - NX < o0}.
NeEN

If k is given by (3) and v; < 577 with o > 4, then
~3/2(a—1)
 a+2

Clearly, lim, 44 Asx = 3/4 and lim, o Agx = 3/2.
In the case that k is given by (7) and v; < 77 with o > 1 we only get

)\ﬁx

a—1 S)\ﬁX§3/2(Q_1)
200 a+ 2

from Corollaries 2 and 3. A better lower bound
> ala—1)/(da—2), ifl<a<2,
T lle-1D/(a+1), ifa>2
is due to Kuo et al. (2009), and we stress that this bound is already achieved by suitable
deterministic algorithms. It is unknown to us whether the latter bound can further be

improved if the classical MC rule is replaced by a different randomized algorithm in
Corollary 2.



18 HICKERNELL, MULLER-GRONBACH, NIU, AND RITTER

5. RESULTS FOR VARIABLE SUBSPACE SAMPLING

The analysis of variable subspace sampling is motivated by the multi-level approach to
infinite-dimensional integration. The latter is based on a sequence of finite-dimensional
affine subspaces

(20) xvl,a c---C va,a
with a point @ € D and an increasing sequence
v C---Cug

of (finite) non-empty subsets of N. For the finite-dimensional integral I(W¥,, ,f), which
serves as an approximation to I(f) as in Section 4, we have

L
I(\IIUL,af) = Z ](\I/vg,af - \I/’Ug_l,af)7
/=1

where
Vooaf =0.

In the multi-level approach each of the integrals I(V,,.f — VU,, . .f) is approximated
separately by means of independent randomized algorithms, and sampling of f in X, , is
used at level ¢. Clearly, the cost per evaluation of f is increasing with ¢. Provided that
the error for integration of W¥,, ,f — ¥,, | .f is decreasing with ¢ at a certain rate, we
properly balance these effects.

Remark 5. Consider an increasing sequence of sets v, C N with UEGN v, = N. Since
lim || — W0 f = 0
{—00

for every f € H(K), which is easily verified, we have strong convergence of ¥,, , —V,, ., 4
towards zero. However,

inf sup [|[Uy,of — Vo, ,afllx > 0.
KENfeB(K)

The latter obviously holds true in the case (A2b) with a* = q, since ¥, , is the orthogo-
nal projection onto H(K,) in this case. To cover the general case we take y € D such that

k(y,y) > 0. Let s € N. Put f(x) = /7 k(5,y). Then f € Hyy with || fllx,., = \/k(y,v)
and Uy, f = f. Moreover, Uy.s_1 ,V1.5.f € Hp, so that

H\Ijlzs,af - \Dl:sfl,ain(l:S = H\Ill:s,ain(ljs + H\Ill:sfl,afuiﬁ;s - k(ya Z/) + Vs (k(a, y>)2

We conclude that sup e gy [[Wisaf — Vis—1.0f ||, does not converge to zero as s — oo.

Because of Remark 5 we consider another family of weights 7/, that satisfies
(A3) 7p=1and v, = [[;c,7; for u # 0, where
(Ad) y1 27, >--->0and Y77, 7 < oo, and
Y<
i
The associated kernels are denoted by K’ etc., and Lemma 6 implies that H(K) C H(K')
with
£l < I £l fe H(K).
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5.1. Preliminaries. Fix a € D and let v C w C N. Recall that ¥, ,f € H(K,) for every
f € H(K) by Lemma 7. We will establish estimates for

(21) Viaf = Vool = (id _\Ijv,a)(\llw,af> € H(Ky),
where we consider the norm || - || x: .

Lemma 11. We have
0p Vel = Vra i, < 500 I =Yoo i, -

fEB(K) feB(K
Proof. Use Lemma 7 together with (21). O

For the impact of ¥, , on each of the terms in an orthogonal decomposition (1) the
following holds true.

Lemma 12. For f € H, we have
Vyof € Hyno
and
1Woaflly,, < (k(a,a) V2| £,
Moreover, if u C v then ¥, . f = f.

Proof. Let f € H,. Then ¥, ,f = Wyn,of due to Lemma 2, and in particular ¥, ,f =
U, of = f in the case u C v. Put

Jox,y) = (ka,a)™ ! T ks 05) = (k@ 0))" ko (x,5).

We get Vynyof € H(J) C Hynp and a norm estimate as claimed from Lemma 14. O
Lemma 13. Let f € H(K,). If k satisfies (A2b) with a* = a or if |{w \ v| = 1, then
If = Woafliy, < At nk@a) - Yo ()7
uCw,u\v#£0D

Proof. Let f = Zugw fu with f, € H,, see Lemma 4. Use Lemma 12 to obtain
f - \Dv,af = Z (.fu - \Duﬁv,afu)

uCw,u\v#£0D
and

Hf - qjv,af”i{{u = Z Z <fu — \Iluﬂv,afua fu’ — \Ilu’ﬂv,afu/>K{u

uCw A0 u! o \vd
= Z (7)™ ||fu|!iu + Z (o)™ (Vunwafus Yurwafu Do
uCuw,u\vd (uu')EM
with
M = {(u,v) : u,u’ Cw,u\v#0,u\v#0,unv=unNuv}

Assume that k satisfies (A2b) with a* = a. Then W,q,, is the orthogonal projection
onto H(Kyny), and we have W, ,f, = 0 for every v C w with u \ v # 0.

On the other hand, if |w \ v| = {¢} with £ € N then M = {(u,u) : £ € u C w}, and it
remains to observe that

(Vor) ™ Wanwafulli,., <21 (07 K(a,a) || fullk,

due to Lemma 12 and (A4). O
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Theorem 3. Assume that k satisfies (A2b) with a* = a or that |w \ v| = 1. We have

sup |[[Wy,af — qjvaf”](/ = max \/7]'/7;‘-
feB(K) jew\v

Proof. Use Lemma 13 to obtain
2 'Vu — Vi
”f - ‘Ilv,afHK{U = Z / ' “quku < .maX = Hf”%(w

uCw,u\v£) cwiv /7]
for f € H(K,). It remains to apply Lemma 11. O

We do not know whether a result similar to the estimate from Theorem 3 is valid under
the assumption (A2a) if |w \ v| is large.

5.2. Upper bounds for multi-level algorithms. We consider an independent family
of unbiased randomized algorithms @, 1.5 for finite-dimensional integration on D¢ and
for the construction of multi-level methods we take a € D and we employ the correspond-
ing independent randomized algorithms @, s, = Qn1:s © V1.5, for infinite-dimensional
integration, see (10).

For L € N and two sequences nq,...,ny and s1,...,s;, € N of positive integers with
sp < spq1 we define a multi-level algorithm by

L
(22) Q(f) = Z Qng,w,a(f - ‘Ijl:a’g,l,af>7
/=1
where
\Ill:so,af =0
Note that

Qng,sz,a(f - \Ijlzsé,l,af> = Qng,l:Se(\Ijl:sl,af - qjl:SZ,l,af)
due to Lemma 12. Hence @) uses variable subspace sampling based on the subspaces (20)
with v, = 1: s4.
For the error of () we obtain

(23) E(I(f) = Q) = (I(f) = I(V1.s, o f))* + Var(Q(f))

with

(24) Var(Q(f)) = ZVar (Qnu%a(f - qjl:Seqﬂf)) )
/=1

while the cost of () satisfies

(25) cOstyar (Q, B(K cOStyvar(Qny,sp.0> Biispa)

Mb«

=1
in the variable subspace model.

As in Section 4.2, @, 1.s typically is a randomized quadrature formula with n evalua-
tions, and then we assume that an upper bound for the maximal error of @), 1.5 is available
that only depends on n. However, the maximal error is taken on the unit ball in H(K7.,)
instead of H(K.;).

We first study the case of a kernel that satisfies (A2a), where we assume that s, =
sy + 1 because of the limitation in Theorem 3.
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Theorem 4. Let a € D, and assume that
(i) k satisfies (A2a),
(ii) v, <~ with a > 1,
(iil) 7} = 77 with 1 < o/ <
(iv) there exist 3,c¢ > 0 such that

Var(Qus.a(f)) < ¢ fll% n2"
and
coStyar(@n 5,05 Brsa)) < cns
foralln,s € N and every f € Bi.s,.
Put

a—1 a—ad —1
p1 = 23 , P2 = %
For N > 2 we choose
1
’:Nf)l-‘7 ifp2>2,
1
(26) L= [(N/lnN)Pl—‘, if po =2,
1
’VNP1+27P2-" if pa < 2,
as well as
(27) Sy = 1
and
"g—pg N—‘a Zf P2 > 2,
(28) ng = (SZPQ LPI—‘ _ M—pz N/ In NL if pa = 2,

P1
P‘m Np1+2p2—‘ . if pa < 2,

for ¢ =1,... L. Then the corresponding multi-level algorithm Qx given by (22) satisfies
NP, if oo —o >468+1,
e(Qn, B(K)) < (InN)Y2. $ (N/InN)=%, ifa —a/ =45 +1,
N_ﬁO?T_‘llﬁ, ifa—o <4841,

as well as

costyar (@, B(K)) < N.
Proof. Assumptions (i), (iii), and (iv) together with Theorem 3 yield
Var (Quspalf = Vi af)) 2 W (f = Wi Hllig,, -ne™” <57 om0
for every f € B(K). Use assumptions (i) and (ii) together with Lemma 10 to get
b2 < g larl)

lisp,a — L

Hence, by (23) and (24),

L
A(Qn, BK)) ) s, n 20 s 7Y,
/=1
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and (25) together with assumption (iv) implies
L
costyar(Qn, B(K)) 2D my - s,
=1

Consequently,

L
(Qn. B(K)) = Y 77 n, 20 4 7o)
/=1

L
~ [~28m 262@02*(&*0‘/) — [, ~26m (InL).
=1
Furthermore, since p; > po,

L
COStvar(QN,B(K)) = L2 + Lt Zgl—pQ

=1
L if po > 2, L if pg > 2,
< L*+< L7 (Inl), ifp,=2, =L (InL), ifp,=2,
Lpit2=r2  if py < 2, Lpit2=r2 if py < 2,
and it remains to observe that In L < In V. U

Now we consider the anchored case, where a better estimate, compared to the one from
Theorem 4, is obtained, since we may analyze any progression of the dimensions s;.

Theorem 5. Let a € D. Assume that k satisfies (A2b) with a* = a and that the assump-
tions (ii)-(iv) from Theorem 4 are satisfied. Put

_a—l a—«
P1 = 2ﬁ’ pP3 = 23

/

For N > 2 we choose

(29) I_ {HHN//JJ, if ps > 1,
’—th/(Pl‘f'l—,Og)-l, if p3 < 1,

as well as

(30) sp=2"

and

(31) ne = {(Sf_ps sl el
[s¢"s7 /L1, ifps=1,

for € =1,..., L. Then the corresponding multi-level algorithm Qx given by (22) satisfies
N7, ifa—a > 20,
e(Qn, B(K)) < (InN)Y? . $ (N/InN)™,if o —a’ = 28,
N_B#jwa if a — o' < 2,

as well as
cOStyar (Qn, B(K)) = N.
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Proof. We proceed as in the proof of Theorem 4 to obtain
L
Q. B(K) =Y s, n s 7Y
=1
as well as

L
costyar (@Qn, B(K)) < an - Sy.
=1

(a—a') (a—1

Assume ps # 1. Then s, -ne_w <s; ) and consequently,

—(a=1) N7, if p3 > 1,
(Qn, BK) = (L+1)-57°Y < (InN)-{ —28p
NP1+1—P3’ if p3 < 1.

3

Furthermore, we have sy - ny < Sfp . Sﬁl + sy and p; > p3, which yields
L
COStyar (Qn, B(K)) = Z(Sé*ps s +Sg) < s, <M <N
=1
in the case p3 > 1, and

COStvar(QN7B(K)) < 821-1—1—03 1osp < SEI—H_% < N

in the case p3 < 1.

Now consider the case ps = 1. Then s, “~*) . n; 27 < 5,7V L2 and we obtain

GZ(QNa B(K)) < (LQBH +1)- sz(a_l) < (1nN)25+1 . N"28

Moreover, s;-ny < s7'/L + s, and p; > 1, and we conclude

L
costyar (Qn, B(K)) < (sﬁl/L + 34) < s < N,
=1
which finishes the proof. U

5.3. Examples. As in Section 4.3 we study the case of p being the uniform distribution
on D = [0, 1] and k given by (3) or by (7). The building blocks of the multi-level algorithms
are the ones that we have already considered in Section 4.3, namely, scrambled QMC rules
for the kernel (3) and classical MC rules for the kernel (7).

Corollary 4. Assume that k is given by (3) and that

[0}

Vi =7
for any o > 4. Let 0 < ¢ < min(6,« — 4) and put
a—1 a—9>5H—¢
3-¢27 T3
Choose L, s; and ny according to (26), (27), and (28), respectively, and let a € [0,1].

Take the corresponding multi-level algorithm @y according to (22) based on the scrambled
QMC rules Q5o provided by (15). Then

p1 =

N-B-9)/2 if o > 11,
a—1
N=G=9250 o < 11,

e(Qn, B(K)) = {
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and
costyar (Qn, B(K)) <X N.

Proof. Consider the weights v} = j ~(4+2) and apply Theorem 4 with the constant ¢ = c. /4
and § = 3/2 — /4 according to (17) to obtain cost,q.(Qn, B(K)) = N as well as

N—B/2=¢/4) if a > 11,
e(Qn, B(K)) < (InN)V2. { (N/In N)=G/2=</ " if o = 11,
N*(?’/Z*E/‘*)al__ol, if @ <11.

Clearly, the latter bound implies the error bound in the corollary. U

Corollary 5. Assume that k is given by (7) and that

[0}

V=7
for any o > 1. Let
O,a—1{, ifa<2
e 6 } 7@ [7 /LfO{ — Y
10,0 — 2], if a > 2,
and put
pp=a-—1, p3=a—1—¢/2.
Choose L, sy and ny according to (29), (30) and (31), respectively. Take the corresponding
multi-level algorithm Qn according to (22) based on the classical MC rules Q0 given by
(18). Then
(InN)Y2.N=V2 fa>2
e(Qn, B(K)) = _ a-1_
N 2(1+e) ZfOé <2,

and
COStyar (Qn, B(K)) = N.

Proof. Consider the weights 7} = §70+¢/2) and apply Theorem 5 with a = 0 and 3 = 1/2
according to (19) to obtain costy,(Qn, B(K)) < N and

N-1/2 if @ > 2,
e(Qn,B(K)) = (InN)Y2.¢ a1
N 20+2)  if o < 2.

The latter bound clearly implies the error bound in the corollary. U

Remark 6. For both kernels, (3) and (7), a comparison of fixed and variable subspace
sampling can be based on the lower bound from Corollary 3 and the respective upper
bounds from Corollaries 2 and 4. Similar to Remark 4 we take a slightly simplified view
and we define

Avar = sup{x > 0 : sup ey yar(B(K)) - NX < o0}.

NeN
If k is given by (3), and v; < j~% with a > 4, then
\ 3/2, if o > 11,
T3/2- (a—1)/10, if4<a <1l

We conclude that variable subspace sampling is superior to fixed subspace sampling (at
least) if @ > 8. Moreover, the multi-level algorithm according to Corollary 4 is almost
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optimal (at least) if a > 11, see the proof of Corollary 3. For small values of «, however,
our analysis of variable subspace sampling suffers from the limitations in Theorem 3.
In the case of k given by (7) and v; < 77 with o > 1, we have

1/2, if o > 2,
)\varz
1/2-(a—1), ifl<a<?2,

which shows that variable subspace sampling is superior to fixed subspace sampling (at
least) if 1 < v < 5/2. A better lower bound
a—1
)\varz)\ﬁx_a_i_l? 04>33
which is due to Kuo et al. (2009), was already discussed in Remark 4. It would be interest-
ing to know whether suitable multi-level Monte Carlo algorithms outperform deterministic
algorithms that use fixed subspace sampling for a > 3.

APPENDIX A. AUXILIARY RESULTS

Suppose that E = E) x E, with Ey, Ey # (), fix e; € Ey, and let K denote a reproducing
kernel on E x E. Consider the linear mapping ¥ : R¥ — R¥ given by
(W) (@1, 22) = f(21, €2), zj € Lj,
and the reproducing kernel J on F x E defined by

J((@1,22), (y1,92)) = K((21, €2), (41, €2))-
Note that J # 0 iff there exists a point z; € E; such that K((xy,es3), (21,€2)) # 0. In
particular, J = 0 might hold for a kernel K # 0.
Lemma 14. We have
{Uf: feH(K), |flx <1t ={g€ H({J):|lgll; <1}.
Proof. Consider the closed subspaces

Hy ={f € H(K) : flEx{esy = 0}
and
Hi =span{K(-,z):x € By x {es}}
of H(K). For f =" a® K(-, (", ) with a® € R and 3" € E; we have

n

() (@, m2) = Y a® K((w1,2), (117, €2) = D aD I (w1, 22), (17, €2)),

i=1 i=1
which implies Uf € H(J) and [|[Vf||; = ||fllx. The same conclusions hold for every
f € Hy, and furthermore W(Hy) = H(J).

Let P denote the orthogonal projection onto Hy. Clearly Wf = WPf for f € H(K),
so that Wf € H(J) and [|Wf[l; = [[Pfllx < [If]lx 0

We also consider the reproducing kernel L on F; x E; that is given by
L(z1,y1) = K((21,€2), (y1, €2)).
Lemma 15. We have

H(J)={f:EFE—R:3g€ H(L)Vaxs € Ey: f(-,22) = g}.
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Proof. Let H denote the set on the right-hand side in Lemma 15 We define an inner
product on H by

<f7 f,> = <f(’ 62)7 f/('a 62)>L7
which turns H into a Hilbert space. Obviously, J(-, (y1,v2)) € H and

<f7 J(’ (ylny)» = <f('762)7L('7y1)>L - <f('7y2)7L('7y1)>L - f(yhyQ)
for all (y1,y2) € Fy X Ey and f € H. O
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